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Abstract
Full Text
MATHEMATICS

Academician of the Academy of Sciences of the Uzbek SSR T. A. SARYM-
SAKOV

ON GENERAL ERGODIC THEORY
1. The questions considered in this article originate in the works of J. von
Neumann. We have in mind his theorem on a one-parameter group of unitary
operators and their averages over long intervals (1). Further investigations were
carried out by F. Riesz, Isida, Kakutani, and others.

M. Day (2) showed that every bounded commutative semigroup of operators in a
reflexive Banach space has averages converging to a projector. Finally, Eberlein
(3) dispensed with the requirement of reflexivity of the space and proved that
every bounded commutative semigroup of operators in an arbitrary Banach
space is ergodic. One of the results given in the present note is that every
bounded commutative semigroup of operators in an arbitrary (complete) locally
convex space is ergodic. The basis of this fact is a generalization of Cesàro’s
theorem to a semigroup of operators with an arbitrary cardinality of the system
of generators. These and other results are obtained on the basis of the theory of
semifields (4,5 ). In using a number of notions and definitions we follow Eberlein
(3).
Let 𝑋 be a space weakly normed over the semifield 𝑅Δ (4), and let 𝐺 be a
semigroup of linear operators acting in 𝑋:

𝐺 = {𝑇 ; 𝑇 ∶ 𝑋 → 𝑋}.

By the convex hull over the set 𝐺 we shall mean

𝐺∗ = {𝑇 ∗; 𝑇 ∗ =
𝑛

∑
𝑖=1

𝑎𝑖𝑇𝑖, 𝑎𝑖 ⩾ 0,
𝑛

∑
1

𝑎𝑖 = 1, 𝑇𝑖 ∈ 𝐺} ,

where 𝑛 is an arbitrary positive integer.

Introduce the notation

𝑂(𝑥) = {𝑇 ∗𝑥; 𝑇 ∗ ∈ 𝐺∗}, 𝑥 ∈ 𝑋.

Definition 1. A family of linear mappings {𝐴𝜇} of the space 𝑋 into itself
forms a basic Ω-system* with respect to the semigroup 𝐺, if the following
conditions are satisfied:
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I. For any 𝑥 ∈ 𝑋, 𝑇 ∈ 𝐺,

‖𝑇 𝐴𝜇𝑥 − 𝐴𝜇𝑥‖𝜇∈Ω → 0; ‖𝐴𝜇𝑇 𝑥 − 𝐴𝜇𝑥‖𝜇∈Ω → 0.

Here, of course, the norm is meant to take values in 𝐾Δ, where 𝐾Δ is the cone
in 𝑅Δ.

Next we define the norm of an operator. By the norm of an operator 𝐴 we
shall mean the mapping ‖𝐴‖ = 𝜈 ∶ 𝐾Δ → 𝐾Δ, defined for any 𝑎 ∈ 𝐾Δ by the
equality

𝜈(𝑎) = sup
‖𝑥‖⩽𝑎

(‖𝐴𝑥‖) (1)

* Here we change Eberlein’s terminology. By Ω we mean a set whose elements
are all possible finite subsets of Δ.

and satisfying the conditions

𝑣(𝜆𝑥) = 𝜆𝑣(𝑥) for 𝜆 ⩾ 0, 𝑥 ∈ 𝐾Δ,
𝑣(𝑥 + 𝑦) ⩽ 𝑣(𝑥) + 𝑣(𝑦), 𝑥 ∈ 𝐾Δ, 𝑦 ∈ 𝐾Δ. (2)

Without dwelling on many other (quite analogous to the classical ones) proper-
ties of the operator norm proposed by I. M. Dekhtyarev (communicated to me
in an oral conversation while discussing questions connected with the present
article), we formulate the second condition imposed on the family of operators
{𝐴𝜇}.
II. The norm of the family of operators {𝐴𝜇} is bounded, i.e. there exists

a mapping 𝑣 ∶ 𝐾Δ → 𝐾Δ, satisfying conditions (2) and such that 𝑣𝜇 =
‖𝐴𝜇‖ ⩽ 𝑣 for every 𝜇 ∈ Ω. The latter means that for every 𝑎 ∈ 𝐾Δ

𝑣𝜇(𝑎) = sup
‖𝑥‖⩽𝑎

{‖𝐴𝜇𝑥‖} ⩽ 𝑣(𝑎) for every 𝜇 ∈ Ω.

III. For every 𝑥 ∈ 𝑋 and all 𝜇 ∈ Ω:

𝐴𝜇𝑥 ∈ 𝑂(𝑥),

where 𝑂(𝑥) is the closure of the set 𝑂(𝑥).
Definition 2. A semigroup 𝐺 of linear operators will be called ergodic if it
admits at least one basic Ω-system.

2. Let 𝔄 = {𝑇𝑞}, 𝑞 ∈ Δ, be a collection of linear commutative operators act-
ing in the space 𝑋, and let 𝐺 be the semigroup generated by the operators
from 𝔄. For every 𝑇 ∈ 𝐺 suppose that the relation
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‖𝑇 ‖ ⩽ 𝑣. (3)

is fulfilled.

