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Abstract
Full Text

MATHEMATICS
M. Kh. ZAKHAR-ITKIN

INVESTIGATION OF A DIFFERENTIAL
EQUATION OF STURM—LIOUVILLE TYPE
(Presented by Academician P. S. Novikov on 26 VI 1964)

1. An equation of Sturm—Liouville type
𝑧IV(𝑥) + [𝜆 − 𝑞(𝑥)]𝑧(𝑥) = 0, 𝑎 ≤ 𝑥 ≤ 𝑏, (1)

is considered under the assumptions: 1) continuity of the function 𝑞(𝑥) on (𝑎, 𝑏)
and 2) existence of the finite limits lim

𝑥→𝑎+0
𝑞(𝑥), lim

𝑥→𝑏−0
𝑞(𝑥) (similarly to (∗)).

A solution of equation (1) satisfying certain boundary conditions is an entire
function of 𝜆 for all 𝑥 ∈ [𝑎, 𝑏]. To each eigenvalue 𝜆 there correspond four linearly
independent eigenfunctions of equation (1): 𝜑(𝑥, 𝜆), 𝜓(𝑥, 𝜆), 𝜗(𝑥, 𝜆), 𝜂(𝑥, 𝜆).
Their Wronskian 𝑊[𝜑, 𝜓, 𝜗, 𝜂] does not depend on 𝑥 and is an entire function
of 𝜆. We shall consider the third-order minors of the Wronskian, denoting
by 𝐴[𝜑(𝑖)] the minor complementary to the element 𝜑(𝑖)(𝑥, 𝜆) in the Wronskian,
𝑖 = 0, 1, 2, 3. These minors, which are functions of 𝑥 and 𝜆, will be differentiated
with respect to 𝑥.

Lemma 1.

{𝐴[𝜑(𝑖)]}(𝑗) = 𝐴[𝜑(𝑖−𝑗)], 𝑖 = 1, 2, 3; 𝑗 ≤ 𝑖, {𝐴[𝜑]}′ = [𝑞(𝑥) − 𝜆]𝐴[𝜑‴].

Lemma 2. 𝐴[𝜑‴](𝑥, 𝜆) is an eigenfunction of equation (1), linearly independent
of 𝜑(𝑥, 𝜆), corresponding to the eigenvalue 𝜆.

Lemma 3. If the boundary conditions

𝜑(𝑘+2)(𝑥, 𝜆) = −𝑝(𝜆)𝜑(𝑘)(𝑥, 𝜆), 𝜓(𝑘+2)(𝑥, 𝜆) = −𝑝(𝜆)𝜓(𝑘)(𝑥, 𝜆),

𝜗(𝑘+2)(𝑥, 𝜆) = 𝑝(𝜆)𝜗(𝑘)(𝑥, 𝜆), 𝜂(𝑘+2)(𝑥, 𝜆) = 𝑝(𝜆)𝜂(𝑘)(𝑥, 𝜆)

are satisfied at the point 𝑥 = 𝑎 (or at the point 𝑥 = 𝑏), 𝑘 = 0, 1, then the
determinants
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∣𝜗
′(𝑥, 𝜆) 𝜂′(𝑥, 𝜆)

𝜗″(𝑥, 𝜆) 𝜂″(𝑥, 𝜆)∣ , ∣𝜑
′(𝑥, 𝜆) 𝜓′(𝑥, 𝜆)

𝜑″(𝑥, 𝜆) 𝜓″(𝑥, 𝜆)∣

do not depend on 𝑥,

𝐴[𝜑‴] = 2 ∣𝜗
′(𝑥, 𝜆) 𝜂′(𝑥, 𝜆)

𝜗″(𝑥, 𝜆) 𝜂″(𝑥, 𝜆)∣ 𝜓(𝑥, 𝜆),

𝐴[𝜓‴] = 2 ∣𝜗
′(𝑥, 𝜆) 𝜂′(𝑥, 𝜆)

