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Abstract
Full Text
Mathematics

A. G. SIGALOV

A NEW ALGORITHM IN THE PERTUR-
BATION THEORY OF THE CONTINUOUS
SPECTRUM
(Presented by Academician V. I. Smirnov on 16 III 1964)

No. 1. Let 𝐻 be a self-adjoint operator with simple spectrum, acting in a
Hilbert space ℌ; 𝐸𝐻

Δ = 𝐸Δ is its spectral function; 𝜓 is a generating element;
𝜎(Δ) = (𝐸Δ𝜓, 𝜓). Put 𝐴 ∈ 𝔐(𝐻), if 𝐷𝐴 ⊃ 𝐷𝐻 , 𝐴 is symmetric on 𝐷𝐻 , and
the following hold: 1) |𝐴𝜑|2 ≤ 𝐶1|𝐻𝜑|2 + 𝐶2|𝜑|2 for all 𝜑 ∈ 𝐷𝐻 ; 2) if

𝐺𝑁
𝜂 = {(𝛼, 𝛽), |𝛼 − 𝛽| ≥ 𝜂, |𝛼| ≤ 𝑁, |𝛽| ≤ 𝑁},

then for any 𝜂 > 0, 𝑁 > 0 there is a 𝐶 = 𝐶(𝑁, 𝜂) > 0 such that from
Δ𝛼 × Δ𝛽 ⊂ 𝐺𝑁

𝜂 it follows that

|(𝐴𝐸Δ𝛼𝜓, 𝐸Δ𝛽𝜓)| ≤ 𝐶|𝐸Δ𝛼𝜓|2|𝐸Δ𝛽𝜓|2;

Δ𝛼, Δ𝛽 are always intervals open on the right. From 1) it follows: 3)
|(𝐴𝐸Δ𝛼𝜓, 𝐸Δ𝛼𝜓)| ≤ 𝐶3|𝐸Δ𝛼𝜓|2, if Δ𝛼 ∈ [−𝑁, 𝑁], 𝐶3 = 𝐶3(𝑁).
Let 𝑚(𝐸) (𝜎2(𝐸)) be the measure, defined on the Borel field of sets 𝔅𝑚 (𝔅𝜎2

),
which is the minimal extension of the interval functions

𝑚(Δ𝛼, Δ𝛽) = (𝐴𝐸Δ𝛼𝜓, 𝐸Δ𝛽𝜓)

(respectively, of the function 𝜎(Δ𝛼) ⋅ 𝜎(Δ𝛽)), Δ𝛼 × Δ𝛽 ∈ 𝐺𝑁
𝜂 (1). We have

𝔅𝑚 ⊃ 𝔅𝜎2
; 𝑚(𝐸) is absolutely continuous with respect to 𝜎2(𝐸) (1). By the

Radon–Nikodym theorem, on 𝐺𝑁
𝜂 a function

𝐴𝐻
𝛼𝛽 = 𝑑𝑚

𝑑𝜎2

is defined almost everywhere with respect to 𝜎2. The function 𝐴𝛼𝛽 does not
depend on 𝑁 or 𝜂.

No. 2. Let 𝐴 > 0, 𝐴 ∈ 𝔐(𝐻), and let Δ′ = [𝛼, 𝛼′) be a finite interval,

Π = {𝛼0 < 𝛼1 < ⋯ < 𝛼𝑁 = 𝛼′}, Δ𝑖 = [𝛼𝑖−1, 𝛼𝑖),

𝑉 (Π) = ∑(𝐴𝐸Δ𝑖
𝜓, 𝐸Δ𝑖

𝜓),
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𝑑(Π) = max
𝑖

(𝛼𝑖 − 𝛼𝑖−1).

Put
𝑚1(Δ′) = lim

𝑑(Π)→0
𝑉 (Π).

