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Abstract
Full Text
CYBERNETICS AND CONTROL THEORY
V. I. KRINSKII

ON ONE CONSTRUCTION OF A SEQUENCE
OF AUTOMATA AND ITS BEHAVIOR IN
GAMES
(Presented by Academician M. V. Keldysh, 25 I 1964)

In this note a construction is described of an asymptotically optimal sequence
of automata, and games of two such automata with zero sum are considered. It
is shown that if the memory capacities of both playing automata grow without
bound, then the limit of the payoff lies between the upper and lower values of
the game. If, moreover, there exists a limit of the ratio of the memory capacity
of the second automaton to the memory capacity of the first, then the limiting
payoff of the first automaton is a monotonically increasing function of the value
of this ratio.

Problems on the behavior of automata in random environments and games
are described in the work of M. L. Tsetlin (1). We reproduce here the basic
definitions from that work.

1. Let the input variable of the finite automaton 𝐴𝑀,𝑛 be able to take only
two values: 𝑠(𝑡) = 1 (win) and 𝑠(𝑡) = −1 (loss). The automaton 𝐴𝑀,𝑛 has
𝑀𝑛 states, and its output variable 𝑓(𝑡) can take one of 𝑀 values 1, … , 𝑀 .
The value 𝑓(𝑡) is called the action or strategy of the automaton at the
moment 𝑡.

We shall say that the automaton 𝐴𝑀,𝑛 functions in a stationary random environ-
ment 𝐶(𝑝1, … , 𝑝𝑀) if the action 𝑖, produced at the moment 𝑡, generates at the
moment 𝑡 + 1 a loss with probability 𝑝𝑖 and a win with probability 𝑞𝑖 = 1 − 𝑝𝑖.

A sequence of automata 𝐴𝑀,𝑛1
, … , 𝐴𝑀,𝑛𝑘

, … is called asymptotically optimal
in the environment 𝐶(𝑝1, … , 𝑝𝑀) if, as 𝑛 → ∞, the mathematical expectation
of the automaton’s payoff in this environment tends to the maximum possible
value

𝑀(𝐴𝑀,𝑛; 𝐶) → max
𝑖

(𝑞𝑖 − 𝑝𝑖).

2. We shall describe the construction of a sequence of automata 𝐷𝑀,𝑛, asymp-
totically optimal in an arbitrary stationary random environment (2). The
automaton 𝐷𝑀,𝑛 has 𝑀 actions and 𝑀𝑛 states. In the states 𝜑𝑘

1, … , 𝜑𝑘
𝑛

this automaton performs action 𝑘 (𝑘 = 1, … , 𝑀). The transitions between
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the states of the automaton 𝐷𝑀,𝑛 (for the case 𝑀 = 2) are shown in Fig.
1.

Fig. 1

Upon a win, the states 𝜑𝑖
𝛼 (𝛼 = 1, … , 𝑛) pass into the states 𝜑𝑖

𝑛. Upon a loss,
the states 𝜑𝑖

𝛼 (𝛼 ≠ 1) pass into the states 𝜑𝑖
𝛼−1, while the states 𝜑𝑖

1, upon a loss,
pass with equal probabilities 𝑀−1 into the states 𝜑𝑘

𝑛 (𝑘 = 1, … , 𝑀).
It can be shown that the mean time during which the automaton 𝐷𝑀,𝑛 performs
action 𝑖 is

𝑇 (𝑝𝑖) = 1 − 𝑝𝑛
𝑖

𝑝𝑛
𝑖

. (1)

From this formula the asymptotic optimality of 𝐷𝑀,𝑛 follows at once.

3. In a game of two automata with zero sum (1), the outcome of each play
(𝑖, 𝑗) is a win for the first automaton (a loss for the second) with probability
𝑞𝑖𝑗, and a loss for the first automaton (a win for the second) with probabil-
ity 𝑝𝑖𝑗 = 1−𝑞𝑖𝑗. Thus, in each play one of the automata wins and the other
loses, and the game may be specified by the matrix 𝐴 = ‖𝑎𝑖𝑗‖ = ‖𝑞𝑖𝑗 − 𝑝𝑖𝑗‖
of the mathematical expectations of the payoff of the first automaton.

