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Abstract

Full Text
V. K. ROMANKO

BOUNDARY-VALUE PROBLEMS FOR OPER-
ATORS IN TWO VARIABLES WITH NONHO-
MOGENEOUS PRINCIPAL PART

(Presented by Academician L. S. Pontryagin, 16 V 1964)

For operators in two variables t, z, considered in a bounded convex domain with
piecewise smooth boundary, boundary-value problems have been well studied in
the case of a homogeneous principal part (%) (in particular, for hyperbolic (7)
and elliptic equations), and also for certain special classes of operators that are,
in a certain sense, the most direct generalization of the parabolic and elliptic
cases (3°). In the cited works, boundary-value problems more general than
those considered by us were studied.

In the present work we consider the simplest boundary-value problems for op-
erators with nonhomogeneous principal part. Restricting ourselves for the time
being to the case where the principal part is a binomial, we show that, depending
on the location of the roots of the characteristic equation, the operators under
consideration split into five types. For each type its own class of boundary-value
problems is indicated. The method of investigation applied makes it possible to
show that these classes of problems describe, in a certain sense, all admissible
boundary conditions for each type of operators. This is established by construct-
ing examples showing the ill-posedness or instability of problems different from
those considered. The approach used is close to (}).

We pass to the statement of the results.

Consider, in the domain V = (0 <¢ < T, 0 < x < 2l), the equation

Lu+ Ly(t,z)u = f, (1)
where

_0™u  O0™u B ou
- otm + 61‘7“ Ll(tvm)u = Z a’r<ta x) atTla.’IZ‘T27

r=ry/m+ry/ny<l

Lu

ng is some positive integer, ny < n, determined by the type of the operator L;
Ay (t, ) € Cgf;_l’” and is periodic in z with period 2l; a,.(t,z), r; # m — 1,
are summable functions bounded on V, f € £4(V).
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We shall be interested in the character of the solvability of equation (1) under
boundary conditions of the form

u(T,2) =0,  i=12..,1;

uij_j)((),x)zo, j=12,...,m—uv, (1)

where r;, s; are integers and 0 <7y <7y < <71, <m, 0 <5y < sy <o <
S, < m, and under periodicity conditions in x. Here v is a positive integer

that determines, for each type of operator L, its own class of problems.

Consider the equation determined by the operator L,

W™ + (i€)" = 0. (2)

For real £ # 0, among the roots wj, 1=1,2,...,m, of equation (2) there are no
multiple roots. The possible types of location of the roots w; do not depend on
the values £ # 0 and determine the following five distinct types of the operator

L:

L. m = 2m,, and equation (2) has m; roots w; with Rew; > 0 and m; roots w;
with Rew; < 0. Then v =m,; (Dirichlet problem).

I. m = 2m, and equation (2) has (m; — 1) roots w; with Rew; > 0 and
(my — 1) roots w; with Rew; < 0. Moreover, two roots are equal to +i.
Thenv=m; —1lorv=my+1.

II. m = 2m; + 1 and equation (2) has m; roots w; with Rew; > 0, m, roots
w; with Rew; < 0, and one purely imaginary root. Then v = my or
v=my+ 1.

IV. m = 2m; +1 and equation (2) has m; roots w; with Rew; > 0 and (m;+1)
roots w; with Rew; < 0. Then v =m;.

V. m = 2m; + 1 and equation (2) has (m; + 1) roots w; with Rew; > 0 and m,
roots w; with Rew; < 0. Then v =m; + 1.

In what follows we shall speak of the operator L and of the boundary conditions
(I"), understanding by L any one of the listed types I-V and associating with
each type its own number of boundary conditions v in (I'"), defined above.

Denote by PZZCH’"H the set of complex functions having continuous periodic
partial derivatives of period 2/ in t up to order m+ 1 and in x up to order n+ 1.
Let, for u € PZZCH’"H,
+00 R
U= Z uy (t)etFme/t Lu=¢= Z o, (t)etkme/l,
=—00 k=—o0
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Ifue Pﬂ“’nﬂ satisfies (I') and the equation

omu  O0"u
on oo =¥ ®)

then u,(t) satisfies the conditions

d™u ikm\"
dtmk (T) U = Pp; (4)

ugi)(T)ZO, i=1.2,.. v u;:ﬂ(()):o’ i=4L2,..,m—v, (5
0<r <ryg< - <r,<m; 0<5; <s5y<-< 8, ,<m.

Lemma 1. For each of the operators of types I-V, for all k£ the following
inequalities hold:

Lok u(t)] < Cylk- o Amr oy, 01n[n]
L (R un(t)] < Colkl-m—m2m=)] g, ], 01n[n”]

ML k] uag(t)] < Colk|~n/ =) ], r:o,17...,no:[n ”]
V. (R ug(6)] < Gk~ n/2@m = o

n
=0,1,... = - .
P [” 2<2m1+1>]

Voo k[T ug ()] < k| PEmED=D g, |,

n
— 01y = |n——" |,
=S b {” 2(2m1+1)]
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Remark. In essence, in each of the cases one should write a pair of inequalities.
For example, in case I, in addition to the displayed inequality, an inequality of
the form

/ 7(2777/1 1/2 ’l‘ ||

) (1)] < iy =K e =0,1,.,2m, — 1

is valid.

