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Abstract
Full Text

Mathematics

A. G. SIGALOV

A NEW ALGORITHM IN THE PERTUR-
BATION THEORY OF THE CONTINUOUS
SPECTRUM

(Presented by Academician V. I. Smirnov on 16 III 1964)

No. 1. Let H be a self-adjoint operator with simple spectrum, acting in a
Hilbert space $); Ef = FE 4 is its spectral function; 1 is a generating element;
o(A) = (Eat,9). Put A e M(H), if Dy D Dy, A is symmetric on Dy, and
the following hold: 1) |Ap|? < Ci|Hp|? + Cy|p|? for all ¢ € Dy; 2) if

Gé\’:{(a,ﬂ), |O‘75‘Zn7 |a‘§N7 ‘/B|§N}7

then for any n > 0, N > 0 there is a C = C(N,n) > 0 such that from
Aa x A C Grjlv it follows that

((AEA, ¥, Engt)] < ClEA WP Eagth|?;

Aa,AB are always intervals open on the right. From 1) it follows: 3)
|(AEA(X,(/}7EA(1¢)| < C3|EA0¢¢|2) if Aa € [—N,N], 03 = C3<N)

Let m(E) (04(E)) be the measure, defined on the Borel field of sets 9B, (B
which is the minimal extension of the interval functions

m(Aav Aﬁ) = (AEAaw7 EAﬁ’l/})

(respectively, of the function o(A«) - 0(AB)), Aa x A € G (). We have
B,, D B, ; m(E) is absolutely continuous with respect to o,(E) (1). By the
Radon-Nikodym theorem, on G} a function

oa )

dm
AR — ——
" do,

is defined almost everywhere with respect to oy. The function A,z does not
depend on N or 7.

No. 2. Let A >0, A € M(H), and let A" = [, ") be a finite interval,
I={ay<ay < <ay=ad}, A=l q),

V() =Y (AEx ), Ex 1),
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d(Il) = miax(ai —ay;_q).

Put
A)= lim V
(&) = lim V(.
The interval function m,(A) is additive and absolutely continuous with respect
to o(A). Extending them to the corresponding measures m,(E), E € B
o(E), E € B, and using the Radon-Nikodym theorem, define

my?

dm
Al = —L
o do
If: 1) o(«) is absolutely continuous and 2) C'(N,n) does not depend on 7, then
A can be defined as

1
ili?a O'(A) (AEAwa EAw)

independently of the assumption A > 0.

The pair of functions Afﬂ, A will be called the diagonally singular matrix
(DS-matrix) of the operator A relative to H.

No. 3. For
¢ = /C(a) dE,p € Dy, x = /e(a) dE ) € 9

with continuous c¢(«), e(8), the equality holds

(Ag,x // sdo(@)do(8) + [ cl@i@) A, dofa).  (B)

Under assumptions 1) and 2) (A > 0 is not assumed), the integrals on the right
can be understood in the Lebesgue-Stieltjes sense. Without these assumptions,
equality (B) requires a generalization of the concept of integral. It can be given
starting from such ¢, x for which c(a)e(8) = 0 outside a rectangle Aa x AS not
intersecting the straight line a = 3, and using property 3) of No. 1.

No. 4. If A € 9MM(H) satisfies one of the conditions ensuring equality (B), then
there exists one and only one decomposition A = B+C possessing the properties:
a) B,C € M(H); b) B, =0; ¢) CH = HC. The bilinear form of the operator
B is defined by the double integral of the right-hand side of equality (B), while
the bilinear form of the operator C' is defined by the single integral from (B).

No. 5. Let H® = H° + ¢W be bounded self-adjoint operators with simple
spectrum and common generating element 1, W € O (H?); Wes = WO%E, W =

WH" o/ (e,a) = — (B 4, 1)) are continuous, |e| < g,

2

Then, for any continuous c(e, a), e(e, 3),

o= / ¢(e, 0) S,
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x= [ eep)aBz

the following equality holds:

%(Eﬁcp,x) = //gl,(a,ﬂ) W(iﬁc(s,a)e(e,ﬂ) do(e,a)do(e, B)+0o'(g,v)c(e,v)e(e, v)WE,
where

e if (o= 1)(8—v) >0,
9,(, B) {|aﬂ|1, if (a—v)(B—v)<O.

The proof is based on the following assertions, formulated, for simplicity of
notation, for H > 0.

If

r(r — vcost) ~ 1
K,(r,v) = Be = _{E,, +E:
(73) r2 —2rvcost + 12’ T 2{ rro+ Erky
~ 1 /"
B = - [ K,
TJs
then:

a) E=9 — E= strongly;
b)

Ee,é ™
OF; :f/ A1SA dt,
Oe T J

where
A=72E —2rcost H® + (H®)?,

S = (r*W + H*WH?) cost — r(H*W + W H¢);

 (Bpx) (60).

0 ~
— (E&9 _
( r 507X) - 9e

Oe

d) and b) do not require simplicity or continuity of the spectrum.

