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Abstract
Full Text
PHYSICS

A. G. SAMOILOVICH, I. V. GVOZDOVSKII

ON THE SCATTERING OF CURRENT CAR-
RIERS BY OPTICAL VIBRATIONS
(Presented by Academician A. A. Lebedev on 9 III 1964)

1. In many cases the interaction of current carriers with optical vibrations of the
crystal lattice plays an important, and often the principal, role. As was noted
already by Fröhlich (1,2), the dominant role of the scattering of current carriers
by optical phonons is an essential feature of the electrical conductivity of polar
semiconductors. It is precisely this scattering that determines the kinetics of
the electron gas in an external electric field. Up to now, however, allowance for
this scattering at low temperatures has been connected either with assumptions
whose validity is not obvious a priori (1−4), or with numerical methods for
solving the kinetic equation (5,6).
Below we propose a regular method for calculating the electrical conductivity
and thermopower in the case of low temperatures for scattering of electrons by
optical vibrations, free of any special assumptions, in which certain elementary
techniques for solving a finite-difference equation are used.

2. Towart and Sondheimer (4) showed that the kinetic equation in the case of
electron scattering by optical vibrations reduces to an equation of the 11th order
in finite differences. The same equation in finite differences can be obtained from
the method of Fujita and Abe (7), which does not assume a priori the validity
of the kinetic equation.

Fujita and Abe (7) showed that the nonequilibrium addition to the electron
distribution function 𝜑𝑧(p) satisfies the integral equation

𝜑𝑧(p) = − 𝑝𝑧
2𝑀Γ(p) + ( 𝑔

2𝜋 )
2 1

ℏ5 ∫ 𝑊(p, q)
Γ(p) 𝜑𝑧(p − q) 𝑑q, (1)

where p, q are the momenta of the electron and phonon, respectively; 𝑀 is the
effective mass of the electron; 𝑔2 is a dimensionless coupling parameter, which
in the case of inelastic scattering by optical phonons is equal to (8)

𝑔2 = 𝑒2

2ℏ𝜀∗ √ 2𝑀
ℏ𝜔0

;
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𝜀∗ is the dielectric constant; 𝜔0 is the limiting frequency of the optical phonons
(we neglect their dispersion);

Γ(p) = ( 𝑔
2𝜋 )

2 1
ℏ5 ∫ 𝑊(p, q) 𝑑q;

𝑊(p, q) = 2𝑀ℏ𝛾𝑞 {(𝑁 + 1)𝛿 [𝑝2 − (p − q)2 − 2𝑀ℏ𝜔0] + 𝑁𝛿 [𝑝2 − (p − q)2 + 2𝑀ℏ𝜔0]}

is the transition probability with absorption of a phonon and emission of a
phonon; 𝛾𝑞 in the case of scattering by optical vibrations is equal to

𝛾𝑞 = 4𝜋ℏ3(ℏ𝜔0)3/2
√

2𝑀 𝑞2 ;

𝑁 = [exp(ℏ𝜔0𝛽) − 1]−1

is the Planck distribution function of phonons;

𝛽 = 1/𝑘𝑇 .

If one seeks the solution of (1) in the form of an expansion in spherical functions

𝜑𝑧(𝑝) = ∑
𝑙,𝑚

𝑋𝑙𝑚(𝑝)𝑌𝑙𝑚(𝜗, 𝜑) (2)

and takes into account that, when calculating currents with the aid of 𝜑𝑧(𝑝),
only the harmonic 𝑌10 contributes to the current by virtue of the orthogonality
of the spherical functions (under the integral sign in the current there will always
enter the component of the momentum or velocity