In the estimates given, C' does not depend on k, the square brackets denote the
integer part, and

T
liowl? = / o (8)2 dt.
0

For k = 0 the validity of the estimates of Lemma 1 is obvious (in some cases, it
may be necessary to impose additional conditions in order to exclude polynomi-
als in ¢ from consideration). For k # 0 the estimates of Lemma 1 are obtained
from the formula for the solution of problem (4), (5):

m T
X Z(fl)qW 1(w#Fw,)D, (wq,wp/)ea”(“’qﬂ“p/‘)/ e YT, d’T]
0

(6)
where o), = |k|"™; ayw, ..., w,, are the roots of the characteristic equa-
tion for (4); W,,(w) is the Vandermonde determinant of order m formed

m
from the numbers w = (wy,...,w,,), and W,, ;(w # w,) from the numbers

Wla"'awsfl’wswtl,"'vwm; p = (p/7pu); p/ = (pla"'apyfl); (.dp = (wp”wp )7
Wy = (W 5wy )i [P/ =Pt tp,s ol = 4Dy lwy | = w, + 4w,
wy, = |wy | + Wy 3 P;» Py, and g are pairwise distinct;

Py-1’

1
p, =mv — 51/(1/— 1) + [pl;

1 m
p}’j/ = mV—§V<V—1)+|p/‘+S7 akT Z PpD )D’rn—l/<w 7é wp)eakT‘wP‘a
p=1
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where D, and D,

example

, are determinants of order v and m — v, respectively, for

1 1
wpl o wpl-/
DV (wp) = ’ !
w’r“ wr”

P1 Py

Following (4) (p. 78), one can show that A(ayp) # 0.

Putting, as usual,

(u,v) = / WwdVi  Ju, H? = (u,)
\%4

and completing PZZCH’"H with respect to the introduced norm, we obtain a

Hilbert space H of square-summable functions.

It follows from Lemma 1 that on the set u € P/ "1

can introduce the scalar product

satisfying (3), ('), one

(u,v) = (Lu, Lv). (7)

The Hilbert space obtained by completing PR ) the metric (8) will be

t,x

denoted by H . The inequalities of Lemma 1 show that the embedding

m—1,nq
JHCH,

is valid, where H,T;l’no is the Hilbert space of functions having generalized
partial derivatives with respect to t of order (m — 1) and with respect to x of
order ny.

A function v € H will be called a strong solution of problem (1), (T), if there

exists a sequence {u; } of functions from szﬂ’”ﬂ, satisfying the conditions (I"),
for which
lu; —u, H| — 0, |Lu; + Ly (t,x)u; — f,H — 0 asi— oo.

Lemma 2. For every function ¢ € H there exists a unique strong solution of
problem (3), (T').

The validity of this lemma follows from Lemma 1 and from the possibility of
approximating ¢ € H by finite sums of the form Z@keikﬂx/ ! with smooth
functions ;.

Theorem 1. Problem (1), (T') is regularly solvable, i.e., the three Fredholm
theorems are valid for it.
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Remark. After the substitution
1t
u(t,x) = v(t, z) exp l—/ A, 1(T, ) dT]
m Jg

for the function v(t,z) one obtains an equation of the same form as (1), but
with a,, 4 (t,z) = 0. Therefore it is sufficient to carry out the proof of Theorem
1 for the equation
Lu+ Ly(t,z)u = f, (8)
where for Ly(t, x)
! T2

" m—1th,

<1

From Lemma 2 there follows the existence of the operator L™ : H — 7, and
hence also the existence of the operator A = L™'Ly : H — . In this case
problem (9), (T') will be equivalent to the operator equation in the space H

u+Au=g=L"1f. )

Using the inequalities of Lemma 1, the embedding theorems (°) for m > 1, n >
1, and proceeding as in (°) for m = 1 or n = 1, one can show that A is a
completely continuous operator, i.e., equation (9) is of Fredholm type, which
proves Theorem 1.

Theorem 2. For sufficiently small T, for every function f € H there exists a
unique strong solution of (1), (I').

We indicate in conclusion a method of constructing examples showing that in
each case going outside the described class of problems leads to ill-posedness or
instability.

Example. Let
Lu = @ + @
ottt Ozt
For this equation, which is elliptic, the Dirichlet problem is known to be well
posed. Let us now impose on the function u(t,z) the conditions

_ eikﬂ'ac/l = f(k)

w(T,z) = u(0,2) =1, (0,2) = up2(0,2) =0
and the periodicity condition in x.

The solution of this problem has the form

"o 1 —chayT cosay,T
ug(t) = We”“”/l 1 —chaytcosayt — A(kakT) = Aoyt) |,
where
k
= L A(ayt) = ch oyt sin at—sh oyt cos o t, Alagr) = Aloyt)]

t=T"

W2’
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For k — oo
kK*A(ayp) = O [k*er cos(ayy — 3m/4)] .

From the formula for the solution we obtain that, for 0 <t =t; < T, k — oo,
and

app —31/4 # 7/2 + n, n=20,1,2,...,

|u®)| — oo, whereas |f*)| = 1. On the other hand, by changing 7' and [ one
can obtain
o — 3/4 =7m/2 4 n,

and then, as is not hard to show, the homogeneous problem has a nontrivial
solution, i.e., uniqueness is violated. Thus the chosen problem possesses ill-
posedness similar to the Cauchy problem for the Laplace operator and at the
same time instability analogous to the instability of the Dirichlet problem for
the wave equation.

In conclusion the author takes the opportunity to express gratitude to A. A.
Dezin for posing the problem and for his constant attention.
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