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Abstract
Full Text

M. P. SEMENOV

ON THE SOLVABILITY OF BOUNDARY-
VALUE PROBLEMS FOR QUASILINEAR
ELLIPTIC SYSTEMS

(Presented by Academician A. Yu. Ishlinskii, 15 V 1964)

Let Q be an n-dimensional domain with sufficiently smooth boundary I'. Con-
sider the operator

Au(x) = Z (—1)™D* [ayg(x)DPu(z)]

|lee|=|Bl=m

where a4 are real, symmetric, sufficiently smooth matrices of order N 2. satis-
fying the condition a,5 = ag,. Suppose that for any function u(z) € C§°(€),
finite, infinitely differentiable, with compact support in €2, the inequality

> 0. (1)

(Au,u)p, > pPlul?
w

2

is fulfilled.

0
Then the operator A can be extended in a unique way to the space W(2m>(§2)
to a self-adjoint positive definite operator, and inequality (1) remains valid for

0
the extension of the operator A and all u(z) € Wém)(fl) 1. Assuming such
an extension has been carried out, we consider the problem of the existence of
solutions of the equation

Au(z) = [ [z, u(z), DYu(z)], || <m, (2)

belonging to the space I/(IJ/(;”)(Q) In the present work it is proved that, under
the fulfillment of certain conditions, the boundary-value problem has at least
one solution. In the case when f(z,0,0) # 0, i.e., when the function u(z) = 0
is not a solution of the boundary-value problem, conditions are given for the
existence of at least one solution distinct from the identical zero.

1. Suppose that the function f(z,u, C'y) is continuous in the aggregate of the
variables 2 € Q, |u], IC,| < o0, and satisfies the inequalities
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‘f(xvuvg'y” < M(fE,U,Cg)

m 1/p
1+ Y Zgl”k} ; (3)

k=ko+1 |]=1

m

uf(z,u,¢,) < a(@) +oolul® + > oy Y 1P (4)
k=1 y=k
where M (x,u,(s) is continuous in the aggregate of the variables » € Q, |ul,
4(2m — k) M
<00, |0 <kg=m—[n/2],pp =24+ ——"— p> , €
s < 00, [0] < ko =m —[n/2], py, + —202m—Fk) P> om a(z)
L(€), and o}, are nonnegative constants that will be determined below.

Theorem 1. If conditions (3) and (4) are fulfilled, then equation (2) has at

0
least one solution u(x) € W(2m>(§2).

0
Proof. Let u(x) € W(Qm)(Q) be a solution of equation (2). Then, by virtue of

(1),

M2HUI|V20V(M)(A% w), = (f [z, u(@), DVu(x)], u(x)),

2
Hence, by virtue of (4), it follows that

m

2 2
iz ||U‘|V0V<2n> <ag+ CkUk”“HV(i/(m)»

k=0 2

0
where ¢, are the norms of the embedding operators of W(Qm)(Q) into WQ(k>(Q),
0<k<m, ag= [, a(z)dz.

Assuming that ZZL:O ¢, 05, < %, we obtain from this that

m 1/2
@)l g < [ / (/f - Zoﬂ . )

The operator A establishes a one-to-one and continuous mapping of the space

0 0 0
W(2m>(Q) onto the space Wéfm)(Q) = (W(Qm))*; moreover the operator A~!
admits the factorization A~! = TT*, where T is a continuous operator acting

0 0
from L,(Q) to W<2m>(Q), and T* is a continuous operator acting from Wéfm(Q)
to Ly(Q) (7).
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0
Since p > 2n/(n+2m), we have L,,(Q2) C W(;m)(Q). Consequently, the operator
T is completely continuous as an operator acting from L,,(§2), p > 2n/(n+2m),
to Ly ().

Consider in Ly(€2) the operator equation

v(z) = T* flz, Tv(x), DYTv(x)]. (6)

It is easy to see that, if the function v(z) € Ly(Q) is a solution of equation (6),
0

then the function u(z) = Tw(x) belongs to W<2m>(Q) and satisfies equation (2).

