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Abstract

Full Text
MATHEMATICS
E. A. VOLKOV

EFFECTIVE ERROR ESTIMATES FOR SO-
LUTIONS BY THE GRID METHOD OF THE
DIRICHLET PROBLEM FOR THE LAPLACE
EQUATION ON POLYGONS

(Presented by Academician A. A. Dorodnitsyn, 19 XII 1963)

Known error estimates for the solution by the grid method of the Dirichlet
problem for the Laplace equation, converging to the exact solution with rate
hE, where h is the mesh step, 1 < k < 6, have been obtained, in particular,
under the condition of boundedness of the k-th derivatives of the solution on
the closed domain (7). If the domain is a polygon M with an angle 3, 7/k <
B < w/(k — 1), then, for arbitrarily prescribed boundary values that are as
smooth as desired on the sides and continuous at the corner points, the k-th
derivatives of the solution, as a rule, are unbounded on M (*). This introduces
a specificity into the construction of difference equations on a polygon and into
the obtaining of error estimates. In the present note, estimates are first given for
the derivatives of a harmonic function on a polygon and for the coefficients of
the asymptotic representation of a harmonic function at the corners, expressed
explicitly in terms of the maxima of the moduli of the derivatives of the function
on the sides of the polygon. The estimates are obtained, relying on the results
of (%), by methods of the theory of functions of a complex variable. Next,
two types of error estimates are proposed for an approximate solution of the
Dirichlet problem for the Laplace equation, obtained on a grid in the form of
a solution of a system of difference equations composed of ordinary difference
operators and special operators that take into account the asymptotics of the
harmonic function at the corners. The first estimates are analytic, of Gershgorin-
estimate type, but expressed in terms of known quantities. The other estimates,
more accurate, are obtained in the form of a solution of an auxiliary system of
difference equations. The method considered for solving the Dirichlet problem
on a polygon, with sufficiently smooth boundary values, makes it possible to
obtain an approximate solution on the grid converging to the exact solution
with rate A 27¢, where 4 < m < 8.

1. Let a polygon M be given with boundary I', having N sides. Let I';, j =
1,2, ... ,—be the sides, including the corner points, numbered counterclock-

wise; a7 are the angles between I'; and I'; 1, 0 < o; <2; P, =T,NT, ;.
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We shall say that f € C,,(E) if f is m times continuously differentiable
on E. Consider the boundary-value problem

Au(z,y) =0on M, u=p;(s)onT, i=12,..,N, (1)

where ¢; € C,(I;), v > 0. Denote ®¥ = sup;. |gp§-k)|; ® = max; d; ?{V)f =
J
max{@?,q);al};

U¥(E) = max sup sup’8“+5u/ax§‘ ayg
atB=ko<g<n/2 E

)

where xy, y, are the variables in a coordinate system rotated through an angle 6;
R; is a rectangle with one side v; C I'; of length b, and the second side of length
a;, with the distances between the endpoints of ~; and I'; not less than a;, and
half of every circle of radius a; with center on R;, lying above the diameter

J
parallel to I';, in the inward direction—

* Below, analogous upper bounds for derivatives of functions denoted by the
corresponding lowercase letters are denoted by other capital Latin letters.

of the normal to T';, belongs to M; S;(r) is the sector of a circle of radius r with
center P;, formed by the sides I'; and I';, ;; T;(r) is the arc of the sector S;(r);
M is the set of points M whose distance from I is greater than §.

Lemma 1. The inequality (2) holds
Ut (Mg) < pldd/méH, w>0. (2)

Lemma 2. If p; € C, 4 (I';), then

- 2+21L+3/2 il /”" d u
UMR;) < ———a;® 4= a7+k§

2k pk
j
m(uw+1) 77 ; kla

k) +V28L (3)