The interval function 𝑚1(Δ) is additive and absolutely continuous with respect
to 𝜎(Δ). Extending them to the corresponding measures 𝑚1(𝐸), 𝐸 ∈ 𝔅𝑚1

,
𝜎(𝐸), 𝐸 ∈ 𝔅𝜎, and using the Radon–Nikodym theorem, define

𝐴𝐻
𝛼 = 𝑑𝑚1

𝑑𝜎 .

If: 1) 𝜎(𝛼) is absolutely continuous and 2) 𝐶(𝑁, 𝜂) does not depend on 𝜂, then
𝐴𝐻

𝛼 can be defined as
lim

Δ→𝛼
1

𝜎(Δ)(𝐴𝐸Δ𝜓, 𝐸Δ𝜓)

independently of the assumption 𝐴 > 0.

The pair of functions 𝐴𝐻
𝛼𝛽, 𝐴𝐻

𝛼 will be called the diagonally singular matrix
(DS-matrix) of the operator 𝐴 relative to 𝐻.

No. 3. For

𝜑 = ∫ 𝑐(𝛼) 𝑑𝐸𝛼𝜓 ∈ 𝐷𝐻 , 𝜒 = ∫ 𝑒(𝛼) 𝑑𝐸𝛼𝜓 ∈ ℌ

with continuous 𝑐(𝛼), 𝑒(𝛽), the equality holds

(𝐴𝜑, 𝜒) = ∬ 𝑐(𝛼)𝑒(𝛽) 𝐴𝛼𝛽 𝑑𝜎(𝛼) 𝑑𝜎(𝛽) + ∫ 𝑐(𝛼)𝑒(𝛼) 𝐴𝛼 𝑑𝜎(𝛼). (B)

Under assumptions 1) and 2) (𝐴 > 0 is not assumed), the integrals on the right
can be understood in the Lebesgue–Stieltjes sense. Without these assumptions,
equality (B) requires a generalization of the concept of integral. It can be given
starting from such 𝜑, 𝜒 for which 𝑐(𝛼)𝑒(𝛽) = 0 outside a rectangle Δ𝛼×Δ𝛽 not
intersecting the straight line 𝛼 = 𝛽, and using property 3) of No. 1.

No. 4. If 𝐴 ∈ 𝔐(𝐻) satisfies one of the conditions ensuring equality (B), then
there exists one and only one decomposition 𝐴 = 𝐵+𝐶 possessing the properties:
a) 𝐵, 𝐶 ∈ 𝔐(𝐻); b) 𝐵𝛼 = 0; c) 𝐶𝐻 = 𝐻𝐶. The bilinear form of the operator
𝐵 is defined by the double integral of the right-hand side of equality (B), while
the bilinear form of the operator 𝐶 is defined by the single integral from (B).

No. 5. Let 𝐻𝜀 = 𝐻0 + 𝜀𝑊 be bounded self-adjoint operators with simple
spectrum and common generating element 𝜓, 𝑊 ∈ 𝔐(𝐻0); 𝑊 𝜀

𝛼𝛽 = 𝑊 𝐻𝜀
𝛼𝛽 , 𝑊 𝜀

𝛼 =
𝑊 𝐻𝜀

𝛼 , 𝜎′(𝜀, 𝛼) = 𝜕
𝜕𝜀(𝐸𝐻𝜀

𝛼 𝜓, 𝜓) are continuous, |𝜀| ⩽ 𝜀0.

Then, for any continuous 𝑐(𝜀, 𝛼), 𝑒(𝜀, 𝛽),

𝜑 = ∫ 𝑐(𝜀, 𝛼) 𝑑𝐸𝜀
𝛼𝜓,
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𝜒 = ∫ 𝑒(𝜀, 𝛽) 𝑑𝐸𝜀
𝛽𝜓

the following equality holds:

𝜕
𝜕𝜀(𝐸𝜀

𝜈𝜑, 𝜒) = ∬ 𝑔𝜈(𝛼, 𝛽) 𝑊 𝜀
𝛼𝛽𝑐(𝜀, 𝛼)𝑒(𝜀, 𝛽) 𝑑𝜎(𝜀, 𝛼) 𝑑𝜎(𝜀, 𝛽)+𝜎′(𝜀, 𝜈)𝑐(𝜀, 𝜈)𝑒(𝜀, 𝜈)𝑊 𝜀

𝜈 ,

where

𝑔𝜈(𝛼, 𝛽) = {0, if (𝛼 − 𝜈)(𝛽 − 𝜈) > 0,
−|𝛼 − 𝛽|−1, if (𝛼 − 𝜈)(𝛽 − 𝜈) < 0.