𝑝𝑧 = 𝑝 cos 𝜗 = √4𝜋
3 𝑝𝑌10(𝜗, 𝜑),

then for the function

Φ𝐼(𝜀) = √2𝑀ℏ𝜔0
ℏ 𝑋10(𝑝)

we obtain the equation

Φ𝐼(𝜀) = 𝐾𝐼(𝜀) + 𝐿(𝜀)Φ𝐼(𝜀 − 1)𝑢(𝜀 − 1) + 𝑀(𝜀)Φ𝐼(𝜀 + 1), (3)
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where 𝜀 = 𝑝2/2𝑀ℏ𝜔0; 𝜗 = (̂𝑧, p); 𝜑 is the azimuthal angle; 𝑢(𝑥) is the Heaviside
unit function;

𝐾𝐼(𝜀) = 1
𝑔2 √𝜋

3
𝜀

(𝑁 + 1) ln(√𝜀 +
√

𝜀 − 1)𝑢(𝜀 − 1) + 𝑁 ln(√𝜀 + √𝜀 + 1) ,

𝐿(𝜀) = 1
2(𝑁 + 1)

2𝜀 − 1
√𝜀(𝜀 − 1)

ln(√𝜀 +
√

𝜀 − 1) − 1

(𝑁 + 1) ln(√𝜀 +
√

𝜀 − 1)𝑢(𝜀 − 1) + 𝑁 ln(√𝜀 + √𝜀 + 1) , (4)

𝑀(𝜀) = 1
2𝑁

2𝜀 + 1
√𝜀(𝜀 + 1)

ln(√𝜀 + √𝜀 + 1) − 1

(𝑁 + 1) ln(√𝜀 +
√

𝜀 − 1)𝑢(𝜀 − 1) + 𝑁 ln(√𝜀 + √𝜀 + 1) .

The electrical conductivity and the thermoelectric emf may be written in the
form

𝜎 = 𝑒2𝐼1, 𝛼 = −𝑘
𝑒 (𝛽 𝐼2

𝐼1
− 𝜇∗) , (5)

where 𝜇∗ = 𝛽𝜇 is the reduced chemical potential,

𝐼1 = 𝛽√2𝑀𝜔3
0

3ℏ𝜋5 exp 𝜇∗ ∫
∞

0
Φ𝐼(𝜀) 𝜀 exp(−ℏ𝜔0𝛽𝜀) 𝑑𝜀,

𝐼2 = 𝛽√2𝑀ℏ𝜔5
0

3𝜋5 exp 𝜇∗ ∫
∞

0
ΦII(𝜀) 𝜀 exp(−ℏ𝜔0𝛽𝜀) 𝑑𝜀, (6)

where ΦII(𝜀) satisfies the finite-difference equation, which can be obtained anal-
ogously to (3):

ΦII(𝜀) = 𝐾II(𝜀) + 𝐿(𝜀)ΦII(𝜀 − 1)𝑢(𝜀 − 1) + 𝑀(𝜀)ΦII(𝜀 + 1), (3a)

𝐾II(𝜀) = 𝜀𝐾𝐼(𝜀).

Here we assume that the electron gas is nondegenerate, its isoenergetic surfaces
are spheres, and the dispersion law is parabolic.
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3. To investigate the case of low temperatures (ℏ𝜔0𝛽 ≫ 1), we shall use
the following device (the solution of equations (3) and (3a) in the general
case entails known difficulties). We divide the range of variation of 𝜀 into
intervals (0, 1), (1, 2), (2, 3), etc., and, considering 𝜀 always less than unity,
shall denote for the 𝑛-th interval

Φ𝐼(𝑛 − 1 + 𝜀) = 𝜓𝐼,𝑛(𝜀), ΦII(𝑛 − 1 + 𝜀) = 𝜓II,𝑛(𝜀). (7)

In each interval we expand the functions Φ𝐼 and ΦII in a series in powers of 𝑁
(𝑁 ≪ 1)

Φ𝐼(𝑛 − 1 + 𝜀) = 𝜓𝐼,𝑛(𝜀) = 𝑁−1𝜓(−1)
𝐼,𝑛 (𝜀) + 𝜓(0)

𝐼,𝑛(𝜀) + 𝑁𝜓(1)
𝐼,𝑛(𝜀) + … (8)

For ΦII there will be an analogous equality (in what follows we shall write all
equalities for ΦI, assuming that for ΦII they are analogous). Naturally, the series
begins with a term proportional to 𝑁−1, since the free term of equation (3), or
(3a), written for the first interval, contains precisely 𝑁−1.