𝜗″(𝑥, 𝜆) 𝜂″(𝑥, 𝜆)∣ 𝜑(𝑥, 𝜆),

𝐴[𝜗‴] = 2 ∣𝜑
′(𝑥, 𝜆) 𝜓′(𝑥, 𝜆)

𝜑″(𝑥, 𝜆) 𝜓″(𝑥, 𝜆)∣ 𝜂(𝑥, 𝜆),

𝐴[𝜂‴] = 2 ∣𝜑
′(𝑥, 𝜆) 𝜓′(𝑥, 𝜆)

𝜑″(𝑥, 𝜆) 𝜓″(𝑥, 𝜆)∣ 𝜗(𝑥, 𝜆),

𝑊[𝜑, 𝜓, 𝜗, 𝜂] = −4 ∣𝜑
′(𝑥, 𝜆) 𝜓′(𝑥, 𝜆)

𝜑″(𝑥, 𝜆) 𝜓″(𝑥, 𝜆)∣ ⋅ ∣𝜗
′(𝑥, 𝜆) 𝜂′(𝑥, 𝜆)

𝜗″(𝑥, 𝜆) 𝜂″(𝑥, 𝜆)∣ .

If the boundary values of the functions 𝜑(𝑥, 𝜆), 𝜗(𝑥, 𝜆) at 𝑥 = 𝑎 and the bound-
ary values of the functions 𝜓(𝑥, 𝜆), 𝜂(𝑥, 𝜆) at 𝑥 = 𝑏 do not depend on 𝜆, then
the determinants

∣𝜑
′ 𝜓′

𝜑″ 𝜓″∣ and ∣𝜗
′ 𝜂′

𝜗″ 𝜂″∣

have real and simple zeros.

The function

𝑢(𝑥, 𝜆) = 𝐴[𝜑‴]
𝑊 ∫

𝑥

𝑎
𝜑(𝑦, 𝜆)𝑓(𝑦) 𝑑𝑦 + 𝐴[𝜓‴]

𝑊 ∫
𝑏

𝑥
𝜓(𝑦, 𝜆)𝑓(𝑦) 𝑑𝑦+

+𝐴[𝜗‴]
𝑊 ∫

𝑥

𝑎
𝜗(𝑦, 𝜆)𝑓(𝑦) 𝑑𝑦 + 𝐴[𝜂‴]

𝑊 ∫
𝑏

𝑥
𝜂(𝑦, 𝜆)𝑓(𝑦) 𝑑𝑦

is a solution of the equation

𝑥IV(𝑥) + [𝜆 − 𝑞(𝑥)]𝑥(𝑥) = 𝑓(𝑥), where 𝑓(𝑥) ∈ 𝐿[𝑎, 𝑏].

Under the assumptions made in Lemma 3,
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𝑥(𝑥, 𝜆) = − 𝜓(𝑥, 𝜆)

2 ∣𝜑
′ 𝜓′

𝜑″ 𝜓″∣
∫

𝑥

𝑎
𝜑(𝑦, 𝜆)𝑓(𝑦) 𝑑𝑦 − 𝜑(𝑥, 𝜆)

2 ∣𝜑
′ 𝜓′

𝜑″ 𝜓″∣
∫

𝑏

𝑥
𝜓(𝑦, 𝜆)𝑓(𝑦) 𝑑𝑦

− 𝜂(𝑥, 𝜆)

2 ∣𝜗
′ 𝜂′

𝜗″ 𝜂″∣
∫

𝑥

𝑎
𝜗(𝑦, 𝜆)𝑓(𝑦) 𝑑𝑦 − 𝜗(𝑥, 𝜆)

2 ∣𝜗
′ 𝜂′

𝜗″ 𝜂″∣
∫

𝑏

𝑥
𝜂(𝑦, 𝜆)𝑓(𝑦) 𝑑𝑦.