The proof is based on the following assertions, formulated, for simplicity of
notation, for 𝐻 > 0.

If
𝐾𝑡(𝑟, 𝜈) = 𝑟(𝑟 − 𝜈 cos 𝑡)

𝑟2 − 2𝑟𝜈 cos 𝑡 + 𝜈2 , 𝐸𝜀
𝑟 = 1

2{𝐸𝜀
𝑟+0 + 𝐸𝜀

𝑟},

𝐸𝜀,𝛿
𝑟 = 1

𝜋 ∫
𝜋

𝛿
𝐾𝑡(𝑟, 𝐻) 𝑑𝑡,

then:

a) 𝐸𝜀,𝛿
𝑟 → 𝐸𝜀

𝑟 strongly;

b)
𝜕𝐸𝜀,𝛿

𝑟
𝜕𝜀 = 𝑟

𝜋 ∫
𝜋

𝛿
𝐴−1𝑆𝐴−1 𝑑𝑡,

where
𝐴 = 𝑟2𝐸 − 2𝑟 cos 𝑡 𝐻𝜀 + (𝐻𝜀)2,

𝑆 = (𝑟2𝑊 + 𝐻𝜀𝑊𝐻𝜀) cos 𝑡 − 𝑟(𝐻𝜀𝑊 + 𝑊𝐻𝜀);

c)
𝜕
𝜕𝜀(𝐸𝜀,𝛿

𝑟 𝜑, 𝜒) → 𝜕
𝜕𝜀(𝐸𝜀

𝑟𝜑, 𝜒) (𝛿 → 0).

d) and b) do not require simplicity or continuity of the spectrum.

No. 6. Let 𝑐(𝜀, 𝛼), 𝑒(𝜀, 𝛼), 𝜌(𝜀, 𝛼) = 𝑑𝜎(𝜀, 𝛼)/𝑑𝛼, 𝑊 𝜀
𝛼𝛽 satisfy a Hölder condition

in the variables 𝛼, (𝛼, 𝛽), |𝛼| ⩽ 𝑀 , |𝛽| ⩽ 𝑀 , |𝜀| ⩽ 𝜀0. Put 𝐹(𝜀, 𝜈) = (𝐸𝜀
𝜈𝜑, 𝜒),

where 𝐸𝜀
𝜈 = 𝐸𝐻𝜀

𝜈 . Then

lim
Δ𝜈→0

1
2Δ𝜈 {𝜕𝐹(𝜈 + Δ𝜈, 𝜀)

𝜕𝜀 − 𝜕𝐹(𝜈 − Δ𝜈, 𝜀)
𝜕𝜀 } =

= − ∫ 𝑊 𝜀
𝛼𝜈

𝛼 − 𝜈 𝑐(𝜀, 𝛼)𝑒(𝜀, 𝜈) 𝑑𝜎(𝜀, 𝛼)𝜌(𝜀, 𝜈)−∫
𝑊 𝜀

𝜈𝛽
𝛽 − 𝜈 𝑐(𝜀, 𝜈)𝑒(𝜀, 𝛽) 𝑑𝜎(𝜀, 𝛽)𝜌(𝜀, 𝜈).

