
Soviet-era science, translated into English

PHYSICS
Academician of the Academy of Sciences of the Armenian SSR A.
G. IOSIF’YAN, K. P. STANYUKOVICH, G. A. SOKOLIK

1964

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196401.94176

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196401.94176


Abstract
Full Text
PHYSICS

Academician of the Academy of Sciences of the Armenian SSR A. G. IOSIF’
YAN, K. P. STANYUKOVICH, G. A. SOKOLIK

ANALYSIS OF QUASI-MAXWELLIAN EQUA-
TIONS DESCRIBING COMPENSATING
FIELDS
1. In this paper we study general quasilinear equations for an arbitrary field,
first introduced for the case of gravitation in the work of one of us (1), in the
form

rot 𝑅 = 𝑠𝑣 + 𝜕𝑁
𝜕𝑡 ; div 𝑁 = 𝜌; 𝐿 = 4𝜋𝐺

𝑐2 𝑅;

rot Γ = −𝜕𝐿
𝜕𝑡 ; div 𝐿 = 0; 𝑁 = Γ

4𝜋𝐺,

where the vectors 𝑅; Γ; 𝐿; 𝑁 fully characterize the gravitational-inertial field;
𝜌 is the density; 𝑣 is the velocity of motion of the medium; 𝐺 is Newton’s grav-
itational constant. Equations of this type are naturally derived from Noether’
s theorem (2−5), generalized to the case of localized groups of transformations
of reference systems.

2. In this case we have:

𝐿𝑇 = 𝐿(𝜓, ∇𝜇𝜓) + 𝐿0(𝐴𝑎
𝜇; 𝐴𝑎

𝜇,𝜈),

where 𝐿 and 𝐿0 correspond to the dynamical and field parts of the Lagrangian,
and ∇𝜇 = 𝜕𝜇 − 𝐼𝑎𝐴𝑎

𝜇, with

𝛿𝐴𝑎
𝜇 = 𝜀𝑏𝑓𝑎

𝑏𝑐𝐴𝑐
𝜇 + 𝜕𝜇𝜀𝑎. (1)

The form of the covariant derivative ∇𝜇 and the transformation law of the
compensating field 𝐴𝑎

𝜇 (2−5) can be obtained from the condition of covariance
of the wave equation for particles of arbitrary spin 3 with respect to the local
gauge group: 𝛿𝜓 = 𝜀𝑎(𝑥)𝐼𝑎𝜓, where

[𝐼𝑎𝐼𝑏] = 𝑓𝑐
𝑎𝑏𝐼𝑐, 𝜀𝑎 = 𝜀𝑎(𝑥).
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Let us formulate Noether’s theorem for local gauge transformations.

Varying 𝐿𝑇 under the condition that

𝜕𝐿
𝜕𝜓 − ∇𝜇

𝜕𝐿
𝜕∇𝜇𝜓 = 0,

𝜕𝐿0
𝜕𝐴𝑎𝜇

− 𝜕𝜈
𝜕𝐿0

𝜕𝐴𝑎𝜇,𝜈
= 𝐽𝜇

𝑎 , (2)

where

𝐽𝜇
𝑎 = 𝜕𝐿

𝜕∇𝜇𝜓𝐼𝑎𝜓, 𝜕𝐿0
𝜕𝐴𝑎𝜇

+ 𝜕𝐿0
𝜕𝐴𝑏𝜈,𝜇

𝑓𝑏
𝑎𝑐𝐴𝑐

𝜈 = 0,

and, moreover,

∇𝜇
𝜕𝐿

𝜕∇𝜇𝜓 = 𝜕𝜇
𝜕𝐿

𝜕∇𝜇𝜓 + 𝐴𝑎
𝜇

𝜕𝐿
𝜕∇𝜇𝜓𝐼𝑎,

we obtain from 𝛿𝐿𝑇 = 0 the conservation law

𝜕𝜇 (𝐽𝜇
𝑎 +

0
𝐽𝜇

𝑎) = 0,
0
𝐽𝜇

𝑎 = 𝜕𝐿0
𝜕𝐹 𝑏𝜇𝜈

𝑓𝑏
𝑎𝑐𝐴𝑐

𝜈, (3)

where

𝐹 𝑎
𝜇𝜈 = 𝜕𝜇𝐴𝑎

𝜈 − 𝜕𝜈𝐴𝑎
𝜇 − 1

2𝑓𝑎
𝑏𝑐 (𝐴𝑏

𝜇𝐴𝑐
𝜈 − 𝐴𝑏

𝜈𝐴𝑐
𝜇) .