∑
𝜆𝑘

Res 𝑥(𝑥, 𝜆)

(𝜆𝑘 are simple poles at which at least one of the relations 𝜑(𝑥, 𝜆𝑘) = 𝑐𝑘𝜓(𝑥, 𝜆𝑘),
𝜗(𝑥, 𝜆𝑘) = 𝑑𝑘𝜂(𝑥, 𝜆𝑘) is fulfilled) represents the expansion of the function 𝑓(𝑥)
in eigenfunctions of equation (1).

2. Let Φ(𝑥, 𝜆), Ψ(𝑥, 𝜆), Θ(𝑥, 𝜆), 𝐻(𝑥, 𝜆) be linearly independent eigenfunc-
tions of equation (1) for 𝑞(𝑥) ≡ 0. They may be chosen so that 𝐴[Φ‴] =
𝐴[Φ″] = 𝐴′[Φ′] = 0, 𝐴[Φ] = −𝑠6 at some point of the interval [𝑎, 𝑏]. For
example:

Φ(𝑦, 𝜆) = 1√
2

ch[𝑠(𝑦 − 𝑥)],

Θ(𝑦, 𝜆) = 1√
2

{ch[𝑠(𝑦 − 𝑥)] − cos[𝑠(𝑦 − 𝑥)]},

Ψ(𝑦, 𝜆) = 1√
2

sh[𝑠(𝑦 − 𝑥)],

𝐻(𝑦, 𝜆) = 1√
2

{sh[𝑠(𝑦 − 𝑥)] − sin[𝑠(𝑦 − 𝑥)]}, 𝑠 = 4√𝜆.

By fourfold integration by parts in

∫
𝑥

𝑎
𝐴[Φ‴] 𝜑IV(𝑦) 𝑑𝑦

one establishes the relation

∫
𝑥

𝑎
𝐴[Φ‴] [𝜑IV(𝑦) + 𝜆𝜑(𝑦)] 𝑑𝑦 = 𝑊[𝜑, Ψ, Θ, 𝐻]∣𝑎𝑥,

which may be rewritten in the form

sovietrxiv.org/items/ru-196401.94694 Machine Translation

https://sovietrxiv.org/items/ru-196401.94694


∫
𝑥

𝑎
𝐴[Φ‴](𝑦, 𝜆)𝑞(𝑦)𝜑(𝑦, 𝜆) 𝑑𝑦 =

= 𝑊[𝜑(𝑦, 𝜆), Ψ(𝑦, 𝜆), Θ(𝑦, 𝜆), 𝐻(𝑦, 𝜆)]∣𝑦=𝑎 + 𝑠6𝜑(𝑥, 𝜆);

expanding the Wronskian along the first column, we obtain:

𝜑(𝑥, 𝜆) =𝜑(𝑎, 𝜆)ch[𝑠(𝑎 − 𝑥)] + cos[𝑠(𝑎 − 𝑥)]
2 − 𝜑′(𝑎, 𝜆) sh[𝑠(𝑎 − 𝑥)] + sin[𝑠(𝑎 − 𝑥)]

2𝑠
+ 𝜑″(𝑎, 𝜆)ch[𝑠(𝑎 − 𝑥)] − cos[𝑠(𝑎 − 𝑥)]

2𝑠2 − 𝜑‴(𝑎, 𝜆) sh[𝑠(𝑎 − 𝑥)] − sin[𝑠(𝑎 − 𝑥)]
2𝑠3

+ 1
2𝑠3 ∫

𝑥

𝑎
{sin[𝑠(𝑦 − 𝑥)] − sh[𝑠(𝑦 − 𝑥)]}𝑞(𝑦)𝜑(𝑦, 𝜆) 𝑑𝑦.

(2)

This integral equation, asymptotic in 𝑠, is the main one in the subsequent con-
siderations. Analogous formulas are easily obtained for 𝜓(𝑥, 𝜆), 𝜗(𝑥, 𝜆), 𝜂(𝑥, 𝜆).
Theorem 1. The solution of the boundary-value problem for equation (1) is an
eigenfunction of the integral equation (2).