The coefficients 𝐾I(𝜀), 𝐾II(𝜀), 𝐿(𝜀), 𝑀(𝜀) will also be expanded in a series in
powers of 𝑁 in each interval. Now writing equations (3), (3a) for each inter-
val, substituting for ΦI, ΦII, 𝐾I, 𝐾II, 𝐿, 𝑀 the corresponding expansions, and
equating terms with the same powers of 𝑁 on the left- and right-hand sides, we
obtain a chain of algebraic equations for 𝜓(𝑖)

I,𝑛(𝜀)—the coefficients of expansion
(8). For the first terms of expansion (8) this chain closes rapidly; therefore in
principle we can find ΦI and ΦII in any interval with any degree of accuracy in
𝑁 .

For example, if we denote

𝐾I,0(𝜀) = 1
𝑔2 √𝜋

3
𝜀

ln (√𝜀 + √𝜀 + 1), 𝐾∗
II,0(𝜀) = 𝜀𝐾I,0(𝜀),

𝐵I,𝑛(𝜀) = 1
𝑔2 √𝜋

3
𝑛 + 1 + 𝜀

ln (√𝑛 + 𝜀 + √𝑛 + 1 + 𝜀) ,

𝐵II,𝑛(𝜀) = 1
𝑔2 √𝜋

3
(𝑛 + 1 + 𝜀)2

ln (√𝑛 + 𝜀 + √𝑛 + 1 + 𝜀) ,

𝐷𝑛(𝜀) = 2𝑛 + 1 + 2𝜀
2√(𝑛 + 1)(𝑛 + 1 + 𝜀)

− 1
2 ln (√𝑛 + 𝜀 + √𝑛 + 1 + 𝜀) ,

𝐶𝑛(𝜀) = 1 + ln (√𝑛 + 1 + 𝜀 + √𝑛 + 2 + 𝜀)
ln (√𝑛 + 𝜀 + √𝑛 + 1 + 𝜀) ,

(9)

then we obtain:
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𝜓(−1)
I,𝑛 = 𝐾I,0

1 − 𝐷2
0

𝑛−2
∏
𝑖=0

𝐷𝑖,

𝜓(0)
I,𝑛 = 𝐵I,𝑛−2+𝐷𝑛−2𝜓(0)

I,𝑛−1−𝐷𝑛−2(𝐶𝑛−2−1)𝜓(−1)
I,𝑛−1+𝐷𝑛−1(𝐶𝑛−2−1)𝜓(−1)

I,𝑛+1, 𝑛 ≥ 2,

𝜓(0)
I,1 = 𝐷0

1 − 𝐷2
0

[𝐵I,0 − 𝐾I,0
1 − 𝐷2

0
𝐷0(𝐶0 − 1)(1 − 𝐷2

1)] and so on.

4. The integrals 𝐼1 and 𝐼2 can be written in the form:

𝐼1 = 𝑁−1𝐼 (−1)
1 + 𝐼 (0)

1 + 𝑁𝐼 (1)
1 + 𝑁2𝐼 (2)

1 + ⋯ , (10)

where

𝐼 (𝑖)
1 = 𝛽√2𝑀𝜔3

0
3ℏ𝜋5 exp 𝜇∗

∞
∑
𝑛=1

exp[−ℏ𝜔0𝛽(𝑛−1)] ∫
1

0
𝜓(𝑖)

I,𝑛(𝜀)(𝑛−1+𝜀) exp(−ℏ𝜔0𝛽𝜀) 𝑑𝜀 (𝑖 = −1, 0, 1, 2, …).