The formula for the field strength 𝐴𝑎
𝜇, through which

𝐿0 = 𝑓 𝑙
𝑎𝑚𝑓 𝑚

𝑏𝑙 𝐹 𝑎
𝜇𝜈𝐹 𝑏;𝜇𝜈,

is expressed, follows from the generalized condition of gradient invariance
𝐿0[𝐹 𝑎

𝜇𝜈], since 𝛿𝐹 𝑎
𝜇𝜈 = 𝜀𝑏𝑓𝑎

𝑏𝑐𝐹 𝑐
𝜇𝜈.

From the extremum condition (2) for 𝐴𝑎
𝜇 there follows the quasi-Maxwell system

of equations

𝑓 𝑙
𝑎𝑚𝑓 𝑚

𝑏𝑙 𝜕𝜈𝐹 𝑏;𝜇𝜈 = 𝐽𝜇
𝑎 +

0
𝐽𝜇

𝑎 . (4)

In the particular case of an Abelian gauge group
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𝜓′ = 𝑒𝑖𝛼(𝑥)𝜓, where 𝑓𝑎
𝑏𝑐 = 0, (4’)

the system reduces to Maxwell’s equations.

3. Analyzing the compensating field 𝐴𝑎
𝜎 by the method given in (4), one can

show that in 𝐴𝑎
𝜎 longitudinal and transverse parts are distinguished:

𝐴𝑎
𝜎 =

𝑇
𝐴𝑎

𝜎 +
𝐿
𝐴𝑎

𝜎,

so that 𝐹 𝑎
𝜇𝜈(

𝐿
𝐴𝑎

𝜎) = 0. In this case 𝐹 𝑎
𝜇𝜈 for the complete 𝐴𝑎

𝜎 has the form:

𝐹 𝑎
𝜇𝜈 = 𝜔𝑎𝜏

𝜆 𝑅⋯𝜆
𝜇𝜈;𝜏 , 𝜔𝑎𝜏

𝜆 = ⟨Ω𝜏 ∣ 𝐼𝑎 ∣ Ω𝜆⟩,

where Ω𝜏 , Ω𝜆 define a basis of the representation of the local group specified
by the generators 𝐼𝑎.

It follows from this that, in the general case, the quasi-Maxwell equation (4)
reduces to the form:

𝑓 𝑙
𝑎𝑚𝑓 𝑚

𝑏𝑙 𝜕𝜈(𝜔𝑏𝜏
𝜆 𝑅𝜇𝜈⋅𝜆

⋅⋅𝜏 ) = 𝐽𝜇
𝑎 +

0
𝐽𝜇

𝑎 . (5)

4. To analyze the physical meaning of the quasi-Maxwell equations, let us
separate the spatial and temporal components of the fields. To this end
we write:

𝐹 𝑎
𝜇𝜈 = −𝜉𝑝𝐻𝑎

𝑝 − 𝑖𝜂𝑝𝐸𝑎
𝑝 ,

where 𝜉𝑝, 𝜂𝑝 correspond to spatial and temporal infinitesimal rotations. Then

𝐻𝑎 = rot 𝐴𝑎 − 𝑓𝑎
𝑏𝑐[𝐴𝑏 ∨ 𝐴𝑐],

𝐸𝑎 = − grad 𝜑𝑎 − 1
𝑐

𝜕
𝜕𝑡𝐴𝑎 − 1

2𝑓𝑎
𝑏𝑐(𝜑𝑏𝐴𝑐 − 𝐴𝑏𝜑𝑐). (6)

In this case the transformations of 𝐴𝑎
𝜎 preserving (4) have the form

𝜑𝑎′ = 𝜑𝑎 − 1
𝑐

𝜕𝜀𝑎

𝜕𝑡 + 𝜀𝑏𝑓𝑎
𝑏𝑐𝜑𝑐,

𝐴𝑎′ = 𝐴𝑎 + grad 𝜀𝑎 + 𝜀𝑏𝑓𝑎
𝑏𝑐𝐴𝑐,
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where {𝜑𝑎; 𝐴𝑎} = 𝐴𝑎
𝜎, with 𝜑𝑎, 𝐴𝑎

𝜎 being generalizations of the scalar and vector
potentials, respectively.

