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Abstract
Full Text

M. P. SEMENOV

ON THE SOLVABILITY OF BOUNDARY-
VALUE PROBLEMS FOR QUASILINEAR
ELLIPTIC SYSTEMS
(Presented by Academician A. Yu. Ishlinskii, 15 V 1964)

Let Ω be an 𝑛-dimensional domain with sufficiently smooth boundary Γ. Con-
sider the operator

𝐴𝑢(𝑥) = ∑
|𝛼|=|𝛽|=𝑚

(−1)𝑚𝐷𝛼 [𝑎𝛼𝛽(𝑥)𝐷𝛽𝑢(𝑥)] ,

where 𝑎𝛼𝛽 are real, symmetric, sufficiently smooth matrices of order 𝑁2, satis-
fying the condition 𝑎𝛼𝛽 = 𝑎𝛽𝛼. Suppose that for any function 𝑢(𝑥) ∈ 𝐶∞

0 (Ω),
finite, infinitely differentiable, with compact support in Ω, the inequality

(𝐴𝑢, 𝑢)𝐿2
≥ 𝜇2‖𝑢‖2

0
𝑊 (𝑚)

2
, 𝜇 > 0. (1)

is fulfilled.

Then the operator 𝐴 can be extended in a unique way to the space
0

𝑊 (𝑚)
2 (Ω)

to a self-adjoint positive definite operator, and inequality (1) remains valid for

the extension of the operator 𝐴 and all 𝑢(𝑥) ∈
0

𝑊 (𝑚)
2 (Ω) 1. Assuming such

an extension has been carried out, we consider the problem of the existence of
solutions of the equation

𝐴𝑢(𝑥) = 𝑓 [𝑥, 𝑢(𝑥), 𝐷𝛾𝑢(𝑥)] , |𝛾| ≤ 𝑚, (2)

belonging to the space
0

𝑊 (𝑚)
2 (Ω). In the present work it is proved that, under

the fulfillment of certain conditions, the boundary-value problem has at least
one solution. In the case when 𝑓(𝑥, 0, 0) ≠ 0, i.e., when the function 𝑢(𝑥) ≡ 0
is not a solution of the boundary-value problem, conditions are given for the
existence of at least one solution distinct from the identical zero.

1. Suppose that the function 𝑓(𝑥, 𝑢, 𝜁𝛾) is continuous in the aggregate of the
variables 𝑥 ∈ Ω, |𝑢|, |𝜁𝛾| < ∞, and satisfies the inequalities
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|𝑓(𝑥, 𝑢, 𝜁𝛾)| ≤ 𝑀(𝑥, 𝑢, 𝜁𝛿) ⎡⎢
⎣

1 +
𝑚

∑
𝑘=𝑘0+1

∑
|𝛾|=1

|𝜁𝛾|𝑝𝑘⎤⎥
⎦

1/𝑝

; (3)

𝑢𝑓(𝑥, 𝑢, 𝜁𝛾) ≤ 𝑎(𝑥) + 𝜎0|𝑢|2 +
𝑚

∑
𝑘=1

𝜎𝑘 ∑
|𝛾|=𝑘

|𝜁|2, (4)

where 𝑀(𝑥, 𝑢, 𝜁𝛿) is continuous in the aggregate of the variables 𝑥 ∈ Ω, |𝑢|,
|𝜁𝛿| < ∞, |𝛿| ≤ 𝑘0 = 𝑚 − [𝑛/2], 𝑝𝑘 = 2 + 4(2𝑚 − 𝑘)

𝑛 − 2(2𝑚 − 𝑘) , 𝑝 > 2𝑛
𝑛 + 2𝑚 , 𝑎(𝑥) ∈

𝐿(Ω), and 𝜎𝑘 are nonnegative constants that will be determined below.

Theorem 1. If conditions (3) and (4) are fulfilled, then equation (2) has at

least one solution 𝑢(𝑥) ∈
0

𝑊 (𝑚)
2 (Ω).

Proof. Let 𝑢(𝑥) ∈
0

𝑊 (𝑚)
2 (Ω) be a solution of equation (2). Then, by virtue of

(1),

𝜇2‖𝑢‖2
0

𝑊 (𝑚)
2

(𝐴𝑢, 𝑢)𝐿2
= (𝑓 [𝑥, 𝑢(𝑥), 𝐷𝛾𝑢(𝑥)] , 𝑢(𝑥))𝐿2

.

