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M. G. Dzhavadov

ON THE COMPLETENESS OF A CERTAIN
PART OF THE EIGENFUNCTIONS OF A
NON-SELF-ADJOINT DIFFERENTIAL OP-
ERATOR
(Presented by Academician I. G. Petrovskii on 29 V 1964)

Several fundamental works (1−3) have been devoted to the question of complete-
ness and expansion in eigenfunctions and associated functions of non-self-adjoint
differential operators with coefficients depending on a complex parameter.

In the work (3), M. V. Keldysh, along with other facts, proved the 𝑛-fold com-
pleteness of all eigenfunctions and associated functions of an ordinary differential
equation with coefficients depending polynomially on the parameter.

In the investigation of certain problems of mathematical physics and mechanics,
it is necessary to approximate the boundary value of the solution by a certain
part of the eigenfunctions of the corresponding non-self-adjoint differential op-
erator.

The purpose of the present note is to show the completeness of one half (the
meaning of the word half is clarified in the text) of the eigenfunctions of the
problem

𝑦″(𝑥) + 2𝐵𝜆𝑦′(𝑥) + 𝐶𝜆2𝑦(𝑥) = 0, (1)

𝑦′(0) + 𝑎𝜆𝑦(0) = 0, (2)

𝑦′(1) + 𝑎𝜆𝑦(1) = 0, (3)

where 𝐵, 𝐶, 𝑎 are constant numbers, with 𝐵2 − 𝐶 < 0, and 𝜆 is a parameter.

Obviously, the eigenvalues {𝜆𝑘} of problem (1), (2), (3) coincide with the roots
of the equation
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𝑒𝑖𝜆
√

𝐶−𝐵2 − 𝑒−𝑖𝜆
√

𝐶−𝐵2 = 0.

Consequently,

𝜆𝑘 = 𝜋√
𝐶 − 𝐵2 𝑘 = 𝛾𝑘, 𝑘 = 0, ±1, ±2, … , 𝛾 > 0.

Then the corresponding eigenfunctions have the form

𝑦𝑘(𝑥) = 𝑐𝑒𝛼𝑘𝑥 + 𝑒𝛽𝑘𝑥, 𝑘 = 0, ±1, ±2, … ,

where

𝑐 = 𝐵 − 𝑎 + 𝑖
√

𝐶 − 𝐵2

−𝐵 + 𝑎 + 𝑖
√

𝐶 − 𝐵2 ,

𝛼 = 𝜋 ( −𝐵√
𝐶 − 𝐵2 + 𝑖) , 𝛽 = −𝜋 ( 𝐵√

𝐶 − 𝐵2 + 𝑖) .

Denote by 𝜆+
𝑘 those eigenvalues of problem (1), (2), (3) which correspond to

positive values of 𝜆𝑘, and by 𝜆−
𝑘 those which correspond to nonpositive values

of 𝜆𝑘. Let 𝑦+
𝑘 (𝑥) be those eigenfunctions which correspond to the eigenvalues

𝜆+
𝑘 , and 𝑦−

𝑘 (𝑥) those,

which correspond to 𝜆−
𝑘 . Then

𝑦𝑘(𝑥) = {𝑦+
𝑘 (𝑥) = 𝑐𝑒𝛼𝑘𝑥 + 𝑒𝛽𝑘𝑥, 𝑘 = 1, 2, … ,

𝑦−
𝑘 (𝑥) = 𝑐𝑒−𝛼𝑘𝑥 + 𝑒−𝛽𝑘𝑥, 𝑘 = 0, 1, 2, … .

Theorem. The system of eigenfunctions {𝑦−
𝑘 (𝑥)} is complete in the space

𝐿2(0, 1).
Proof. Let 𝑓(𝑥) be an arbitrary function from 𝐿2(0, 1), and suppose

∫
1

0
𝑓(𝑥)𝑦−

𝑘 (𝑥) 𝑑𝑥 = ∫
1

0
𝑓(𝑥)(𝑐𝑒−𝛼𝑘𝑥 + 𝑒−𝛽𝑘𝑥) 𝑑𝑥 = 0, 𝑘 = 0, 1, 2, … .

Obviously, to prove the theorem it suffices to show that 𝑓(𝑥) = 0. For this
purpose consider the function

𝐹(𝑧) = ∫
1

0
𝑓(𝑥)(𝑐𝑒𝑧𝑒−𝛼𝑥 + 𝑒𝑧𝑒−𝛽𝑥) 𝑑𝑥.
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Obviously, 𝐹(𝑧) is an analytic function, and

𝐹 (𝑘)(𝑧)∣𝑧=0 = ∫
1

0
𝑓(𝑥)𝑦−

𝑘 (𝑥) 𝑑𝑥 = 0, 𝑘 = 0, 1, 2, … ;

therefore, 𝐹(𝑧) ≡ 0.

Let 𝑠 be a complex number such that Re 𝑠 > 𝑁 , where 𝑁 is a sufficiently large
number. Consider the integral

∫
∞

0
𝑒−𝑧𝑠𝐹(𝑧) 𝑑𝑧 = 0

or

∫
∞

0
𝑒−𝑧𝑠 {∫

1

0
𝑓(𝑥)(𝑐𝑒𝑧𝑒−𝛼𝑥 + 𝑒𝑧𝑒−𝛽𝑥) 𝑑𝑥} 𝑑𝑧 = 0.

Changing the order of integration, we write the last integral as

∫
1

0
𝑓(𝑥) {∫

∞

0
[𝑐𝑒−𝑧(𝑠−𝑒−𝛼𝑥) + 𝑒−𝑧(𝑠−𝑒−𝛽𝑥)] 𝑑𝑧} 𝑑𝑥 = 0.

Expanding the inner integral, we obtain

∫
1

0
𝑓(𝑥) ( 𝑐

𝑒−𝛼𝑥 − 𝑠 + 1
𝑒−𝛽𝑥 − 𝑠) 𝑑𝑥 ≡ 0

or

∫
1

0
𝑓(𝑥) ( 𝑐𝑒𝛼𝑥

1 − 𝑠𝑒𝛼𝑥 + 𝑒𝛽𝑥

1 − 𝑠𝑒𝛽𝑥 ) 𝑑𝑥 ≡ 0.

Since

1
1 − 𝑠𝑒𝛼𝑥 =

∞
∑
𝑘=0

𝑒𝛼𝑘𝑥𝑠𝑘, 1
1 − 𝑠𝑒𝛽𝑥 =

∞
∑
𝑘=0

𝑒𝛽𝑘𝑥𝑠𝑘,

then

∞
∑
𝑘=1

{∫
1

0
𝑓(𝑥) (𝑐𝑒𝛼𝑘𝑥 + 𝑒𝛽𝑘𝑥) 𝑑𝑥} 𝑠𝑘−1 ≡ 0, 𝑘 = 1, 2, …
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Consequently,

∫
1

0
𝑓(𝑥)𝑦+

𝑘 (𝑥) 𝑑𝑥 = 0, 𝑘 = 1, 2, …

Thus, from the condition that 𝑓(𝑥) is orthogonal to {𝑦−
𝑘 (𝑥)}, it follows that it is

also orthogonal to {𝑦+
𝑘 (𝑥)}. Since the whole system {𝑦𝑘(𝑥)} is complete in the

space 𝐿2(0, 1), it follows that 𝑓(𝑥) ≡ 0.

In an analogous way one proves that, if zero is adjoined to the positive eigenval-
ues, then the corresponding eigenfunctions are complete in 𝐿2(0, 1).
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