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(Presented by Academician N. I. Muskhelishvili, March 20, 1964)

The following Riemann-Schwarz symmetry principle for analytic functions is
known (see, for example, (1)). Let the function F(z) be holomorphic in the
domain D and continuous in D. If the boundary of the domain D contains a
segment of the real axis or an arc of the circle |z| = 1, and if

Re[F(t)] =0 fortel, (1)

(I denotes the segment or arc), then F(z) can be analytically continued across
l; namely, the function

_JF(k), zeD,
@(z)_{—F(zl), z € D*,

is holomorphic in the domain D+ D*+1[, where D* is the reflection of the domain
D with respect to [, and the point z; is the reflection of the point z with respect
to I.

An analogous theorem holds for generalized analytic functions (see (2)).

We generalize this theorem to the case in which condition (1) is replaced by the
condition of the general Riemann-Hilbert problem.

Theorem. Let F(z) be holomorphic in the domain D and continuous in D. If
the boundary of the domain D contains a segment of a straight line or an arc of
a circle, and if

Re[A(H)F(t)] =0 fortel, (2)

where 1 is a segment of a straight line or an arc of a circle, and \(t) # 0 is
a given function of Holder class on I, then in D there exists a holomorphic
function x(z) such that x(2)F(z) can be analytically continued across l; namely,
the function
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B Xx(2)F(z), z€ D,
) = {x<zl>F<z1>, D, ®)

is holomorphic in the domain D + D* + [, where D* is the reflection of the
domain D with respect to l; z, is the reflection of z with respect to l; x(z) # 0
is a solution of the conjugation problem with boundary condition

M
X (t)—mx (t), tel,
with
X~ () = x* ().

As is known, x(z) is constructed effectively (1), §83.
The proof of this theorem presents no difficulty, and we omit it.

We shall call the function x(z) the factor of analytic continuation of the
function F'(z).

If A(t) is a real function, then, obviously, one may take x(z) = 1, and from (1)
we obtain the usual symmetry principle.

If condition (2) is satisfied for a generalized analytic function, then, correspond-
ingly, one can define an analytic multiplier for the continuation of a generalized
analytic function in the sense of I. N. Vekua (see (2)).

In the work (3), A. V. Bitsadze reduced the solution of the Tricomi problem for
an equation of M. A. Lavrent’ ev type to the Riemann-Hilbert problem for the
half-plane with boundary conditions

Re[F(t)] = ¢(t) for

t 1‘—1 >0, t=x+1
2—279 ’ = 1Y,

Re[(1 —4)F(z)]=4¢(z) for0<z <1,

and, applying the symmetry principle, constructed an effective solution.

Applying our generalized symmetry principle and following an analogous path,
we can effectively solve the general Riemann-Hilbert problem for many domains
of a particular kind, for example, for the half-disk, for a quarter of a disk, for a
quadrant, and in general for a sector of a disk with aperture 7/2™ for an angle
/2™, All these problems are solved by a single method.

Let us consider, for example, the Riemann-Hilbert problem in the case of a
half-disk: find a function F'(z), holomorphic in the half-disk D (|z| < 1, y >
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0, z = z + iy), continuous in D except, perhaps, at the points x = 1, z = —1,
satisfying the boundary conditions:

Re[A(t)F(t)] = ¢(t), forteo,
Re[p(z)F(z)] = ¢(z), for —1 <z <1,

(4)

where o is the semicircle |t| =1, y > 0, t = x + iy, and \(¢) # 0, p(z) # 0 are
given functions of Hoélder class on the corresponding lines. In a neighborhood

of each of the points x = —1, x = 1, the required function is subject to the
condition
Flz) < const <1
z) < ——, «@ .
Sx1e

To solve this problem, represent F'(z) in the form of the sum of two functions
F,(z), F5(z), holomorphic in the domain D, which are respectively solutions of
the Riemann-Hilbert problems with boundary conditions

Re[A(t)F, ()] = p(t) fort € o, (5)
Re[u(z)Fy(z)] =0 for —1<z <1, (6)
Re[A(t)Fy(t)] =0 fort € o, (7)
Re[u(z)Fy(z)] = (z) for —1<x< 1. ©)

It is obvious that F'(z) satisfies condition (4).

Using (6), one can define, according to formula (3), a function ®(z), holomorphic
inside the disk |z| < 1. From condition (5) we conclude that ®(z) is a solution
of the Riemann-Hilbert problem for the disk, with boundary conditions

MO o] _ i
Re |:X+(t>q)(t):| - @(t)ﬂ te I

fe X (1)

)\@‘P(t)] =—p(t), teo,

where o is the reflection of the semicircle o with respect to the real axis. A
solution of the given class of this last problem, if it exists, is constructed, as
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is known (1), effectively. The desired function F}(z) in the given half-disk, by
virtue of (3), will be ®(z)/x(z).

The construction of Fy(z) is reduced in an analogous way to the solution of the
Riemann-Hilbert problem for the half-plane.

For a quadrant, the solution of the Riemann-Hilbert problem can also be rep-
resented as the sum of two holomorphic functions, one of which satisfies a ho-
mogeneous condition for x > 0, y = 0 and an inhomogeneous condition for
y < 0, x = 0, while the other satisfies analogous conditions. Applying the
generalized symmetry principle, one can reduce the problem to two Riemann-
Hilbert problems for the half-plane. Thus, the problem under consideration is
solved effectively.

In general, the Riemann-Hilbert problem for the domains mentioned above is
solved effectively in an analogous way, i.e., by reduction to the problem for the
disk or the half-plane.
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