Substituting (6) into (4), we obtain the three-dimensional notation for the field
equations:

rot 𝐸𝑎 + 1
𝑐

𝜕𝐻𝑎

𝜕𝑡 = 𝑓𝑎
𝑏𝑐{[𝐴𝑐 ∨ grad 𝜑𝑏] − 𝜑𝑏 rot 𝐴𝑐}, (7)

div 𝐻𝑎 = 𝑓𝑎
𝑏𝑐{𝐴𝑏 ⋅ 𝐻𝑐 − 𝐴𝑐 ⋅ 𝐻𝑏} + 4𝑓𝑎

𝑐𝑏𝑓𝑐
𝑏″𝑏𝐴𝑏 ⋅ [𝐴𝑏′ ∨ 𝐴𝑏″ ],

div 𝐸𝑎 = 𝑠𝑎 + 0𝑠𝑎, rot 𝐻𝑎 − 1
𝑐

𝜕𝐸𝑎

𝜕𝑡 = 𝐺𝑎 +
0
𝐺𝑎,

where 𝐺𝑎
0 , 𝐺𝑎

0 , 𝑆𝑎 and 𝑆𝑎
0 are the spatial and temporal components of the cur-

rents 𝐽𝜇
𝑎 and 𝐽𝜇

𝑎 0. In the particular case of the local Lorentz group (3), equations
(7) take the form of equations for the gravitation tensor in orthogonal compo-
nents 𝑅𝜇𝜈(𝑖, 𝑘) = Ω𝜏(𝑖)Ω𝜆(𝑘)𝑅 𝜆

𝜇𝜈𝜏 ; for this it is sufficient to substitute into (7)
the structure of the Lorentz group (3):

𝑓 𝑖𝑘
𝑙𝑚;𝑖′𝑘′ = 𝑔𝑘

𝑘′𝜇𝑙𝑚
𝑖𝑖′ + 𝑔𝑖

𝑖′𝜇𝑙𝑚
𝑘𝑘′ ,

where

𝜇𝑙𝑚
𝑖𝑖′ = 1

2 (𝑔𝑙
𝑖𝑔𝑚

𝑖′ − 𝑔𝑙
𝑖′𝑔𝑚

𝑖 ) .

Then

𝐻𝑖𝑘 = rot 𝐴𝑖𝑘 − 8 [𝐴𝑖𝑝 ∨ 𝐴𝑝𝑘], (8)

𝐸𝑖𝑘 = − grad 𝜑𝑖𝑘 − 1
𝑐

𝜕𝐴𝑖𝑘

𝜕𝑡 − 4 [𝜑𝑖𝑝𝐴𝑝𝑘 − 𝐴𝑖𝑝𝜑𝑝𝑘].

Thus we have arrived at the “second pair”of quasi-Maxwell equations for the
case of a gravitational field.

The first pair has the form:

rot 𝐻𝑖𝑘 − 1
𝑐

𝜕𝐸𝑖𝑘

𝜕𝑡 = 𝐽 𝑖𝑘 + 𝐽 𝑖𝑘
0 ,

div 𝐸𝑖𝑘 = 𝜌𝑖𝑘 + 𝜌𝑖𝑘
0 .
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The equations obtained, close to those published in (1), are of particular interest,
since their quasi-Maxwell character is preserved also in a strong gravitational
field, while the nonlinearity is completely contained in the current 𝐽0.

It is also interesting to note that in the case of an arbitrary field 𝐴𝑎
𝜇, (4) reduces

to (5), i.e. to an equation for 𝑅𝜇𝜈(𝑖, 𝑘) close to (8).

Thus we arrive at a unified description of fields based on quasilinear equations
of type (4).

In conclusion, let us note that the nonlinear term 𝐽𝜇
𝑎 0, entering into the extended

conservation law (3), can probably be used in describing gravitational waves, as
a term corresponding to an essentially strong gravitational field.

The authors express their gratitude to N. P. Konopleva, whose conversations
and ideas contributed to the writing of the present work.
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