Let P; be the origin, and let the z-axis be directed along I'; 15 2 = o + iy, p =
|2l;0 =argz; 1 <o <wv; ¢, € C,(Ly); t=17,j+1;

o—1 o—1
it + Z d;, Rez" + Z €y, Im 2", «; irrational,
f o n=0 n=1
jo = o, o—1 o—1
Z "Cip Im{z*% In 2} + Z dj, Re 2" + Z e Imz",  a; =p;/q;,
k=0 n=0 n=1

where o, = [(0—1)/q,]; p;/q; is an irreducible fraction; S~ is a sum not extended
ton =0 (mod qj); Cins s €5, are numbers determined by the conditions: ¢, —

fiolr, = o(p” 1) t=174,7+1.
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Denote:

k,—1
w;(k) = Zm]?)ik (H o — q|) AY =4

¢ + FQ (Tj(rj))

1/ozj>X

T4 X/a (11— Aj
ﬁwj(X)
(Vj —x)!

X

~v. vi—x/o; 4 wj(k) 9 4 ox+3/2
LT N i+ 1)+
i (W(l_)\;/aj)xkz;J(uj—k)! (v;—x—Dlr i( )

(1 +Tj)X/O‘J‘

W (x, p) = 4pX/ @yl A+
T}
2 (2 4 20+3/27 (14 7)) V2 .\ /i' ok+2
P J (v, —p—DNp+ D7 (v, —p)! 7 AT AP
J H 7 w k=0 (VJ ) .TJ

Lemma 3. Let r; > 0; S;(r;) C M; o(k) = [(k+1)/oy]; x; = 1; m >
0; v; = max{a(xj) +Lx;+1,m+ 1} ¢ € Cl/j(rt); t=7,7+1 0<A <1
7; = min{sin(a;/2), 1/A; — 1} for a; < 1/2; 7; = min{v/2/2, 1/A; — 1} for

a; > 1/2; 7% =1r;\;/(1 +7;); then on S;(r})

i k6
k=1 @
o(k)—k/a,
5. < 22Kt k) g 4 4 2 T Bl o
gkl = (o(k) k(oo (k) — k)m I mfﬂ/a '

GH(Ti(p) < V(L p),  WiTi(p) < ¥ (xjnp),  O0<p<m. (7)

2. Let S;(r;) CM; 0< X\, <1; 9, >1; m=4,8 v; =max{v; ,v;} (v =
vn); ©; € C’l,j(f‘j), ji=1,2,..,N; 6 >0; M C Ujvzl R;US(r:/2) U M.
Construct on M a square grid with mesh size h (%), for which one can choose
numbers 7;, 7 =0, 1,2, such that 2u;h <rjg <r; —h <r;—2h; r;/2 + th <
Tio ST =X Tjo < Ty J = 1,2,..,N; xJ' = hmax{v/2,t,}, where ¢, is a
quantity independent of h, deﬁned below, S, (1) NS, (r,e) = 0 for p # ¢, and
additional requirements following from what follows are satisfied. Denote by H?
the set of grid nodes on S;(r,); by Q?, the set of nodes on S;(r;; +h)\S;(r;; —h);
by M ,» the set of nodes on S; (1;2) \ S;(rjo) which, together with the minimal

square E _ containing the m nearest nodes, belong to M; by I'® | the set of the
remaining nodes on S;(r;5)\S;(rjo); by M}", the set of nodes on M\Uj,\;1 Si(rj2)

which, together with E, , belong to M; and by I'" | the set of the remaining
nodes on M.
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Consider the system of difference equations

— h. — h.
up = A u,  on M up, = Byu, on I}

up = fjuj+Am(uh7fjuj) on Mr}}m]’ Up, = fjl/j+Bl(uh7ij]) on F?n]ﬂ (8)

w, = fy, + D, (u, — f;,) onlly,  j=12.N,

where m = 4,8; | < m; A,, is the known averaging operator over m points (*),
with - -
lu— Ayu| < RAUA(E,)/24; |u — Agu| < h8UB(Eg)/712;

B, is an interpolation operator (for [ < 5, see (%)) such that
ju—By,| < thlUl(E;)’