No. 6. Let c(e, @), e(e, @), p(e, ) = do(e, a) /da, W 5 satisty a Holder condition
in the variables «, (o, 8), |a] < M, |B] < M, |e] < g5. Put F(e,v) = (ESp, X),
where ES = EH°. Then

1 OF (v + Av,¢) _8F(V—Ay,5)
Oe Oe

li
AIVIEO 2Av

= —/%c(s,a)e(s,y) dU(€,C¥)p(€7I/)—/ Tjﬁyc(e,l/)e(s,ﬂ) do(e, B)ple,v).

The integrals on the right-hand side are understood in the sense of the principal
value. The limit exists uniformly with respect to v in every closed interval in
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which p(e,v) > 0. If the exponent and the constant multiplier in the Holder
condition do not depend on ¢, |e| < g, then the limit exists uniformly with
respect to €. It follows from this that p(e, @) and c(e, ) satisfy the equations

o) _ [ Mo tofe, ) (e, )]ole, ) dow 2)

no. 7. Put, for p(a) = play, ..., a,,),
Ajp = Ip(B) —pla)]: |8 —al,

where = (aq, ..., ;1,05 + Aoy, a5 .., 00,),

Ipl = sup [p(e)[ + > sup|A;p(a)] + > sup [A,A;p(a)]. (2)
i Ji

Let A® € M(H), A, =0, [|A; 4| < 003 dA°/de = AT € M(H) exist in the sense
of strong convergence and [ (A5) 4]l < oo,

P2 = {(Vaﬁ'); p(E,l/),p(E,,u) > 0}7 Pl = {y7p(57y> > 0}

Then for (v, u) € P,

dA; dA®
ve A€ Pe Pe ASVE — Ve AS HE.
de (ds ),,HJF W( v “)Jr( )V”
Here we
Wéy of
(I)i:/ﬁda'(&-,y), a—ﬂzvjﬁ

The second term on the right-hand side should be understood as the convolution
of DC-matrices of multiplier operators. Putting in this equality A = W, we
obtain the equation

3W§M
Oe

=Wg, (9 +95) + (WVve —vew) [ (3)

vy

which expresses 0W;,/0e in terms of W, and p(e,v).
no. 8. Put 7;;, = W7, p(e,v). From (1), (3) it follows that

0T € e e B L 15
Oe = A5, 15, + By, AVH:_/Oé—de+/a—uda’

1 1
By, = —/T,faTéﬂ { + } dov. (4)

a—v  a— [
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Let |T0,[, [p(0,v)] < oo. Equation (4) has a solution T, in the class of
functions with finite norm |77,[, vanishing for |al,|3| > R, T§u|5:o =T,
From the solution of equation (4) we obtain solutions of equations (1), (3) on
Py, P,, which at £ = 0 reduce respectively to p(0,r) and

Wl(/)p - TB,up(Ov V)il'

no. 9. From equations (1)—(3) it follows that they have first integrals:

O(e) = /c(e, vie(e,v) ple,v)dv = c,

#,(0) = [ Wesele,v)em e, v)pte ) dvdu = o,

D,(e) = /Vc(s, v)e(e,v) ple,v)dv —e®,(e) = c,.

Let B be the totality of all ¢ € $) for which ¢(v) in the expansion

o= [ ctr)aBy

has finite norm |c(v)||, and c(e,v) is the solution of equation (2) equal to ¢(v)
at e = 0. Then, for ¢, x € B,

(W, x) = @(e).

(¢, x) = @(e), (Hep,x) —e(Wep,x) = ®y(¢),

for the left- and right-hand sides do not depend on ¢ and coincide when ¢ = 0.
Hence it follows that

(Ef,go,x)z/ cle,a)e(e, a)p(e, o) da.

Thus, the solutions of equations (1)—(3) make it possible to reproduce the spec-
tral expansion of the operator H€.

no. 10. For
o [ comarsy
put
U = [ c(0.0)p(0.0)7 x e, 2 dEp.
Then UF€ is a unitary operator and

UES = ESU
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for any A. The notion of a DC-matrix is carried over to unitary operators.
From equations (1)—(3) it is not difficult to obtain an equation for UZ 5 and an
expression for QU ;3/0¢ in terms of V; and @;.

No. 11. Let H® =3, Spek, S € MHO), (Sp)o =0, [[(Sp)upl < oo

Put Wi = d' /de’, (i = 1,2,...,n), WO = H®, W+ = 0. Let W5 be
the DC-matrix of the operator W% relative to W1 (i = 1,2,...,n), E.¢ the
0 .
(B ,)
The system of equations generalizing, for n > 1, equations (1)—(3), has the form

spectral function of W€, 4, a generating element, and p, (¢, a) =

opile,0) ( / 2Re Wi s

e o —v pi(E,Oé)dOé> pi(gay) (7/:0,1,2,...,’0—1),

o "ol (e, (,0) — (=)o, @) doy

dcie, @) _ _/ Way '

8W£§
Oe

=Wt + Wi (®iF + @)+

—l—(Wi’EVi’s _ Vi,éwivs)i’: (z =1,2,.. ,TL),

i€
1, __ azila 1,6 WD‘B
o) = Vpifl(s,a) do, Vv —_—.

o —

Putting Tof’s = Wphep, 1(e,a), we obtain the solution of this system, the recon-

struction of the spectral expansion of W€ from the expansion of W#°, and the
unitary equivalence of the operator W€ to the operator W0,

Received
11 IIT 1964
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