Let now 𝜆 be an element of Ω, more precisely, 𝜆 = (𝑞1, 𝑞2, … , 𝑞𝑠).
Theorem 1. The family {𝐴𝜆,𝑡}, where

𝐴𝜆,𝑡 = 1
𝑅(𝑡)

𝑡
∑

𝑚1+…+𝑚𝑠=0
𝑇 𝑚1𝑞1 𝑇 𝑚2𝑞2 … 𝑇 𝑚𝑠𝑞𝑠 ,

i.e. the Cesàro-type mean, forms a basic Ω-system with respect to the semigroup
𝐺; here the numbers 𝑠 and 𝑡 must satisfy the relation 𝑠/𝑡 → 0 as 𝑡 → ∞, and
𝑅(𝑡) is the number of terms entering into the sum written on the right in the
expression for 𝐴𝜆,𝑡.

Theorem 2. The semigroup 𝐺, generated by the operators from 𝔄, is ergodic.

Corollary. If 𝐺 is a commutative semigroup with a system of generators 𝔄
of arbitrary cardinality, then, by specifying a one-to-one mapping 𝑓 of the set
𝔄 onto the set of indecomposable idempotents Δ of the semilattice 𝑅Δ (the
cardinality of Δ is assumed equal to the cardinality of 𝔄) and by indexing each
element of 𝔄 by that 𝑞 ∈ Δ which corresponds to it under the mapping 𝑓 ,
according to Theorem 2 we shall have:

Theorem 3. If the semigroup 𝐺, generated by a system of generators 𝔄 of
arbitrary cardinality, is commutative and bounded, then it is ergodic.

In this case the basic Ω-system is the family {𝐴𝜆,𝑡} constructed above, with
𝑇𝑞 ∈ 𝔄, 𝑞 ∈ Δ.

Theorem 4. If the semigroup 𝐺 is ergodic, 𝑥 is some element of the space 𝑋,
and {𝐴𝜇} is a basic Ω-system with respect to 𝐺, then the conditions (a), (b),
(c) given below stand in the relation (𝑎) ∼ (𝑏) → (𝑐):
(a)

lim
𝜇∈Ω

𝐴𝜇𝑥 = 𝑥0.

(b) 𝑥0 ∈ 𝑂(𝑥) and 𝑇 𝑥0 = 𝑥0 for all 𝑇 ∈ 𝐺.

(c) For any 𝑦, 𝑧 ∈ 𝑋 such that 𝑦, 𝑧 ∈ 𝑂(𝑥), one has

‖𝐴𝜇𝑦 − 𝐴𝜇𝑧‖𝜇∈Ω → 0.

The assertion (𝑎) ∼ (𝑏), contained in Theorem 3.1 of Eberlein, is easily proved
also with the aid of norms with values in 𝐾Δ. As for the relation (𝑐) → (𝑎), its
validity requires additional information about the family of operators {𝐴𝜇}.
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Definition 3. An element 𝑥 ∈ 𝑋 will be called ergodic with respect to the
semigroup 𝐺 with limit point 𝑥0, if the equality

𝑥0 = lim
𝜇∈Ω

𝐴𝜇𝑥,

holds, where {𝐴𝜇} is a basic Ω-system with respect to the semigroup 𝐺.

We shall denote by 𝑇Ω the mapping of 𝑋 into 𝑋 defined by the equality

lim
𝜇∈Ω

𝐴𝜇𝑥 = 𝑇Ω𝑥 for all 𝑥 ∈ 𝑋.

Theorem 5. Let 𝑋 be a complete space normed over 𝑅Δ. If 𝐺 is ergodic, then
the set of all ergodic elements forms a closed linear subspace 𝐸 of the space 𝑋,
invariant with respect to the semigroup 𝐺. Moreover, the operator 𝑇Ω is linear
on 𝐸, 𝑇 2

Ω = 𝑇Ω, and ‖𝑇Ω‖ ≤ 𝜈, if ‖𝐴𝜇‖ ≤ 𝜈 for all 𝜇 ∈ Ω.

Tashkent State University
named after V. I. Lenin

Received
29 II 1964

REFERENCES
1 J. von Neumann, Proc. Nat. Acad. Sci. U.S.A., 18, 70 (1932).
2 M. M. Day, Trans. Am. Math. Soc., 51, 399 (1942).
3 W. E. Eberlein, Trans. Am. Math. Soc., 67, No. 1 (1949).
4 M. Ya. Antonovskii, V. G. Boltyanskii, T. A. Sarymsakov, Topological Semi-
fields, Tashkent, 1960.
5 M. Ya. Antonovskii, V. G. Boltyanskii, T. A. Sarymsanov, Tr. Tashkent. Gos.
Univ. im. V. I. Lenina, no. 191, mathematics, 1961.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196401.99920 Machine Translation

https://sovietrxiv.org/items/ru-196401.99920

	Abstract
	Full Text
	ON GENERAL ERGODIC THEORY
	REFERENCES