—4
where E; is the minimal convex closed set containing the interpolation points;
N
— Linpl. _ h h .
C, = H%ahXE d,| /1Y Ty, = jzulrmj urTh;

t is the distance to an interpolation node; t < ht;; ¢; is a constant independent of
the choice of grid; d; is an interpolation coefficient, with 3" |d,| < 1—¢; &, > 0;
> is the sum over all interpolation points, and ZI is the sum over interpolation
points belonging to M, D%j is an operator satisfying the condition

D%-'Uj(P) = Za’PQUj(C» = Uj(P)7

J

where v, is a function of the form (5) with arbitrary coefficients 3, P € H?, Qe

J
Q?, and 7,4 is such that

max a <1-—9; 6. >0.
Pel‘[?;l PQ‘\ 77 J
J

For sufficiently small h, the existence of the operators D%j is obvious. Indeed,
the coefficients (3, of the function v; are determined as the solution of a system
of equations with determinant nonzero and with free terms that are the values of
v; at the points dividing Tj(rjl) into »; equal parts. The determinant remains
bounded below in modulus by a positive quantity in a finite neighborhood of

the indicated points, in which, for small h, grid nodes will be found. In practice,
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the 3, are expressed through the values of v; at nodes nearest to the uniformly
spaced points on an arc of radius of order h; / ;. Then, using (5), one computes

apg and determines a value 7, of order 7;; and a set H;’ on which

> lapgl <1-9;.
Oh

Denote

&, = max {Um(ﬁé), max U™(R;), mlaXGlm(Sj(T}f) \S;(1j0 — \/ih))} ,

m= max{Ul(Mé), max Ul(Rj)? maxGé-(Sj(Tﬁ \ Sj(rjo —ht;)},
Fi J

0 = max((r;; +h)*/%(1—6;) + r;ﬁg/aj)A;j/éj.
J
Lemma 4. The inequality holds

lup, —ul <O+ b Cy /e, + 20,058,/ 9)

where £* = min{e;, min; 0,}; py is the radius of a circle containing M; C} = 1/4);
C§ =30/9\.

Using (2), (3), (7), we estimate the right-hand side of inequality (9) in terms
of known quantities. Moreover, if | = m — 2, 0 < ah¥i < Tios Ti < bhls,
j=1,2,...,N, where 0; = a;(m — 2)/(%; — 1 + a;m), then, according to (2),
(3), (7), and (9), uj, —u = O(ht0), where g = min; »;(m —2)/(%; — 1 + a;m).

Using the methods of § 6 (?) and (7), one can show that for
0;=a;(m—2)/(x; —1+a;(m—2))

o = min{m — 2,mjin ni(m—2)/(%; — 1+ a;(m—2))}.

3. A more accurate error estimate than (9) is a majorant obtained as the solu-
tion of a system of equations differing from (8) in that the boundary values
are taken equal to zero, the signs are changed for the negative coefficients
of the operators D, and B, and into each equation there is introduced a
free term which is the smallest possible estimate of the residual u for the
corresponding equation (8). The compilation of equations (8), as well as
the choice of 7;; for which, on a fixed grid, the error estimate is minimal,
can be automated on a computer. The selection of r;; can be carried out
independently, in view of the weak mutual influence of the errors at the
angles (see, for example, (%)).

sovietrxiv.org/items/ru-196401.95286 Machine Translation


https://sovietrxiv.org/items/ru-196401.95286

4.

At angles a; = 1/q;, which possess special properties (see (94)), v; is a
polynomial estimated by inequality (6). At these angles, when »;/a; > m*
(m* =m for a; > 1; m* = m —2 for a; < 1), one may put r;, = 0 and
construct difference equations by means of the operators A,, and B;. In
(5), B, were obtained for [ < 5, but, using in addition to the values of
the boundary function the values of its derivatives, it is possible to obtain
By with nonnegative coefficients. Operators of the type ij are used in
practice in (1%!1) but without an estimate of the error of the solution.
The results obtained carry over to the Dirichlet problem in a multiply
connected domain bounded by a polygonal line and may be used for other

grids, for example, a variable one.

The author expresses sincere gratitude to S. M. Nikol’ skii for his attention to
the present work.
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