4. Consider the zero-sum game Γ of two automata 𝐷𝑀,𝑛1
and 𝐷𝑀,𝑛2

. This
game is ergodic if the game matrix has no rows consisting entirely of ones
and no columns consisting entirely of minus ones. In what follows we shall
assume that this condition is satisfied.

Let 𝑅𝑖𝑗 be the probability that the automata play the play (𝑖, 𝑗). Then the
mathematical expectation of the payoff of the first automaton is

𝑊(𝑛1, 𝑛2) = ∑
𝑖,𝑗

𝑅𝑖𝑗𝑎𝑖𝑗. (2)

It can be shown that the upper limit of 𝑊(𝑛1, 𝑛2) as 𝑛1, 𝑛2 → ∞ does not
exceed the upper value of the game, while the lower limit of 𝑊(𝑛1, 𝑛2) is not
less than the lower value of the game. If there exists a limit 𝑙 of the ratio 𝑛2
to 𝑛1, then there also exists the limit 𝑊(𝑙) of the quantity 𝑊(𝑛1, 𝑛2), which is
called the limiting payoff of the first automaton.

Let 𝑞0 be the positive root of the equation 𝑞𝑙
0 + 𝑞0 − 1 = 0. Denote∗

𝑑 = 𝑑(𝑙) = 2𝑞0 − 1. (3)

The following assertions hold.

1∘. If the game Γ is such that max𝑖 min𝑗 𝑎𝑖𝑗 ≥ 𝑑, then 𝑊 = max𝑖 min𝑗 𝑎𝑖𝑗.
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2∘. If min𝑗 max𝑖 𝑎𝑖𝑗 ≤ 𝑑, then 𝑊 = min𝑗 max𝑖 𝑎𝑖𝑗.

3∘. In the case
min

𝑗
max

𝑖
𝑎𝑖𝑗 > 𝑑 > max

𝑖
min

𝑗
𝑎𝑖𝑗,

the limiting payoff is close to 𝑑 in the following sense.

By a renumbering of the rows and columns, put the matrix 𝐴 in the form

𝐴 = (𝐶 𝑃
𝑁 𝐵) ,

where 𝐵 is a maximal submatrix of the matrix 𝐴 such that all elements of 𝑃
are greater than 𝑑, and all elements of 𝑁 are less than 𝑑. The set of elements
of the matrix 𝐴 not belonging to the matrix 𝐵 will be denoted by 𝐴𝑙.

∗ From (1) and (3) it follows that the quantity 𝑑 has the following property: for
𝑎𝑖𝑗 > 𝑑,

lim
𝑛→∞

𝑇2(𝑞𝑖𝑗)
𝑇1(𝑝𝑖𝑗)

= 0,

where 𝑇1(𝑝) is the mean time during which the first automaton (𝑇2(𝑝) the
second) in a stationary random environment performs an action for which it
is penalized with probability 𝑝. For 𝑎𝑖𝑗 < 𝑑 the ratio of these times grows
without bound.
∗∗ It can be shown that if 𝑎𝑖𝑗 ∈ 𝐴𝑙, then as 𝑛 → ∞ the total probability of
transition to the play (𝑖, 𝑗) tends to zero, while if 𝑎𝑖𝑗 ∈ 𝐴𝑙, then this probability
remains finite.

Let 𝑎𝑖1𝑗1
be the least of the elements 𝐴𝑙 not smaller than 𝑑, and let 𝑎𝑖2𝑗2

be the
greatest of the elements 𝐴𝑙 not exceeding 𝑑. Then *

𝑎𝑖1𝑗1
≥ 𝑊 ≥ 𝑎𝑖2𝑗2

.

Let us make the following remark. Case 1∘ occurs when the matrix 𝐴 = ‖𝑎𝑖𝑗‖ has
an entire row consisting of elements not smaller than 𝑑. In all plays where the
first automaton uses the strategy corresponding to this row, it is more inertial
than the second automaton. In this case the behavior of the first automaton
coincides with the behavior prescribed by the cautious tactic of game theory:
the first automaton chooses a strategy that gives it the greatest guaranteed
payoff. The second automaton minimizes the payoff of the first automaton.

