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Abstract
Full Text

V. G. VINOKUROV

ON INFINITE PRODUCTS OF LEBESGUE
SPACES
(Presented by Academician A. N. Kolmogorov on 16 IV 1964)

Lebesgue spaces considered in this paper will be assumed to have no atoms, i.e.,
to be isomorphic to the unit interval with the usual Lebesgue measure on it.

Let a family {𝐸𝑡} of Lebesgue spaces be given, where 𝑡 ranges over a set 𝑇 of
cardinality 𝜏 . Denote by 𝐸𝜏 the space whose points are all possible systems
(𝑥𝑡), 𝑥𝑡 ∈ 𝐸𝑡. For a measurable set 𝐴 ∈ 𝐸𝑡′ , let ̄𝐴 = {(𝑥𝑡) ∶ 𝑥𝑡′ ∈ 𝐴}, and let
𝑆𝑡′ be the 𝜎-algebra of sets ̄𝐴 for 𝐴 ∈ 𝐸𝑡′ . Suppose that, for any 𝑡1, 𝑡2, … , 𝑡𝑛,
on the smallest 𝜎-algebra containing the 𝜎-algebras 𝑆𝑡1

, 𝑆𝑡2
, … , 𝑆𝑡𝑛

, a measure
is given such that for 𝐴 ∈ 𝑆𝑡𝑖

, 𝑚 ̄𝐴 = 𝑚𝐴. If all these measures are consistent
(see (1)), then they extend to a measure 𝑚, defined on the smallest 𝜎-algebra 𝑄
containing all 𝜎-algebras 𝑆𝑡, 𝑡 ∈ 𝑇 . Completing this measure in the usual way,
we obtain a measure space, which we shall call the product of the spaces 𝐸𝑡.
If for any 𝑡1, 𝑡2, … , 𝑡𝑛 and measurable sets 𝐴1 ⊂ 𝐸𝑡1

, 𝐴2 ⊂ 𝐸𝑡2
, … , 𝐴𝑛 ⊂ 𝐸𝑡𝑛

𝑚 (
𝑛

⋂
𝑖=1

̄𝐴𝑖) =
𝑛

∏
𝑖=1

𝑚𝐴𝑖,

then the product of the spaces 𝐸𝑡 will be called the direct product and will
be denoted by Ω𝜏 .

The metric weight of a measure space 𝐸 is the least cardinal number
𝜏 for which there exists a set 𝔅 of cardinality 𝜏 of measurable subsets of 𝐸
such that, for every measurable set 𝐴 ⊂ 𝐸, there exists a countable sequence
𝐴1, 𝐴2, … , 𝐴𝑛, … of sets from 𝔅 for which

𝑚((𝐴 ∩ ̄𝐴𝑛) ∪ ( ̄𝐴 ∩ 𝐴𝑛)) → 0.

A space 𝐸 is called homogeneous if each of its measurable subsets of positive
measure, considered as a measure space, has metric weight equal to the metric
weight of the space 𝐸.

D. Maharam (2) showed that the metric structure of a homogeneous space of
metric weight 𝜏 is isomorphic to the metric structure of the space Ω𝜏 . In con-
nection with this there arises the problem of describing the class of measure
spaces for which not only their metric structures but the spaces themselves are
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isomorphic to the space Ω𝜏 . A partial solution of this problem is given by the
following theorem.

Theorem 1. Every product 𝐸𝜏 of Lebesgue spaces which is a homogeneous
space with metric weight 𝜏 is isomorphic to the direct product Ω𝜏 .

Let, for the 𝜎-algebra 𝑆, 𝜁(𝑆) be a partition, each element of which either is
contained in, or has empty intersection with, any set from 𝑆, and for any two
elements of 𝜁(𝑆) there is a set from 𝑆 containing one element and not containing
the other.

A 𝜎-algebra 𝑆 is called Lebesgue if the quotient space with respect to the
partition 𝜉(𝑆) is a Lebesgue space. For a certain collection of 𝜎-algebras 𝑆𝛾
we denote by [𝑆𝛾] the 𝜎-algebra consisting of all sets from 𝑄 that are sums
of elements of the partition ∏𝛾 𝜉(𝑆𝛾). Two 𝜎-algebras 𝑆1 and 𝑆2 are called
independent if, for any 𝐴 ∈ 𝑆1 and 𝐵 ∈ 𝑆2, 𝑚(𝐴 ∩ 𝐵) = 𝑚𝐴 ⋅ 𝑚𝐵.

