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Abstract
Full Text

R. A. Kordzadze

FUNDAMENTAL THEOREMS FOR SINGULAR INTE-
GRAL EQUATIONS WITH SHIFT

(Presented by Academician I. N. Vekua, 16 IX 1963)

1. Let I' denote the union of a finite number of simple closed Lyapunov con-
tours I'y,...,I', (I' =T + - +T,), having no points in common, and let
ST be the finite domain of the plane z = x + iy bounded by the contour
T'. We shall assume that the positive direction of " leaves ST on the left.
Let a(t) be a certain function of a point of the contour I' satisfying the
following conditions: 1) «(¢) maps the contour I homeomorphically onto
itself (i.e. each I'; is mapped homeomorphically onto itself) with preserva-
tion of the direction of traversal *; 2) o’ (t) = da(t)/dt # 0 everywhere on
T, and o/ (t) € H (Holder condition); 3) for some fixed natural number n

ap(t) = aleg, 1 (O] =t (ap(t) =1). (1,1)

In the present paper we shall prove the fundamental theorems for the singular
integral equation with shift of the form

re=Y { ) o)+ [FLDEOEL - sy 1)

t—ay(ty)

where A;(ty), K;(ty,t), and f(t,) are given functions on I' satisfying condition
H. The unknown function will be sought in the class of functions satisfying
condition H.

The investigation of equation (1,2) is carried out by reducing it to a system of

singular integral equations. The basic idea of this method may be found in ().

Some particular cases of equation (1,2) were studied in the works (3,4).

2. We shall call equation (1,2) of normal type if

det[G(t) £ K(t,1)] £0  (teT), (2,1)

where G(t,) and K (ty,t) have the form (4,6) and (4,7).

By the index of the operator T, or of the equation Ty = f, we shall mean the
integer
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. 1 det[G(t) — K(t,1)]
u(n)=indT = o {arg et [G) E K1) }F . (2,2)

The operator T and the operator 17, defined by the formula

Ty=% {amo)An_l[al(ton Haulty) — = / ERIGLLA) ‘”} C23)

=0 ™ Q7] (t) — to

where A, [] = Ay[], K,,[] = Ky[], will be called adjoint. Obviously, (T7) =T.

Let us note that from the normality of the operator T', generally speaking, there
follows the normality of the operator 7" adjoint to it. However, below we shall
see the expediency of considering the operator T”, as well as the above condition
of normality and the introduction of the notion of index.

* Similarly one may consider the case when «/(t) changes the direction of traversal
of the contour T.

In what follows, unless the contrary is stated, we shall always assume that T is an
operator of normal type. Everywhere below, linear independence is understood
to mean linear independence over the field of complex numbers.

3. The main results of the paper are the following theorems.

Theorem 1. The number of linearly independent solutions of the equation
Ty =0 is finite.

Theorem 2. The number of linearly independent solutions of the equation

T’ = 0, adjoint to the equation T = 0, is finite.

Theorem 3. The difference between the number k of linearly independent
solutions of the equation T = 0 and the number k' of linearly independent
solutions of the adjoint equation T’ = 0 is equal to the index of the operator
T, i.e.

k—Fk = n(n). (3,1)

Theorem 4. A necessary and sufficient condition for solvability of the equation
To = f is that

/f(t)wé(t) dt =0, (3.2)
r

where O(t) (6 = 1,2,..., k") is a complete system of linearly independent solu-
tions of the equation T 1) = 0.
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4. We proceed to the proof of Theorems 1-4.
Denoting
ela )] =@, (1)  (1=0,1,....,n—1) (4,1)

and observing that ®;[a;(t)] = ®,,;(t) (j = 0,1,...), equation (1,2) can be
reduced to the system

D(to,t) (t) = F(t), (4,2)
where
Ag(to) A (to) Ay (t)
G(t,) = An—1.[.‘.1(to>] Ao[?f'(to)} An—z.['f'l(to)} ’ (4,3)
Ajfag, 1 (tg)] Asla, 1 (tg)] -+ Agley, 1 (to)]
(t—to) " K(tg,t) =
Ky(to:t) Kl o]'(t) K, ltea, (0ol (®)
t—1 alt) — alty) 1 (t) — a1 (to)
K, loty), t] Kolaty), at)]e/ (t) Ky, oloty), o,y ()]og, 4 (1)
= t—1 alt) — alty) a,_q(t ) (o)
Kifan 4(tg), 1] Kyfa,_4(ty), a(t)]e/ (1) Koloy, 1 (tg), a1 ()], 4 (2)
t—1 a(t) —alty) 1 (t) — a1 (to)
(4,4)
‘i)(ﬂ = {(I)O(t>7 ) q)n—l (t)}7 (475)

and F(t,) = {f(ty), fla(ty)], - flon,_1(te)]}- It is easy to see that G(t,),
K(ty,t), and F(t,) satisfy condition H. In what follows, system (4,2) will be
considered independently of conditions (4,1).

