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Abstract
Full Text

S. N. KRUZHKOV

THE GLOBAL CAUCHY PROBLEM FOR NONLINEAR
EQUATIONS AND SOME QUASILINEAR SYSTEMS OF
FIRST ORDER WITH MANY VARIABLES

(Presented by Academician L. S. Pontryagin on 24 XII 1963)
The paper considers the global Cauchy problem for the equation

ut+f(t,a:,u7uw) :07 (1)
1o}
z:(x17"'7xn)a U@.:gradwu, Ut: a—qz
with the initial condition
u(0,) = up(x) )

(for simplicity of formulation we confine ourselves here to the case when the func-
tion f depends only on u,,). We assume that the function f is twice continuously
differentiable, f(0) = 0, and for any real &, ..., &,

Y-,
=1

- _of B 0% f
0 < AMu,) < mZﬂ fu(uz)gz@a fi= 8%%, fij = Wa (3)

where the function A(u,) is continuous; the function uy(z) is bounded (|uy| <
M,) and satisfies a Lipschitz condition in the totality of its arguments in the
whole space, with constant K, > 0.

In the present paper a definition is given of a generalized solution of problem
(1)—(3) in the half-space {t > 0}; its existence and uniqueness are proved, and
the behavior of solutions as t — +o00 is also considered. We obtain the solution
of problem (1)—(3) as the limit, as € — 0, of solutions {u®(¢,z)} of the Cauchy
problem for the equations

uy + flu,) = eAu (4)

sovietrxiv.org/items/ru-196401.97279 Machine Translation


https://sovietrxiv.org/items/ru-196401.97279

with the initial condition (2); in connection with this, the Cauchy problem for
a quasilinear parabolic equation is studied.

From the results concerning problem (1)—(3), as consequences there follow exis-
tence and uniqueness theorems for the generalized solution of the global Cauchy
problem for the quasilinear system

ov; 0 )
ot +87xif(’l)1,...,’un):0, ’L:L...,’IL (5)
with the initial condition
v;(0,2) = 0)(2) € Lo (B, (2)), (6)
where the vector v° = (v?,...,02) satisfies the condition rotv® = 0 in the weak

sense: f(wliv? — ijU?) dxz = 0 for any smooth finite function w(x). We note

that the properties of the solutions of problem (5), (6) are, in a certain sense,
analogous to the properties of solutions of the equation u, + (¢(u)), = 0 with

convex function ¢(u), studied in work .
In the case of one spatial variable, problem (1)—(3) was studied in (27%)

questions connected with problem (1)—(3) were considered in (°,°).

; some

1. We shall say that a function u(¢,z), defined in the half-space {t > 0},
belongs to the class £(K) if |u| < K and

lu(t + At,z + Az) — u(t, )| < K(|At] + |Az|), At > 0.

Definition 1. A function u(t,z) € £(K) (for some K) is called a generalized
solution of problem (1)—(3) in the half-space {t > 0} if u(¢, ) satisfies equation
(1) almost everywhere in {t > 0}, u(0,2) = uy(z), and for any vector | =
(llv ) ln)

Alu u(t,x+1) —2u(t, ) + u(t,z —1) < C
iz i cot

C = const. (7)

Theorem 1. The generalized solution of problem (1)—(8) is unique.
Suppose that there exist two solutions u!(t,r) and w?(t,x). Denote by
{uk (t,2)}, k = 1,2, sequences of functions belonging to £(K)NC?, converging
uniformly as m — oo to u*(¢,z) in any compact domain Q C {t > 0}, with

| grad uf, — grad uk||L1(Q> —0

as m — o0, and, in any direction [ in F, (x),

O*uk, JO12 < CJt
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(as u¥, one may take the corresponding averaged functions). Let w,, = ul —u2, .

It is not difficult to see that, for any smooth function ¢(t,z) with compact
support in the layer {0 < § < t < T}, equal to zero for t = T, the integral
identity

e

2

0
gt—i—Z/ Ddrg, + Z/ ,695.(7—”71’1—'_(1_7—)“2”) dTg] dxdt+/gwm|t:6dm:

J
T
:/ /ozmgdxdt7
0

(o) = (T(un) gy + (L= 7))oy Tty )p + (L= 7)(0),)

n n

where

and
lev,, (. 2) 2, () — 0

as m — 0o. Denote by A the differential operator with respect to g in the square
brackets, and as g(¢, ) in the integral identity take the solution of the Cauchy
problem