In the proof of Theorem 1 the following two lemmas are used.

Lemma 1. Let a set 𝑇 ′ ⊂ 𝑇 have cardinality less than 𝜏 , and let 𝑅 ⊂ 𝑇 ∖ 𝑇 ′

be a countable set.

There exists a Lebesgue 𝜎-algebra 𝑆 ⊂ 𝑄, independent of [𝑆𝑡, 𝑡 ∈ 𝑇 ′], and such
that

[𝑆𝑡, 𝑡 ∈ 𝑅] ⊂ [𝑆, 𝑆𝑡, 𝑡 ∈ 𝑇 ′].

The proof of this lemma is a slight modification of the proof of Theorem No. 3,
§ 4, from the paper (3).

Lemma 2. Let 𝜉1 and 𝜉2 be two measurable partitions of a Lebesgue space
whose product is the partition into points, and suppose that every element of the
partition 𝜉1 is a set of cardinality continuum.

Then there exists a measurable partition 𝜉′
2 = 𝜉2 (mod 0) such that the prod-

uct 𝜉1 × 𝜉′
2 is the partition into points and every element of 𝜉1 has nonempty

intersection with every element of 𝜉′
2.

To prove Theorem 1, arrange the set 𝑇 into a transfinite sequence

𝑡1, 𝑡2, … , 𝑡𝑟, … ,

where 𝑟 runs through the set of transfinite numbers less than 𝜔𝜏—the first trans-
finite number of cardinality 𝜏 , and put 𝑆′ = 𝑆𝑡1

.

Suppose that, for some 𝛼 < 𝜔𝜏 , Lebesgue 𝜎-algebras 𝑆𝑟 ⊂ 𝑄, 1 ≤ 𝑟 ≤ 𝛼 − 1,
have been constructed with the following properties:

1) For any two groups of indices 𝑟1, … , 𝑟𝑛 and 𝑟′, … , 𝑟𝑘, the 𝜎-algebras

[𝑆𝑟1 , … , 𝑆𝑟𝑛 ] and [𝑆𝑟′ , … , 𝑆𝑟𝑘 ]

are independent.
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2) There exists a set 𝑇𝛼−1 ⊂ 𝑇 , whose cardinality is equal to the cardinality
of 𝛼 − 1, containing all 𝑡𝑟, 𝑟 ≤ 𝛼 − 1, and such that

𝑄(𝛼 − 1) = [𝑆𝑟, 𝑟 ≤ 𝛼 − 1] = [𝑆𝑡, 𝑡 ∈ 𝑇𝛼−1].

3) Every intersection
⋂

1≤𝑟≤𝛼−1
𝐶𝑟,

where 𝐶𝑟 is an element of the partition 𝜉(𝑆𝑟), is nonempty.

Using Lemma 1, construct countable sequences of Lebesgue 𝜎-algebras

𝑆1, 𝑆2, … , 𝑆𝑛, … , 𝑆𝑛 ∈ 𝑄,

and countable sets

𝑅0 = (𝑡𝛼), 𝑅1 ⊂ 𝑇 ∖ (𝑇𝛼−1 ∪ 𝑅0), … , 𝑅𝑛 ⊂ 𝑇 ∖ (𝑇𝛼−1 ∪ (
𝑛

⋃
𝑖=0

𝑅𝑖)) , …

such that

[𝑄(𝛼 − 1), 𝑆1] ⊃ 𝑆𝑡𝛼
, [𝑄(𝛼 − 1), 𝑆1, … , 𝑆𝑛] ⊃ [𝑆𝑡, 𝑡 ∈ 𝑅𝑛−1],

𝑆𝑛 ⊂ [𝑄(𝛼 − 1), 𝑆𝑡, 𝑡 ∈
𝑛

⋃
𝑖=1

𝑅𝑖]

and 𝑆𝑛 is independent of [𝑄(𝛼 − 1), 𝑆1, … , 𝑆𝑛−1].
(If 𝑡𝛼 ∈ 𝑇𝛼−1, then 𝑅0 is empty, and 𝑆1 is any Lebesgue 𝜎-algebra independent
of 𝑄(𝛼 − 1).) Let

𝑆𝛼 = [𝑆1, 𝑆2, … , 𝑆𝑛, …],

𝑇𝛼 = 𝑇𝛼−1 ∪ (
∞
⋃
𝑛=0

𝑅𝑛) ,

and let 𝑅 ⊂ 𝑇𝛼−1 be such a countable set that

[𝑆𝑡, 𝑡 ∈ 𝑅 ∪ (
∞
⋃
𝑛=0

𝑅𝑛)] ⊃ 𝑆𝛼.