In case 2∘, the second automaton turns out to be in the same conditions as the
first automaton in case 1∘.
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In case 3∘, the automata carry out “mutual pursuit.”Only those plays which
are played over the maximal time contribute a nonzero amount to the limiting
payoff.

Let us also note that the limiting payoff 𝑊 is not a monotone function of the
elements of the game matrix (in contrast to the price of a game in von Neumann’
s sense). There are even cases in which, when all elements of the matrix ‖𝑎𝑖𝑗‖
are increased, the magnitude of the payoff decreases. Examples are provided by
the games Γ1 and Γ2 of two identical automata

‖𝑎𝑖𝑗‖(1) = ( 0.2 −0.5
−0.4 0.3 ) , ‖𝑎𝑖𝑗‖(2) = ( 0.5 −0.2

−0.1 0.6 ) .

For identical automata 𝑙 = 1 and 𝑑 = 0. In both games all elements 𝑎𝑖𝑗 belong
to 𝐴𝑙, and the limiting payoff of the first automaton in the game Γ1 is 0.2, while
in the game Γ2 it is −0.1, although 𝑎(2)

𝑖𝑗 > 𝑎(1)
𝑖𝑗 .

Consider two examples of games of automata with different memory sizes.

Example 1. The limiting payoff of the automaton 𝐷2,𝑛 in the game Γ1 with
the automaton 𝐷2,𝑙𝑛, for 𝑙 > lg 𝑝21/ lg 𝑞11 ≈ 0.7, is equal to minmax 𝑎𝑖𝑗 = 0.2,
and for 𝑙 < lg 𝑝21/ lg 𝑞11 is equal to maxmin 𝑎𝑖𝑗 = −0.4*.
Example 2. Consider the game consisting in the automaton 𝐷2𝑁,𝑛“guessing”
the action of its opponent 𝐷2𝑁,𝑙𝑛, in which 𝑎𝑖𝑗 = 1 − 2𝛼|𝑖 − 𝑗| − 2𝛽; 𝛼, 𝛽 > 0,
(2𝑁 − 1)𝛼 + 𝛽 < 1. Denote

𝑏𝑘 = lg(𝛽 + 𝛼𝑘)/ lg(1 − 𝛽 − 𝛼𝑘 + 𝛼) (𝑘 = 1, … , 𝑁).

For 𝑙 < 𝑏𝑁 , the limiting payoff is

𝑊 = maxmin 𝑎𝑖𝑗 = 1 − 2𝛽 − 2𝛼𝑁.

For 𝑙 > 𝑏1, the limiting payoff is

𝑊 = minmax 𝑎𝑖𝑗 = 1 − 2𝛽.

For 𝑏𝑘 > 𝑙 > 𝑏𝑘+1, the limiting payoff is

𝑊 = 1 − 2𝛽 − 2𝛼𝑘 (𝑘 = 1, … , 𝑁 − 1).

5. The proof of properties 1∘–3∘ of the limiting payoff in the game of automata
𝐷𝑀,𝑛 and 𝐷𝑁,𝑙𝑛 is carried out, as in (*), by computing the quantities 𝑅𝑖𝑗—the
probabilities that the automata play the play (𝑖, 𝑗).
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* A more precise formulation is as follows. Denote

𝛿(𝑎, 𝑑) =
⎧{
⎨{⎩

(1 + 𝑎
2 )

𝑙
− 1 − 𝑑

2 , if 𝑎 ≥ 𝑑,
1 − 𝑎

2 − 1 − 𝑑
2 , if 𝑎 ≤ 𝑑;

𝛿0 = min
𝑎𝑖𝑗∈𝐴𝑙

𝛿(𝑎𝑖𝑗, 𝑑).

Then

𝛿(𝑊, 𝑑) ≤ 𝛿0.

