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MATHEMATICS
A. K. KHARADZE

ON THE REPRESENTATION OF ULTRAS-
PHERICAL POLYNOMIALS IN THE FORM
OF A DIFFERENTIAL OPERATOR CON-
TAINING THE GENERATING FUNCTION
OF THESE POLYNOMIALS

(Presented by Academician P. S. Aleksandrov on 6 1V 1964)

Formulas of Rodrigues type give a representation of classical polynomials in the
form of a differential operator whose composition includes the weight function.
But it is known that the Hermite polynomial H,,(z) also has another represen-
tation—in the form of a linear differential operator containing the generating
function. Thus, L. Poli showed (1) that, if y = e #*/2 =

[ mn
5 n!
then the equality holds
where
S l=y™+ (" )ty ek [ )ty 4ty yk) = d*y
el 1 n—1 ’ Ttk

From this, as a consequence, the general solution of the equation §,,[y] = 0 is
obtained directly in the form y = Cyy, + Coyy + -+ C,,yn, where y; = eTit=t*/2,
x; are the roots of the equation H, (z) = 0.*

In connection with this, it is of interest to consider also other sequences of
polynomials {¢,, ()} according to the following scheme: let y = f(x,t) =

= o)
0
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and ¢, (z) = Q[y]; then the functions f(z;,t) will be solutions of the equation
Qy] = 0, where x; are the roots of the polynomial ¢,,(x).

In the present note a representation is given of the ultraspherical polynomials
PN (z) in the form of a nonlinear differential operator containing the generating
function of these polynomials, and at the same time particular solutions are

given of the corresponding differential equation, into whose expressions the roots
of the mentioned polynomials enter as values of a parameter.

Thus, let

1 o=~ (A n A A
yzmzzm)(xﬁ ., pPM=1,  PYM=2xn.
0

Consider the expression

F(z,ty) = PV (2) + (“f) ty 22PN (2) 4 s

w w
. <n_ 1>tn—1y(n—1)/2>\P1(>\>(2) + <n> t”y"’/Q)‘Pé/\>(Z), (1)

where z = y'/?* (2 — t), w = n + 2\ — 1, and first of all let us prove the validity
of the equality

F(z,t,y) =y PV (x).

* The equation 4, [y] = 0 and its generalizations were also considered in (>~%).

Taking into account that dy/dt = y'/***12)\z, dz/dt = y*/**(2> — 1), as a result
of differentiating (1) with respect to ¢ we shall have

d oF | OF OF
— — 2= i2a (2 Y 1/2241
gFEty) =5y =1+ o+ oY 2)z. (2)

Since the sequence {P,?‘)(z)} satisfies the relation

d
(22— 1)£P,<ﬁ><z> =nzPM(2) — (n+ 21— 1)PWY, (2),
then, carrying out the required calculations in the right-hand side of (1), we
obtain
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d
T Fty) = nzy' ' F(z,t,y). (3)

On the other hand, since the right-hand side of (1) is a polynomial of degree n
with respect to z, equality (1) may be written in the form

F(zt,y) = y"/*®. (4)

It is easy to establish that ® does not depend on ¢. Indeed, differentiation with
respect to t gives

d d
F _ (n+1)/2)\@ n/2\ )
o F (= ty) =nzy +yr

or, according to (4),

d d

-~ F _ 1/2)\F n/QAiq)

(=t y) =nzy (z.t,y) +y" =2,
and therefore, on the basis of (3), d®/dt = 0. Thus, since ¢ does not depend on
t, we can find its expression by putting ¢t = 0 in equality (4); but then Y2 =1,
z = z, and hence we finally obtain

w

y P @) = PG + (3 )PP+ (D)o P Y.

n

Now let us show that if y = (1 — 22t + )™, then

amy A
Y = 0 = nly PPN (), (5)
dt
where z has the preceding meaning. Indeed, for n = 1 this is obvious, for
dy/dt = yl/”‘“Pl()‘)(z). If formula (5) is true for some n, then, differentiating
it with respect to ¢, we obtain

dn+1y

n n A n d A
TS —n! < + 1) y( H>/2)‘+12)\2P7(L )(Z)Jrn!y /2A+1£PT(L )(z)y1/2>‘(z271) _

2)

= ply(n+1/2A+1 [(n +20)2P M (2) + (22 — 1)%3@(@ -

= (n+ 1)!y(n+1)/2)\+1pr(;}r)l<z>'
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Thus, (5) is valid for every natural n. Returning to equality (I), we substitute
instead of P,i)‘)(z) (k=0,1,...,n) their expressions from (5), which after simple
transformations gives

(n) (n—1)
n+0)/A PN () — PN = Y W\ n Y

v (no: 1>tn1y(n1)/)\gi! + (:) tnyn//\ﬂv (H)

where y = (1 — 2zt + 12)~>.

It is now clear that the functions (1—2z,,+t2)~* will be solutions of the equation
DY [y] = 0, where x; are the roots of the polynomial Pfl)‘)(x).

Equalities (I) and (II) take the simplest form for A = 1/2, which corresponds to
the Legendre polynomials P,(x). In this case we have

(x) = P,(2) + (’f) tyP, (2) + -+ (nﬁ 1)t”1y”1P1(z) + £y Py (2),

(")

Yy P,

n

(n) (n—1) ’
2n+1P = L n t 2y7 n tnfl 2(n71)y7 tn 2n+1
R ) = +(1) T I T L R TR
(1)

where y = 1/v1 — 2zt +t2, z = y(xz — t).

It should be noted that the analysis given above is also applicable in the general
case of Jacobi polynomials; however, the effective notation of relations analogous
to (I) and (II) is connected with algebraic complications.
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