The integrals on the right-hand side are understood in the sense of the principal
value. The limit exists uniformly with respect to 𝜈 in every closed interval in
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which 𝜌(𝜀, 𝜈) > 0. If the exponent and the constant multiplier in the Hölder
condition do not depend on 𝜀, |𝜀| ⩽ 𝜀0, then the limit exists uniformly with
respect to 𝜀. It follows from this that 𝜌(𝜀, 𝛼) and 𝑐(𝜀, 𝛼) satisfy the equations

𝜕𝜌(𝜀, 𝛼)
𝜕𝜀 = − ∫ 2 Re 𝑊 𝜀

𝛼𝜈
𝛼 − 𝜈 𝜌(𝜀, 𝛼) 𝑑𝛼 𝜌(𝜀, 𝜈), (1)

𝜕𝑐(𝜀, 𝜈)
𝜕𝜀 = − ∫ 𝑊 𝜀

𝛼𝜈
𝛼 − 𝜈 [𝑐(𝜀, 𝛼) − 𝑐(𝜀, 𝜈)]𝜌(𝜀, 𝛼) 𝑑𝛼. (2)

no. 7. Put, for 𝑝(𝛼) = 𝑝(𝛼1, … , 𝛼𝑛),

Δ𝑖𝑝 = |𝑝(𝛽) − 𝑝(𝛼)| ∶ |𝛽 − 𝛼|𝛾,

where 𝛽 = (𝛼1, … , 𝛼𝑖−1, 𝛼𝑖 + Δ𝛼𝑖, 𝛼𝑖+1, … , 𝛼𝑛),

‖𝑝‖ = sup |𝑝(𝛼)| + ∑
𝑖

sup |Δ𝑖𝑝(𝛼)| + ∑
𝑗≠𝑖

sup |Δ𝑖Δ𝑗𝑝(𝛼)|. (2)

Let 𝐴𝜀 ∈ 𝔐(𝐻), 𝐴𝜀
𝛼 = 0, ‖𝐴𝜀

𝛼𝛽‖ < ∞; 𝑑𝐴𝜀/𝑑𝜀 = 𝐴𝜀
1 ∈ 𝔐(𝐻) exist in the sense

of strong convergence and ‖(𝐴𝜀
1)𝛼𝛽‖ < ∞,

𝑃2 = {(𝜈, 𝜇); 𝜌(𝜀, 𝜈), 𝜌(𝜀, 𝜇) > 0}, 𝑃1 = {𝜈, 𝜌(𝜀, 𝜈) > 0}.

Then for (𝜈, 𝜇) ∈ 𝑃2

𝑑𝐴𝜀
𝜈𝜇

𝑑𝜀 = (𝑑𝐴𝜀

𝑑𝜀 )
𝜈𝜇

+ 𝐴𝜀
𝜈𝜇 (Φ𝜀

𝜈 + Φ𝜀
𝜇) + (𝐴𝜀𝑉 𝜀 − 𝑉 𝜀𝐴𝜀)𝐻𝜀

𝜈𝜇 .

Here
Φ𝜀

𝜈 = ∫ 𝑊 𝜀
𝛼𝜈

𝛼 − 𝜈 𝑑𝜎(𝜀, 𝜈),
𝑊 𝜀

𝛼𝛽
𝛼 − 𝛽 = 𝑉 𝜀

𝛼𝛽.

The second term on the right-hand side should be understood as the convolution
of DC-matrices of multiplier operators. Putting in this equality 𝐴 = 𝑊 , we
obtain the equation

𝜕𝑊 𝜀
𝜈𝜇

𝜕𝜀 = 𝑊 𝜀
𝜈𝜇 (Φ𝜀

𝜈 + Φ𝜀
𝜇) + (𝑊𝑉 𝜀 − 𝑉 𝜀𝑊)𝐻𝜀

𝜈𝜇 , (3)