If the game Γ is such that all elements 𝑎𝑖𝑗 belong to 𝐴𝑙, then as 𝑛 → ∞ the
only probabilities of playing that remain nonzero are those of plays (𝑖0, 𝑗0) for
which 𝛿(𝑎𝑖0𝑗0

, 𝑑) = 𝛿0.

Denote by 𝑟𝑖𝑗
𝛼,𝛽 the probability that the first automaton is in state 𝜑𝑖

𝛼, and the
second in state 𝜑𝑗

𝛽. It is easy to see that, in the Markov chain describing the
behavior of the system, only those of the states 𝜑𝑖𝑗

𝛼,𝛽 are essential for which
either 𝛼 = 𝑛 or 𝛽 = 𝑙𝑛,

𝑟𝑖𝑗
𝛼𝛽 = 0 (𝛼 ≠ 𝑛, 𝛽 ≠ 𝑙𝑛). (4)

Denote 𝑟𝑖𝑗
𝑛,𝑙𝑛 = 𝑟𝑖𝑗. From the description of the automaton 𝐷𝑀,𝑛 and the

definition of the game,

𝑟𝑖𝑗
1,𝑙𝑛 = 𝑟𝑖𝑗𝑝𝑛−1

𝑖𝑗 , 𝑟𝑖𝑗
𝑛,1 = 𝑟𝑖𝑗𝑞𝑙𝑛−1

𝑖𝑗 . (5)

Consider the group of states corresponding to the play (𝑖, 𝑗). The probability
that the system leaves this group of states is equal to the probability that the
system enters it. The probability that the system leaves this group of states is

𝑟𝑖𝑗
1,𝑙𝑛𝑝𝑖𝑗 + 𝑟𝑖𝑗

𝑛,1𝑞𝑖𝑗 = 𝑟𝑖𝑗(𝑝𝑛
𝑖𝑗 + 𝑞𝑙𝑛

𝑖𝑗 ).

The probability that the system enters this group of states is equal to

1
𝑀 ∑

𝑢
𝑟𝑢𝑗𝑝𝑛

𝑢𝑗 + 1
𝑁 ∑

𝑣
𝑟𝑖𝑣𝑞𝑙𝑛

𝑖𝑣 .

Therefore
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𝑟𝑖𝑗 = 𝜏𝑖 + 𝜎𝑗
𝑝𝑛

𝑖𝑗 + 𝑞𝑙𝑛
𝑖𝑗

, (6)

where 𝜏𝑖 = 1
𝑁 ∑𝑣 𝑟𝑖𝑣𝑞𝑙𝑛

𝑖𝑣 , 𝜎𝑗 = 1
𝑀 ∑𝑢 𝑟𝑢𝑗𝑝𝑛

𝑢𝑗.

Multiplying (6) by 𝑞𝑙𝑛
𝑖𝑗 and summing over 𝑗, we obtain (7), and multiplying by

𝑝𝑛
𝑖𝑗 and summing over 𝑖, we obtain

𝜏𝑖 ∑
𝑗

𝜇𝑖𝑗 = ∑
𝑗

𝜎𝑗𝜈𝑖𝑗, (7)

𝜎𝑗 ∑
𝑖

𝜈𝑖𝑗 = ∑
𝑖

𝜏𝑖𝜇𝑖𝑗, (8)

where

𝜇𝑖𝑗 = 𝑝𝑛
𝑖𝑗

𝑝𝑛
𝑖𝑗 + 𝑞𝑙𝑛

𝑖𝑗
, 𝜈𝑖𝑗 = 𝑞𝑙𝑛

𝑖𝑗
𝑝𝑛

𝑖𝑗 + 𝑞𝑙𝑛
𝑖𝑗

.

Studying the system (7), (8) as 𝑛 → ∞, from equation (6) one can obtain
assertions 1∘—3∘.

6. In this note we have considered zero-sum games of automata of construc-
tion 𝐷. Apparently, assertions 1∘—3∘ are also valid for a broader class
of automata. For them the quantity 𝑑, determining the limiting payoff,
should be computed from the equations

lim
𝑛→∞

𝑇2(𝑞0)
𝑇1(𝑝0) = 1, 𝑑 = 𝑞0 − 𝑝0.
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