Ag = ®(t,x), g(T,x) =0,

where ®(t,z) < 0 is a smooth function equal to zero for |x| > N and 6, >t > 0.
Clearly, g(t,z) = 0 outside some fixed cylinder Q{2 x [0, T|}. Since, by (3) the

matrix

is positive definite, for any point (¢,,2,) one can specify an orthogonal change
of coordinates x — y such that

n
H = Z aij(ufn)xixjhto,mo ZOZ ylyl 0 <o < My,

whence
H < nM,C/t,,

and therefore |g(t,z)| < Cj for t > § > 0. Moreover, one can show that

/ lg(t, )] dz < M,

for all m and ¢ € [0,T]. Fix a number € > 0; choose first § sufficiently small,
and then my so large that for m > m,

w,, ®(t,z)drdt| < e

Letting m — oo and taking into account the arbitrariness of € and of the function
O (t,z) < 0, we conclude that u; = u,.
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Theorem 2. The generalized solution of problem (1)—(3) exists.

For the proof, consider the family {u®(¢,x)} of solutions of the Cauchy problem
for equation (4) with initial condition u®(0,z) = u§(x), where u§ — uy as
e =0, uf € L(Ky), |u, , | < 1/e (we first establish an existence theorem for
the solution of the Caucﬁy1problem for a quasilinear parabolic equation, which
in the case of equation (4) is valid only under the smoothness condition on the
function f). By means of the maximum principle we obtain the estimates

| <My,  |ug| <K, Juf| < K.

We prove the compactness of {ug_ } in the norm L; on any cylinder Q{Qx[0,T7},
0 > 0. To simplify the proof, assume that the functions u§(x) are finite. Then
(uf , )t — 0 as |z| = oo uniformly for 0 <¢ < T.

Ti;T;

Lemma. Let u®(t,z) be a solution of equation (4); then for any direction [ in
the space E,, (z)

ol? =

O*us _C 1 )
7 2566 = min A (uy,). (8)

fug| <K

Obviously, it suffices to prove the estimate ug , < (C/t), regarding A in equa-
tion (4) as some elliptic operator with constant coefficients. Let w = tug o
differentiating equation (4), we find that

ow w n ou, Ou, " dw
_vv_ v - 1 1 ) _ >
0= " T 2 Sy e Y 2 iy, A2

ig=1 i = i
A, w? —w " Ow
i=1 i

At a point of positive maximum of the function w the inequality A(u, )w?—w < 0
holds; hence w =tus . < C.

L1Ty —

From estimate (8) it follows that

lu

c _
271977 Ly(Q) <2 <?d” + Kd"™ 1) ,
where d is the diameter of the domain 2. Since for i # j the operators
Liu = um%xl * ufifj + uzjzj = uyiyi + uyjyj
under a suitable change of variables

z; = Biy; + %5 z; = By; + ;Y5

we have
Lou < (Cy /1)
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and

By means of the estimates obtained, we establish that the sets {ug } are compact

in L;(Q%). By a diagonal process we select a sequence u= (¢, z) converging as
€m — 0 to u(t, z) uniformly in any cylinder Q{2 x [0,7}, and moreover

ug" — u, in L(Q%
for any § > 0. From equation (4),

u;™ = u, in L(Q%).
It is not difficult to verify that u(t, x) is a generalized solution of problem (1)—
(3)".

Theorem 3. Let u(t, x) be a generalized solution of problem (1)—(3) in {¢ > 0},
and let

f(0)=f,(0)=0, i=1,..,n.

Then
u(t,x) — p = infuy(x) ast — +oo

uniformly in « in any compact domain 2 C E, ().

The proof is analogous to the proof of Theorem 3 in (3).

2. Definition 2. A generalized solution of problem (5), (6) in the half-space
{t > 0} is a bounded measurable vector function

v(t7$) - (vla avn>

such that, for any smooth functions

* Taking into account the uniqueness of the generalized solution (Theorem 1),
we conclude that
us(t,z) = u(t,x)

as € tends arbitrarily to 0.

g'(t,x), finite with respect to x; and equal to zero for t > T, the integral
identities

// [gzvi + g5, f(vg, e, vn)] dx dt + /gi((), z)v)(z) dz =0 (9)
(=0}

1=1,...,n,
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are satisfied, and for any smooth finite function w(xz) > 0 and nonnegative
constant matrix ||aij|| =a, |aij| <1,

/ [(wm, av) + gw] dx >0, C = const. (10)

Theorem 4. The generalized solution of problem (5), (6) exists and is unique.
This solution is the limit, as € — 0, of the solutions of the Cauchy problem for
the quasilinear parabolic system obtained from system (5) if the term eAwv; is
added to the right-hand side of its i-th equation.

Remark. Just as in the case n = 1, one can study problem (1)—(3) in the case
where u(z) is an arbitrary bounded lower semicontinuous function (see (?)).
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