which expresses 𝜕𝑊 𝜀
𝜈𝜇/𝜕𝜀 in terms of 𝑊 𝜀

𝜈𝜇 and 𝜌(𝜀, 𝜈).
no. 8. Put 𝑇 𝜀

𝜈𝜇 = 𝑊 𝜀
𝜈𝜇𝜌(𝜀, 𝜈). From (1), (3) it follows that

𝜕𝑇 𝜀
𝜈𝜇

𝜕𝜀 = 𝐴𝜀
𝜈𝜇𝑇 𝜀

𝜈𝜇 + 𝐵𝜀
𝜈𝜇, 𝐴𝜀

𝜈𝜇 = − ∫ 𝑇 𝜀
𝜈𝜇

𝛼 − 𝜇 𝑑𝑥 + ∫ 𝑇 𝜀
𝜈𝜇

𝛼 − 𝜈 𝑑𝛼,

𝐵𝜀
𝜈𝜇 = − ∫ 𝑇 𝜀

𝜈𝛼𝑇 𝜀
𝛼𝜇 { 1

𝛼 − 𝜈 + 1
𝛼 − 𝜇} 𝑑𝛼. (4)
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Let ‖𝑇 0
𝜈𝜇‖, ‖𝜌(0, 𝜈)‖ < ∞. Equation (4) has a solution 𝑇 𝜀

𝜈𝜇 in the class of
functions with finite norm ‖𝑇 𝜀

𝜈𝜇‖, vanishing for |𝛼|, |𝛽| ≥ 𝑅, 𝑇 𝜀
𝜈𝜇∣𝜀=0 = 𝑇 0

𝜈𝜇.
From the solution of equation (4) we obtain solutions of equations (1), (3) on
𝑃1, 𝑃2, which at 𝜀 = 0 reduce respectively to 𝜌(0, 𝜈) and

𝑊 0
𝜈𝜇 = 𝑇 0

𝜈𝜇𝜌(0, 𝜈)−1.

no. 9. From equations (1)—(3) it follows that they have first integrals:

Φ(𝜀) = ∫ 𝑐(𝜀, 𝜈)𝑒(𝜀, 𝜈) 𝜌(𝜀, 𝜈) 𝑑𝜈 ≡ 𝑐,

Φ1(𝜀) = ∬ 𝑊 𝜀
𝜈𝜇𝑐(𝜀, 𝜈)𝑒(𝜀, 𝜇) 𝜌(𝜀, 𝜈)𝜌(𝜀, 𝜇) 𝑑𝜈𝑑𝜇 ≡ 𝑐1,

Φ2(𝜀) = ∫ 𝜈𝑐(𝜀, 𝜈)𝑒(𝜀, 𝜈) 𝜌(𝜀, 𝜈) 𝑑𝜈 − 𝜀Φ1(𝜀) ≡ 𝑐2.

Let 𝔅 be the totality of all 𝜑 ∈ ℌ for which 𝑐(𝜈) in the expansion

𝜑 = ∫ 𝑐(𝜈) 𝑑𝐸0
𝜈𝜓

has finite norm ‖𝑐(𝜈)‖, and 𝑐(𝜀, 𝜈) is the solution of equation (2) equal to 𝑐(𝜈)
at 𝜀 = 0. Then, for 𝜑, 𝜒 ∈ 𝔅,

(𝑊𝜑, 𝜒) = Φ1(𝜀).

(𝜑, 𝜒) = Φ(𝜀), (𝐻𝜀𝜑, 𝜒) − 𝜀(𝑊𝜑, 𝜒) = Φ2(𝜀),
for the left- and right-hand sides do not depend on 𝜀 and coincide when 𝜀 = 0.
Hence it follows that

(𝐸𝜀
𝜈𝜑, 𝜒) = ∫

𝛼≤𝜈
𝑐(𝜀, 𝛼)𝑒(𝜀, 𝛼)𝜌(𝜀, 𝛼) 𝑑𝛼.

Thus, the solutions of equations (1)—(3) make it possible to reproduce the spec-
tral expansion of the operator 𝐻𝜀.

no. 10. For
𝜑 = ∫ 𝑐(0, 𝜈) 𝑑𝐸0

𝜈𝜓

put
𝑈𝜀𝜑 = ∫ 𝑐(0, 𝜈)𝜌(0, 𝜈)1/2 × 𝜌(𝜀, 𝜈)−1/2 𝑑𝐸𝜀

𝜈𝜑.