Theorem 5. For the solvability of equation (1,2) it is necessary and sufficient
that system (4,2) be solvable; moreover, if the function p(t) is a solution of
equation (1,2), then the vector {p(t), pla(t)], ..., ¢la,_1(t)]} is a solution of
system (4,2). Conversely, if the vector (3) is a solution of system (4,2), then
the function
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wlt) = —{B(t) + B,y ()] 4 + @, a0} (16)

is a solution of equation (1,2).

This theorem for an equation of the type T”¢ = f was proved in the paper (3).
It should be noted that in the proof of this theorem, as well as of the following
Theorem 6, the fulfillment of the normality condition is not assumed.

Theorem 6. If the homogeneous system of singular integral equations
D(ty, t)®(t) = 0

has a finite number k of linearly independent solutions, then this number coin-
cides with the number of linearly independent solutions of the equation Ty = 0.

Proof. Let the equation T = 0 have k linearly independent solutions ¢°(t)
(6 =1,2,...,k). Then, as we already know, the vectors

(1) = {e°(1), @’ [a(t)], -, P la 1 (O]} (6=1,2,....k)

will be solutions of the system D(%, t)(ﬁ(t) = 0. Consequently,

AS)

k <k (4,7)

IN

Let, further, the vectors
(I)Jg(t) = {‘1)8,3(07@?4@)77‘1)6 (t>} (6: 1a257k7 ]: 132> (478)

n—1,7

be linearly independent solutions of the system D(¢,, t)<f>(t) = 0. Then, as was
shown above, the vectors

W2(t) = {35 (1), 85 [a(0)], o, D, 1 (D} (B=1,2,.,k, j=1,2), (49)

~]('S(t) = ‘I’g,j(t) + q)fhl,j[a(t)] +ot (I)(ls,j[anﬂ(t)] (6=12,....k j=12)
(4,10)
will be solutions of the same system and, consequently, they will be linear com-
binations of the vectors <I>J‘-s(t) (6=1,2,.... k), ie.

k
Wi =3 clelt) (j=1,26=12,..k). (4,11)

Let A; # 0 and A, # 0 be constants such that

det|[C5 + ACH[#0 (A =25/M).
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It is obvious that the first component of the vector
WO(t) = W) + AW (1) = {°(0), o’ [a(®)], o, (O]}, (4,12)

where

W) =M@Y (1) + M@(t) (0=1,2,....k), (4,13)

will be solutions of the equation T = 0. The system of functions (4,13) will be
linearly independent. Suppose the contrary; then there exist constants dg, not
all equal to zero, such that

k
E d5w6
6=1

Taking this and (4,11) into account, we obtain
- o Sy (2) A
D dsWOE) =M > (1)) [l +ACH ] dy ¢ =0 ()\: ;)
p=1 !

Hence, by virtue of the linear independence of ®9(¢) (6 = 1,2, ... ,%), it follows
that

k
S +ACH]dy=0 (6=1,2,....F). (4,14)
B=1

But this contradicts the assumption that not all ds are equal to zero.

From the linear independence of the system of functions (4.13) it follows that
k< k, and, taking (4.7) into account, we obtain k = k. The theorem is proved.

Theorem 1 follows immediately from this theorem.
From Theorems 5 and 6 it follows:

The problem of solving the equation T = f and the problem of solving the
system of singular integral equations D(t,,t)®(t) = F(t,) are equivalent.

Consider the system of equations adjoint to the homogeneous system (4.2)
D’ (t,ty) Z(t) = 0, (4.15)

where Z(t) is the unknown vector. If we denote

B(t) = {o(t), &' (D)1 (1), oo, @y (D), (1)}

and introduce the vector

w(t) = {xo(t), 21 (8), -, 21 (D)},

then system (4.15) is rewritten in the form
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D*(t, to)z(t) = 0. (4.16)

It is easy to verify directly that system (4.16) is related to the equation 7”1 = 0
in exactly the same way as D(t,,t)®(t) = 0 is related to Tp = 0. In particular,
Theorem 6 is valid for them. Hence Theorems 2 and 3 follow immediately.

Taking into account the results obtained above, the proof of Theorem 4 presents
no difficulty.

Let us note that if the operator T is not of normal type, Theorems 1-4, generally
speaking, are not true.

From the arguments given above it is clear that if the normality of the operator
T’ follows from the normality of the operator T', then ind T = —ind 7”.

If x(n) = 0, then equation (1.2) will be called quasi-Fredholm. For such equa-
tions all the Fredholm theorems are valid.

I take this opportunity to express my deep gratitude to my scientific supervisor,
Academician I. N. Vekua, under whose guidance the present work was carried
out.
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