Hence, by virtue of (4), it follows that

𝜇2‖𝑢‖ 0
𝑊 (𝑚)

2
≤ 𝑎0 +

𝑚
∑
𝑘=0

𝑐𝑘𝜎𝑘‖𝑢‖2
0

𝑊 (𝑚)
2

,

where 𝑐𝑘 are the norms of the embedding operators of
0

𝑊 (𝑚)
2 (Ω) into 𝑊 (𝑘)

2 (Ω),
0 ≤ 𝑘 ≤ 𝑚, 𝑎0 = ∫Ω 𝑎(𝑥) 𝑑𝑥.

Assuming that ∑𝑚
𝑘=0 𝑐𝑘𝜎𝑘 < 𝜇2, we obtain from this that

‖𝑢(𝑥)‖ 0
𝑊 (𝑚)

2
≤ [𝑎0/ (𝜇2 −

𝑚
∑
𝑘=0

𝑐𝑘𝜎𝑘)]
1/2

. (5)

The operator 𝐴 establishes a one-to-one and continuous mapping of the space
0

𝑊 (𝑚)
2 (Ω) onto the space

0
𝑊 (−𝑚)

2 (Ω) = (
0

𝑊 (𝑚)
2 )∗; moreover the operator 𝐴−1

admits the factorization 𝐴−1 = 𝑇 𝑇 ∗, where 𝑇 is a continuous operator acting

from 𝐿2(Ω) to
0

𝑊 (𝑚)
2 (Ω), and 𝑇 ∗ is a continuous operator acting from

0
𝑊 (−𝑚)

2 (Ω)
to 𝐿2(Ω) (2−4).
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Since 𝑝 > 2𝑛/(𝑛+2𝑚), we have 𝐿𝑝(Ω) ⊂
0

𝑊 (−𝑚)
2 (Ω). Consequently, the operator

𝑇 ∗ is completely continuous as an operator acting from 𝐿𝑝(Ω), 𝑝 > 2𝑛/(𝑛+2𝑚),
to 𝐿2(Ω).
Consider in 𝐿2(Ω) the operator equation

𝑣(𝑥) = 𝑇 ∗𝑓[𝑥, 𝑇 𝑣(𝑥), 𝐷𝛾𝑇 𝑣(𝑥)]. (6)

It is easy to see that, if the function 𝑣(𝑥) ∈ 𝐿2(Ω) is a solution of equation (6),

then the function 𝑢(𝑥) = 𝑇 𝑣(𝑥) belongs to
0

𝑊 (𝑚)
2 (Ω) and satisfies equation (2).

To prove the solvability of equation (6), we use the theorem (see (5)):
If a completely continuous operator 𝐵, acting in a Hilbert space, satisfies the
inequality

(𝐵𝑢, 𝑢) < (𝑢, 𝑢), ‖𝑢‖ = 𝑟,

then the equation 𝑢 = 𝐵𝑢 has at least one solution 𝑢0, and ‖𝑢0‖ < 𝑟.

Let ‖𝑣(𝑥)‖𝐿2
= 𝑟, 𝑟 > [𝑎0/ (𝜇2 − ∑𝑚

𝑘=1 𝑐𝑘𝜎𝑘)]1/2
. Then, putting

𝐵𝑣(𝑥) = 𝑇 ∗𝑓[𝑥, 𝑇 𝑣(𝑥), 𝐷𝛾𝑇 𝑣(𝑥)],

we shall have, by virtue of (4),

(𝐵𝑣, 𝑣)𝐿2
= (𝑇 ∗𝑓[𝑥, 𝑇 𝑣(𝑥), 𝐷𝛾𝑇 𝑣(𝑥)], 𝑣(𝑥))𝐿2

= ∫
Ω

𝑓[𝑥, 𝑇 𝑣(𝑥), 𝐷𝛾𝑇 𝑣(𝑥)] 𝑇 𝑣(𝑥) 𝑑𝑥

≤ ‖𝑇 ‖2 (𝑎0 +
𝑚

∑
𝑘=0

𝑐𝑘𝜎𝑘‖𝑣‖2
𝐿2

) ,

where ‖𝑇 ‖ is the norm of the operator 𝑇 , acting from 𝐿2(Ω) to
0

𝑊 (𝑚)
2 (Ω). It is

easy to see that ‖𝑇 ‖ < 1/𝜇. Consequently,

(𝐵𝑣, 𝑣)𝐿2
< (𝑣, 𝑣)𝐿2

, ‖𝑣‖𝐿2
= 𝑟.

Thus, equation (6), and consequently also the boundary-value problem, have at
least one solution.