Analogous asymptotic formulas can be obtained for solutions of the boundary-
value problem of the equation 𝑧(2𝑛)(𝑥) + [𝜆 − 𝑞(𝑥)]𝑧(𝑥) = 0, 𝑛 arbitrary. The
larger 𝑛 is, the smaller asymptotically is the magnitude of the integral term
in comparison with the nonintegral one, which is the solution of the boundary-
value problem for the equation 𝑧(2𝑛)(𝑥) + 𝜆𝑧(𝑥) = 0, i.e., the smaller is the
influence of the function 𝑞(𝑥).
If, in formula (2), we restrict ourselves to the first two terms (and proceed in the
same way in the asymptotic expressions for 𝜓(𝑥, 𝜆), 𝜗(𝑥, 𝜆), 𝜂(𝑥, 𝜆), considering
the boundary values 𝜗(𝑥, 𝜆) given at 𝑥 = 𝑎 and the boundary values 𝜓(𝑥, 𝜆),
𝜂(𝑥, 𝜆) given at 𝑥 = 𝑏), and also require

1) ∣ 𝜑(𝑎) 𝜗(𝑎)
𝜑′(𝑎) 𝜗′(𝑎)∣ ⋅ ∣ 𝜓(𝑏) 𝜂(𝑏)

𝜓′(𝑏) 𝜂′(𝑏)∣ ≠ 0,

2) ∣ 𝜓(𝑏) 𝜂(𝑏)
𝜓′(𝑏) 𝜂′(𝑏)∣ ⋅ ∣𝜑

′(𝑎) 𝜗′(𝑎)
𝜑″(𝑎) 𝜗″(𝑎)∣ − ∣ 𝜑(𝑎) 𝜗(𝑎)

𝜑′(𝑎) 𝜗′(𝑎)∣ ⋅ ∣𝜓
′(𝑏) 𝜂′(𝑏)

𝜓″(𝑏) 𝜂″(𝑏)∣ = 0,

then we obtain the asymptotic formula for the Wronskian

𝑊[𝜑(𝑥, 𝜆), 𝜓(𝑥, 𝜆), 𝜗(𝑥, 𝜆), 𝜂(𝑥, 𝜆)] =
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= 𝜆 {∣ 𝜑(𝑎) 𝜗(𝑎)
𝜑′(𝑎) 𝜗′(𝑎)∣ ⋅ ∣ 𝜓(𝑏) 𝜂(𝑏)

𝜓′(𝑏) 𝜂′(𝑏)∣ ch[𝑠(𝑎 − 𝑏)] cos[𝑠(𝑎 − 𝑏)] + 𝑂 (𝑒|𝑠|

𝑠2 )} .

Theorem 2. Under the assumptions made, the zeros of the Wronskian form
two sequences

𝑠𝑘 = 𝑘𝜋
𝑎 − 𝑏 + 𝑂(𝑘−2), 𝑡𝑘 = 𝑘𝜋𝑖

𝑎 − 𝑏 + 𝑂(𝑘−2), 𝑘 = 0, ±1, ±2, …

For both sequences, 𝜆𝑘 = ( 𝑘𝜋
𝑎 − 𝑏)

4
+ 𝑂(𝑘) are real.

Theorem 2 is analogous to the theorem on the growth of the eigenvalues of
integral equations with a kernel of Green’s-function type (these eigenvalues are
zeros of a certain entire function) (2).