Each of the integrals 𝐼 (𝑖)
1 , in turn, is a series in exp(−ℏ𝜔0𝛽) ≃ 𝑁 ; therefore in

the complete 𝐼1 one can collect terms with any power of 𝑁 .

At low temperatures (ℏ𝜔0𝛽 ≫ 1) the maximum of the weight of the integrand
of the integral

∫
1

0
𝜓(𝑖)

I,𝑛(𝑛 − 1 + 𝜀)𝑒−ℏ𝜔0𝛽𝜀 𝑑𝜀

lies near zero, and the principal contribution to the integral is given by small val-
ues of 𝜀 (most conduction electrons have small energies); therefore this integral
can be replaced by an integral from zero to infinity, while thereby introducing
corrections in terms of higher order in 𝑁 . Thus, for example, 𝐼1 can ⋯

is found from the formula:
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𝐼1 = 𝑁−1 ⎡⎢
⎣

𝛽√2𝑀𝜔3
0

3ℏ𝜋5 exp 𝜇∗ ∫
1

0
𝜓(0)

𝐼,1(𝜀) 𝜀 exp(−ℏ𝜔0𝛽𝜀) 𝑑𝜀⎤⎥
⎦

+

+ 𝑁0 ⎡⎢
⎣

𝛽√2𝑀𝜔3
0

3ℏ𝜋5 exp 𝜇∗ (∫
1

0
𝜓(0)

𝐼,1(𝜀) 𝜀 exp(−ℏ𝜔0𝛽𝜀) 𝑑𝜀+

+ ∫
1

0
𝜓(−1)

𝐼,2 (𝜀)(1 + 𝜀) exp(−ℏ𝜔0𝛽𝜀) 𝑑𝜀)] + … =

= 𝑁−1 ⎡⎢
⎣

𝛽√2𝑀𝜔3
0

3ℏ𝜋5 exp 𝜇∗ ∫
∞

0
𝜓(−1)

𝐼,1 (𝜀) 𝜀 exp(−ℏ𝜔0𝛽𝜀) 𝑑𝜀⎤⎥
⎦

+

+ 𝑁0 ⎡⎢
⎣

𝛽√3𝑀𝜔3
0

3ℏ𝜋5 exp 𝜇∗ ∫
∞

0
{𝜀𝜓(0)

𝐼,1(𝜀) + (1 + 𝜀)𝜓(−1)
𝐼,2 (𝜀)

−(1 + 𝜀)𝜓(−1)
𝐼,1 × (1 + 𝜀)} exp(−ℏ𝜔0𝛽𝜀) 𝑑𝜀] + …

(11)

The integrals from zero to infinity entering into (11) can be evaluated approxi-
mately by means of the quadrature formulas of V. I. Krylov 9. If, in (11), one
restricts oneself to the term proportional to 𝑁−1 and approximates 𝜓(−1)

𝐼,1 and

𝜓(−1)
𝐼𝐼,1 (for small 𝜀!) by the expressions 1

𝑔2 √𝜋
3 𝜀1/2 and 1

𝑔2 √𝜋
3 𝜀3/2, respectively,

then we obtain the well-known (3−6) formulas for the electrical conductivity and
thermoelectric power at low temperatures, which correspond to the choice of a
relaxation time equal to 𝜏 = (2𝑔2𝜔0𝑁)−1:

𝜎 = 𝑒2√
2𝑀 exp 𝜇∗

4𝑔2𝑁 (𝜋𝛽)3/2𝜔0 ⋅ ℏ3 , 𝛼 = −𝑘
𝑒 (5/2 − 𝜇∗) . (12)

The proposed method makes it possible to broaden the limits of the temperature
interval in which the electrical conductivity and thermoelectric power can be
calculated, and it can be generalized to the case of an arbitrary dispersion law.

Chernivtsi State University

Received
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