We note that all the arguments remain valid if, instead of the space
∘

𝑊 (𝑚)
2 (Ω),

one takes any closed subspace 𝑉 ⊂
∘

𝑊 (𝑚)
2 (Ω) containing 𝐶∞

0 (Ω). It is easy

sovietrxiv.org/items/ru-196401.94234 Machine Translation

https://sovietrxiv.org/items/ru-196401.94234


to show that the solutions of the boundary-value problems are continuously
differentiable 2𝑚 − 1 times.

2. Let now 𝑓(𝑥, 0, 0) ≡ 0. Then equation (2) has in
∘

𝑊 (𝑚)
2 (Ω) the trivial

solution 𝑢(𝑥) ≡ 0. The following theorem on the existence of solutions of
the boundary-value problem different from the trivial one holds.

Theorem 2. Let the conditions of Theorem 1 be satisfied. Suppose, in addition,
that:

a) 𝑓(𝑥, 0, 0) ≡ 0;

b) the function 𝑓(𝑥, 𝑢, 𝜉𝛾) has partial derivatives with respect to the variables
𝑢 = (𝑢1, … , 𝑢𝑁) and all variables 𝜉𝛾, |𝛾| ⩽ 𝑚, continuous in some neigh-
borhood of the point 𝑢 = 0, 𝜉𝛾 = 0;

c) the matrix 𝑓𝑢(𝑥, 0, 0) = (𝑓𝑖𝑢𝑗
(𝑥, 0, 0)) does not depend on 𝑥, and the ma-

trices 𝑓𝜉𝛾
(𝑥, 0, 0) ≡ 0;

d) there exists an independent, positive definite, completely continuous oper-
ator 𝑄, acting in 𝐿2(Ω), such that

𝜇1𝑄𝑣(𝑥) ⩽ 𝑇 ∗𝑓𝑢(𝑥, 0, 0)𝑇 𝑣(𝑥) ⩽ 𝜇2𝑄𝑣(𝑥), 𝑣(𝑥) ∈ 𝐿2(Ω), (7)

where

√𝜇2
2 − 𝜇2

1 < min
𝑖

∣𝜇2 − 1
𝜆𝑖

∣ ,

where 𝜆 are the eigenvalues of the operator 𝑄;

e) the number 𝜇2 belongs to one of the intervals

( 1
𝜆2𝑖−1

, 1
𝜆2𝑖

) , 𝑖 = 1, 2, … .

Then equation (2) has at least one solution 𝑢(𝑥) ∈
∘

𝑊 (𝑚)
2 (Ω) different from the

trivial one.

We give the scheme of the proof of Theorem 2.

Under the conditions of Theorem 1, the rotation of the vector field 𝐼 −𝐵 on the
sphere ‖𝑣‖ = 𝑟,

𝑟 > [𝑎0/ (𝜇2 −
𝑚

∑
𝑘=0

𝑐𝑘𝜎𝑘)]
1/2

,
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is equal to 1. The operator 𝐵1𝑣(𝑥) = 𝑇 ∗𝑓𝑢(𝑥, 0, 0)𝑇 𝑣(𝑥) is the Fréchet derivative
of the operator

𝐵𝑣(𝑥) = 𝑇 𝑓[𝑥, 𝑇 𝑣(𝑥), 𝐷𝛾𝑇 𝑣(𝑥)]

at the point 𝑣(𝑥) ≡ 0.

From inequalities (7) and (8) it is easy to derive the homotopy of the vector
fields 𝐼 − 𝐵1 and 𝐼 − 𝜇𝑄 (𝜇1 ⩽ 𝜇 ⩽ 𝜇2) on spheres with center at the origin.
From the homotopy of vector fields and the theorem of Leray and Schauder (6),
it follows that the index of the zero solution is equal to (−1)𝛽, where 𝛽 is the
sum of the multiplicities of the characteristic numbers of the operator 𝑄 lying
in the interval (0, 𝜇).
Since, by d), 𝛽 is odd, the index of the zero solution is equal to −1, while the
rotation of the vector field 𝐼 − 𝐵 on the sphere ‖𝑣(𝑥)‖ = 𝑟 is equal to 1; hence
there exists at least one solution 𝑣(𝑥) ≠ 0 of equation (6), with ‖𝑣(𝑥)‖𝐿2

< 𝑟.
Then the function 𝑢(𝑥) = 𝑇 𝑣(𝑥) will be a nonzero solution of the boundary-value
problem.

In conclusion, I consider it my pleasant duty to express gratitude to Prof. M.
A. Krasnosel’skii and Prof. S. D. Eidel’man for their help in carrying out the
present work.

Voronezh Polytechnic Institute

Received
23 IV 1964
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