Then 𝑈𝜀 is a unitary operator and

𝑈𝜀𝐸0
Δ = 𝐸𝜀

Δ𝑈
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for any Δ. The notion of a DC-matrix is carried over to unitary operators.
From equations (1)—(3) it is not difficult to obtain an equation for 𝑈𝜀

𝛼𝛽 and an
expression for 𝜕𝑈𝜀

𝛼𝛽/𝜕𝜀 in terms of 𝑉 𝜀
𝛼𝛽 and Φ𝜀

𝜈.

No. 11. Let 𝐻𝜀 = ∑𝑛
𝑘=0 𝑆𝑘𝜀𝑘, 𝑆𝑘 ∈ 𝔐(𝐻0), (𝑆𝑘)𝛼 ≡ 0, ‖(𝑆𝑘)𝛼𝛽‖ < ∞.

Put 𝑊 𝑖,𝜀 = 𝑑𝑖𝐻𝜀/𝑑𝜀𝑖, (𝑖 = 1, 2, … , 𝑛), 𝑊 0,𝜀 = 𝐻𝜀, 𝑊 𝑛+1,𝜀 = 0. Let 𝑊 𝑖,𝜀
𝛼𝛽 be

the DC-matrix of the operator 𝑊 𝑖,𝜀 relative to 𝑊 𝑖−1,𝜀 (𝑖 = 1, 2, … , 𝑛), 𝐸𝑖,𝜀
𝛼 the

spectral function of 𝑊 𝑖,𝜀, 𝜓𝑖 a generating element, and 𝜌𝑖(𝜀, 𝛼) = 𝜕
𝜕𝛼(𝐸𝑖,𝜀

𝛼 𝜓𝑖, 𝜓𝑖).
The system of equations generalizing, for 𝑛 > 1, equations (1)—(3), has the form

𝜕𝜌𝑖(𝜀, 𝛼)
𝜕𝜀 = − (∫ 2 Re 𝑊 𝑖+1,𝜀

𝛼𝜈
𝛼 − 𝜈 𝜌𝑖(𝜀, 𝛼) 𝑑𝛼) 𝜌𝑖(𝜀, 𝜈) (𝑖 = 0, 1, 2, … , 𝑛 − 1),

𝜕𝑐𝑖(𝜀, 𝛼)
𝜕𝜀 = − ∫ 𝑊 𝑖−1,𝜀

𝛼𝜈
𝛼 − 𝜈 [𝑐𝑖(𝜀, 𝛼) − 𝑐𝑖(𝜀, 𝜈)]𝜌𝑖(𝜀, 𝛼) 𝑑𝛼,

𝜕𝑊 𝑖,𝜀
𝛼𝛽

𝜕𝜀 = 𝑊 𝑖+1,𝜀
𝛼𝛽 + 𝑊 𝑖,𝜀

𝛼𝛽 (Φ 𝑖,𝜀
𝜈 + Φ 𝑖,𝜀

𝜇 )+

+(𝑊 𝑖,𝜀𝑉 𝑖,𝜀 − 𝑉 𝑖,𝜀𝑊 𝑖,𝜀) 𝑖,𝜀
𝜈𝜇 (𝑖 = 1, 2, … , 𝑛),

Φ 𝑖,𝜀
𝜈 = ∫ 𝑊 𝑖,𝜀

𝛼𝜈
𝛼 − 𝜈 𝜌𝑖−1(𝜀, 𝛼) 𝑑𝛼, 𝑉 𝑖,𝜀

𝛼𝛽 =
𝑊 𝑖,𝜀

𝛼𝛽
𝛼 − 𝛽 .

Putting 𝑇 𝑖,𝜀
𝛼𝛽 = 𝑊 𝑖,𝜀

𝛼𝜈 𝜌𝑖−1(𝜀, 𝛼), we obtain the solution of this system, the recon-
struction of the spectral expansion of 𝑊 𝑖,𝜀 from the expansion of 𝑊 𝑖,0, and the
unitary equivalence of the operator 𝑊 𝑖,𝜀 to the operator 𝑊 𝑖,0.
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