3. Under the additional assumptions

𝜑(𝑘)(𝑎, 𝜆) = − 1
𝑠2 𝜑(𝑘+2)(𝑎, 𝜆), 𝜑(𝑘)(𝑎, 𝜆) = − 1

𝑠2 𝜑(𝑘+2)(𝑎, 𝜆),

𝜗(𝑘)(𝑎, 𝜆) = 1
𝑠2 𝜗(𝑘+2)(𝑎, 𝜆), 𝜂(𝑘)(𝑎, 𝜆) = 1

𝑠2 𝜂(𝑘+2)(𝑎, 𝜆), 𝑘 = 0, 1,

𝜓′(𝑏, 𝜆)
𝜓(𝑏, 𝜆) = 𝜑′(𝑎, 𝜆)

𝜑(𝑎, 𝜆) , 𝜂′(𝑏, 𝜆)
𝜂(𝑏, 𝜆) = 𝜗′(𝑎, 𝜆)

𝜗(𝑎, 𝜆)

we may assert the following:

𝛽) For 𝑠 = 𝑠𝑘, 𝑘 = 0, ±1, ±2, …, there is the asymptotic proportionality

𝜂(𝑥, 𝜆𝑘) = (−1)𝑘 𝜂(𝑏, 𝜆𝑘)
𝜗(𝑎, 𝜆𝑘)𝜗(𝑥, 𝜆𝑘) + 𝑂 (𝑒|𝑠|

𝑠3 ) ,

and, moreover, no asymptotic proportionality

𝜑(𝑥, 𝜆𝑘) = 𝑐𝜓(𝑥, 𝜆𝑘) + 𝑂(𝑒|𝑠|/𝑠3)

is possible for any 𝑐.

2) For 𝑠 = 𝑡𝑘, 𝑘 = 0, ±1, ±2 …, there is the asymptotic proportionality
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𝜓(𝑥, 𝜆𝑘) = (−1)𝑘 𝜓(𝑏, 𝜆𝑘)
𝜑(𝑎, 𝜆𝑘)𝜑(𝑥, 𝜆𝑘) + 𝑂 (𝑒|𝑠|

𝑠3 ) ,

and, moreover, no asymptotic proportionality

𝜗(𝑥, 𝜆𝑘) = 𝑐𝜂(𝑥, 𝜆𝑘) + 𝑂(𝑒|𝑠|/𝑠3)

is possible for any 𝑐.

In this case we obtain the asymptotic formulas

𝐴[𝜑‴]
𝑊 = cos[𝑠(𝑥 − 𝑏)]

2𝑠3𝜑(𝑎) sin[𝑠(𝑎 − 𝑏)] + 𝑂 (𝑒|𝑠|

𝑠5 ) ,

𝐴[𝜓‴]
𝑊 = cos[𝑠(𝑎 − 𝑥)]

2𝑠3𝜓(𝑏) sin[𝑠(𝑎 − 𝑏)] + 𝑂 (𝑒|𝑠|

𝑠5 ) ,

𝐴[𝜗‴]
𝑊 = ch[𝑠(𝑥 − 𝑏)]

2𝑠3𝜗(𝑎) sh[𝑠(𝑎 − 𝑏)] + 𝑂 (𝑒|𝑠|

𝑠5 ) ,

𝐴[𝜂‴]
𝑊 = ch[𝑠(𝑎 − 𝑥)]

2𝑠3𝜂(𝑏) sh[𝑠(𝑎 − 𝑏)] + 𝑂 (𝑒|𝑠|

𝑠5 ) .