Let 𝑆 = [𝑆𝑡, 𝑡 ∈ 𝑅].
The quotient space with respect to the partition 𝜉(𝑆) × 𝜉(𝑆𝛼) is a Lebesgue
space, and the partitions 𝜉(𝑆) and 𝜉(𝑆𝛼) induce in it partitions 𝜉1 and 𝜉2,

satisfying the conditions of Lemma 2. Let 𝜉 be the partition of the space 𝐸𝜏

induced by the partition 𝜉′
2, whose existence is asserted by this lemma. Denote

by 𝑆𝛼 some 𝜎-algebra of sets from 𝑄 for which 𝜉(𝑆𝛼) = 𝜉. The 𝑆𝛼, together
with the previously constructed 𝑆𝑟, satisfy conditions 1), 2), and 3). If, however,
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𝛼 is a limit ordinal and the 𝑆𝑟 have been constructed for all 𝑟 < 𝛼, then 𝑆𝛼 is
constructed in the same way as above, but instead of 𝑄(𝛼 − 1) and 𝑇𝛼−1 one
takes 𝑄(𝛼−) = [𝑆𝑟, 𝑟 < 𝛼] and 𝑇𝛼− = ⋃𝑟<𝛼 𝑇 𝑟. After the completion of this
process the isomorphism between 𝐸𝜏 and Ω𝜏 is obvious.

Let 𝐸 be a topological space on which a nonatomic measure 𝑚 is given, satisfying
the following conditions:

1. 𝑚𝐸 = 1.
2. The measure space 𝐸 is homogeneous.
3. There exists a system Σ of measurable sets, whose cardinality is equal to

the metric weight of the space 𝐸, such that every measurable set 𝐴 has
the form 𝐴 = 𝐵 ∪ 𝐴0, 𝐴0 ⊂ 𝐵0, where 𝐵 and 𝐵0 belong to the smallest
𝜎-algebra containing all the sets of the system Σ, 𝑚𝐵0 = 0, and for any
two points of 𝐸 there is a set in Σ containing one point and not containing
the other.

All these conditions are necessary in order that the space 𝐸 be isomorphic to Ω𝜏 .
The following question seems interesting: how must the measure 𝑚 be related
to the topology of 𝐸 in order that the space 𝐸 be isomorphic to Ω𝜏? Let us
write down three more conditions.

4. For every measurable set 𝐴,

𝑚𝐴 = sup
𝐹⊂𝐴

𝑚𝐹,

where 𝐹 ranges over measurable bicompact sets contained in 𝐴.

Let 𝑄 be the smallest 𝜎-algebra containing all measurable bicompact sets.

5. 𝑄 contains a system Σ possessing property 3.
6. For any Lebesgue 𝜎-algebra 𝑄′ ⊂ 𝑄 there is a Lebesgue 𝜎-algebra 𝑄″ ⊃ 𝑄′,

𝑄″ ⊂ 𝑄, such that all elements of the partition 𝜉(𝑄″) are bicompact sets
and each element of the partition 𝜉(𝑄′) contains at least two elements of
the partition 𝜉(𝑄″).

With the help of Theorem 1 one can prove the following theorem.

Theorem 2. If a topological space with measure has metric weight continuum
and satisfies conditions 1–6, then it is isomorphic to the space Ω𝜏 , where 𝜏 is
the continuum.

Institute of Mathematics named after V. I. Romanovskii
Academy of Sciences of the Uzbek SSR

Received
30 III 1964

sovietrxiv.org/items/ru-196401.92791 Machine Translation

https://sovietrxiv.org/items/ru-196401.92791


REFERENCES
1. A. N. Kolmogorov, Basic Concepts of Probability Theory, Moscow–

Leningrad, 1936.
D. Maharam, Proc. Nat. Acad. Sci., 28, 108 (1942).
V. A. Rokhlin, Matem. sborn., 25, no. 1, 107 (1949).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196401.92791 Machine Translation

https://sovietrxiv.org/items/ru-196401.92791

	Abstract
	Full Text
	V. G. VINOKUROV
	ON INFINITE PRODUCTS OF LEBESGUE SPACES
	REFERENCES