To prove the solvability of equation (6), we use the theorem (see (°)):

If a completely continuous operator B, acting in a Hilbert space, satisfies the
inequality

(Buvu) < (u7u)7 ”uH =
then the equation u = Bu has at least one solution ug, and [ug| < 7.

m 1/2 .
Let |v(z)llp, =7, 7> lag/ (1* =X, cxox)] - Then, putting

Bu(z) = T* flx, Tv(z), D"Tv(x)],
we shall have, by virtue of (4),

(Bv,v)y, = (T* fl, To(), DITo(x)], of),

:/f[x,Tv(x),D”Tv(x)]Tv(x) dx
Q
<|T|? (ao + Z%%H’UHQLz) ;
k=0
0

where ||T| is the norm of the operator T', acting from L, () to ng(ﬂ). It is
easy to see that |T'| < 1/p. Consequently,

<BU’U>L2 < (U’ U)L2> ”U”L2 =T

Thus, equation (6), and consequently also the boundary-value problem, have at
least one solution.

We note that all the arguments remain valid if, instead of the space W(Qm)(Q),

one takes any closed subspace V C W;m)(ﬂ) containing C§°(Q2). It is easy
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to show that the solutions of the boundary-value problems are continuously
differentiable 2m — 1 times.

2. Let now f(x,0,0) = 0. Then equation (2) has in Wém)(Q) the trivial
solution u(z) = 0. The following theorem on the existence of solutions of
the boundary-value problem different from the trivial one holds.

Theorem 2. Let the conditions of Theorem 1 be satisfied. Suppose, in addition,
that:

a) f(z,0,0)=0;
b) the function f(z,u,§,) has partial derivatives with respect to the variables
u = (uy,...,uy) and all variables &, |y| < m, continuous in some neigh-

borhood of the point u =0, £ = 0;

c¢) the matriz f,(x,0,0) = (fiuj (2,0,0)) does not depend on x, and the ma-
trices f5w (2,0,0) = 0;

d) there exists an independent, positive definite, completely continuous oper-
ator Q, acting in Lo(QY), such that

p Quz) < T f,(2,0,0)Tv(z) < poQu(w), v(z) € Ly(R), (7)

where

1

M2_X

7

/i3 — i < min
7

where \ are the eigenvalues of the operator Q;

)

e) the number u, belongs to one of the intervals

( 1 1 ) 19
Y, 1=1,2,....
Agic1 Agg

Then equation (2) has at least one solution u(x) € W(Qm>(Q) different from the
trivial one.

We give the scheme of the proof of Theorem 2.
Under the conditions of Theorem 1, the rotation of the vector field I — B on the

sphere |jv|| = r,
m 1/2
r> |ag/ <M2 - Z Ck%) )
k=0
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is equal to 1. The operator Byv(x) = T* f,(x,0,0)Tv(z) is the Fréchet derivative
of the operator

Bu(x) =T flz, Tv(z), D'Tv(x)]

at the point v(z) = 0.

From inequalities (7) and (8) it is easy to derive the homotopy of the vector
fields I — By and I — p@ (py < o < pg) on spheres with center at the origin.
From the homotopy of vector fields and the theorem of Leray and Schauder (),
it follows that the index of the zero solution is equal to (—1)#, where 3 is the
sum of the multiplicities of the characteristic numbers of the operator @ lying
in the interval (0, ).

Since, by d), 8 is odd, the index of the zero solution is equal to —1, while the
rotation of the vector field I — B on the sphere |v(z)| = r is equal to 1; hence
there exists at least one solution v(z) # 0 of equation (6), with |lv(z)|., < 7.
Then the function u(x) = Tv(z) will be a nonzero solution of the boundary-value
problem.

In conclusion, I consider it my pleasant duty to express gratitude to Prof. M.
A. Krasnosel’ skii and Prof. S. D. Eidel’ man for their help in carrying out the
present work.
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