𝜘(𝑥, 𝜆) = 1
2𝑠3

cos[𝑠(𝑥 − 𝑏)]
sin[𝑠(𝑎 − 𝑏)] ∫

𝑥

𝑎
cos[𝑠(𝑎 − 𝑦)]𝑓(𝑦) 𝑑𝑦+

+ 1
2𝑠3

cos[𝑠(𝑎 − 𝑥)]
sin[𝑠(𝑎 − 𝑏)] ∫

𝑏

𝑥
cos[𝑠(𝑦 − 𝑏)]𝑓(𝑦) 𝑑𝑦+

+ 1
2𝑠3

ch[𝑠(𝑥 − 𝑏)]
sh[𝑠(𝑎 − 𝑏)] ∫

𝑥

𝑎
ch[𝑠(𝑎 − 𝑦)]𝑓(𝑦) 𝑑𝑦+

+ 1
2𝑠3

ch[𝑠(𝑎 − 𝑥)]
sh[𝑠(𝑎 − 𝑏)] ∫

𝑏

𝑎
ch[𝑠(𝑦 − 𝑏)]𝑓(𝑦) 𝑑𝑦 + 𝑂(𝑒|𝑠|

𝑠5 ) ,

∑
𝑠𝑘,𝑡𝑘

Res 𝜘(𝑥, 𝜆) = lim
𝑘→∞

1
2𝜋𝑖 ∫

Γ𝑘

𝜘(𝑥, 𝜆) 𝑑𝜆.

The contour of integration Γ𝑘 is obtained under the mapping 𝜆 = 𝑠4 of the
contour 𝑆𝑘 of the 𝑠-plane; 𝑆𝑘 is the boundary of a square with sides parallel to
the coordinate axes, with side lengths (2𝑘 + 1)𝜋, the square being symmetric
with respect to the coordinate axes.
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∑
𝑠𝑘,𝑡𝑘

Res 𝜘(𝑥, 𝜆) =
∞

∑
𝑘=0

4
(𝑎 − 𝑏){∫

𝑥

𝑎

cos[𝑠𝑘(𝑥 − 𝑏)] cos[𝑠𝑘(𝑎 − 𝑦)]
cos[𝑠𝑘(𝑎 − 𝑏)] 𝑓(𝑦) 𝑑𝑦+

+ ∫
𝑏

𝑥

cos[𝑠𝑘(𝑎 − 𝑥)] cos[𝑠𝑘(𝑦 − 𝑏)]
cos[𝑠𝑘(𝑎 − 𝑏)] 𝑓(𝑦) 𝑑𝑦+

+ ∫
𝑥

𝑎

ch[𝑡𝑘(𝑥 − 𝑏)] ch[𝑡𝑘(𝑎 − 𝑦)]
ch[𝑡𝑘(𝑎 − 𝑏)] 𝑓(𝑦) 𝑑𝑦+

+ ∫
𝑏

𝑎

ch[𝑡𝑘(𝑎 − 𝑥)] ch[𝑡𝑘(𝑏 − 𝑦)]
ch[𝑡𝑘(𝑎 − 𝑏)] 𝑓(𝑦) 𝑑𝑦 + 𝑂(𝑒|𝑠𝑘|

𝑠𝑘
)}.

(3)

Theorem 3. The asymptotic formula (3) for the expansion of an arbitrary
function 𝑓(𝑥) ∈ 𝐿[𝑎, 𝑏] in the eigenfunctions of equation (1), which is an analogue
of the trigonometric Fourier series, is valid. If 𝑓(𝑥) has bounded variation, then
the expansion converges to

1
2 [𝑓(𝑥 + 0) + 𝑓(𝑥 − 0)].

4. One may consider, analogously to what was set forth above, the equation

𝑧(2𝑛)(𝑥) + [𝜆 − 𝑞(𝑥)]𝑧(𝑥) = 0, 𝑎 ≤ 𝑥 ≤ 𝑏.
The preservation of properties of the Wronskian minors is verified; an
asymptotic formula analogous to (2) is constructed for solutions of the
boundary-value problem; 𝜘(𝑥, 𝜆) is constructed as the solution of the equa-
tion

𝑧(2𝑛)(𝑥) + [𝜆 − 𝑞(𝑥)]𝑧(𝑥) = 𝑓(𝑥)
for any function 𝑓(𝑥) ∈ 𝐿[𝑎, 𝑏]. The zeros of the Wronskian 𝑊[𝜆] grow,
𝜆𝑘 = 𝑂(𝑘2𝑛), and are real.

Under additional assumptions on the boundary values of the eigenfunctions of
equation (4), the expansion of an arbitrary 𝑓(𝑥) ∈ 𝐿[𝑎, 𝑏] in the eigenfunctions
into a series analogous to the trigonometric Fourier series is constructed.
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