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In the theory of boundary-value problems for elliptic differential equations, a
priori estimates of the norms of solutions of boundary-value problems in terms
of the norms of the right-hand sides of the differential equation and the norms of
the boundary conditions play a major role. Many interesting works are devoted
to a priori estimates of solutions of elliptic equations (see, for example, (37?)).

In the present note, in the metrics of the corresponding weighted classes, a priori
estimates are given for the norms of solutions of boundary-value problems for
partial differential equations with a differential Bessel operator. For simplicity
of exposition we restrict ourselves to the consideration of the half-space =z > 0
in the two-dimensional Euclidean space R,.

1. Consider the set K, of all functions f(x,y), each of which is infinitely
differentiable, even in x, and finite with respect to the set of variables x, y.
On this set we define the differential operator

_ 0f(z,y)
and powers of this operator
DLf =D (D). (2)

+
The functional space W;{;,W(RQL where [ is a nonnegative number, is defined as
the closure of the set K, of functions f(z,y) with respect to the norm

2
I
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Here the index [ takes not only positive integer values. The case v = 0 is
contained in note (1).

Let {f;} be a sequence of functions belonging to K, converging in the norm

+
WQ(CZJIQ),Y(RQ) to the function f(x). We shall say that the function

w_ O

wonrl,, Y

x=0

is the trace of the derivative O f/(x0x)* at x = 0, if, as n — oo,

o) R

(xﬁx)’f — 0.

Ly o(Ry)

=0
The following theorems on traces hold.

+
Theorem 1. Let f € Wg(gl;lQ)V(Rz), and suppose that for nonnegative integers
k the inequality

p=pk) =1= T —=5—=>0 @)

is satisfied. Then there exist traces of the derivatives 0% f(z,y)/(z0x)F on 2 = 0,
and they belong to W;}g)(Rl), 1, = pl;. Moreover,

ok f
(x0x)k

<c|‘f“W{l,l1) £ (5)

- R )
— 1) \Y,2, ( 2
e=0llw 'Y (ry) s

where the constant ¢ does not depend on f.

Remark. Here and below W;@(Rl) denotes the usual Aronszajn-Slobodetskii
space (see (?)).

The converse assertion also holds.
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Theorem 2. Let nonnegative integers k be given for which the inequality

p=plk)=1-—— >0 (6)

is satisfied. For such k, prescribe on R, functions ¢*)(y) € W;g)(Rl), with
Iy = ply.

_ +
There exists a function f € W;lyllQ)A/(RQ) such that the ¢(¥) are the traces of the

corresponding 0% f /(x0z)* on x = 0, and

i [ S o] o )
x k -
-0 || (x0x) ws)(Ry)
for all admissible k. Moreover,
7 (k) .

with a constant ¢ independent of p*).

+
In constructing the space W'" (Ry) in the norm defined by formula (3), the

x,2,7y
differential operators of the form

(k=1,2,..,]) (9)

are involved.

In the case when the number k is even and v > 0, the indicated differential
operators in the norm (3) may be replaced by the corresponding powers of the
Bessel operator

02 2y 0
B, =—+—— > 0). 10
s=amt e (3>0) (10)
The norm thereby obtained will be equivalent to the former norm (3).

In exactly the same way, the trace theorems stated above can be formulated not
only in terms of the operators 9%/(z0x)¥, but also in terms of powers of the

Bessel operator.

Let Ré+’+) denote the domain z > 0, y > 0 of the two-dimensional Eu-
clidean space R,. Define, similarly to the preceding, the functional space

1,1 ,
Wi (RY).
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Theorem 3. Let f € W;{Z}Z)W(RS’H), and suppose that for integer nonnegative
numbers 7 the inequality

r 1
M_’u(r)_l_f_?l>0

is satisfied.

Then the traces of the derivatives 9" f /02" on x = 0 exist and belong to
A
Wiyth(Ry)

with I, = ul,. Moreover,

where the constant ¢ does not depend on f.

orf
ox"

S CHf””éz{'é}i»,(R‘J’”)’

(1

x=0 Wy

)
L (Ry)

As in the preceding case, the converse theorem is also true.

+
2. Let R, denote the half-plane x > 0 of the two-dimensional Euclidean space
R, of points z = (z,y). Let

. a i,k k—i 8% T,V v
L=2 (z,%z,@> =3 AR (B + Y cm)me

%
W

ou

oy

+D(z)

(11)

be a linear differential operator of order 2k, whose coefficients A*¥)(z), C(™¥)(z),

k
=0

_ o+
and D(z) are real functions of z, defined in the closed domain Q (R, = Q). Here,
as above, 95, denotes the Bessel operator

02 27y g

92 2 92 (y>0). (12)

We shall say that the operator £ is B-elliptic in €, if for every z € Q and every
real vector a = (ay, @) (o > 0) the inequality

| £o (2 (i0)?, iy )| = 8ol (13)

holds, where ¢ is a positive number. The expression £, (2; (icvy)?, i) is ob-
tained from £ (z;B,,0/0y) by replacing the symbol of the Bessel operator by
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the number (ia;)?, and the symbol of differentiation 9/9y by the number icv,.
The operator

0
Ly =4 (z;%w, 87y>

has the form

0\ _§~ gih)(ymhi O
Ly=4L (z;%x,—) = AR ()BT - 14
0= o (5%, ) = DA BE (1)

—the principal part of the operator £.

In what follows we shall consider the functional space

+
1,1
Wilat o (R,)

in the case [ = [;. Such spaces will be denoted by
+
l
W0 (Ry).

+
Here R, will be understood to mean the closed domain.

Theorem 4. Let £ be a linear B-elliptic differential operator with constant
coefficients, containing only differential operators of order 2k. Let the natural
number [ > 2k, and let
+
-2k
€Wy (Ry).
Then the equation £Lu + u = f has a unique solution

O (R
u€e W, (R,),
for which the inequality

full 0

< 15
0 S M (15)

(R3)

holds, where ¢ does not depend on f.

Theorem 5. Let £ be a linear B-elliptic operator of order 2k, defined in (.
Suppose that the coefficients of the operator have continuous and bounded cor-
responding derivatives up to order [ — 2k, the leading coefficients are continuous
in , and let [ > 2k. Then for every u € WQ(IEY([R;) the inequality

byt gy < € [1€0lgonmgs) + Tk, o] (16)

holds, where ¢ does not depend on .
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Theorem 6. Let £ be a linear B-elliptic operator of order 2k, defined in R(2
and let R, be differential operators of orders m, (1 = 1,2,...,k), defined on
x =0 (on the part of the boundary of the domam R(+ ) ); moreover, let the
operators £ and R, satisfy the Lopatinskii condition on z = 0. Suppose [ > 2k
and the numbers m, < [—1. Suppose that the coefficients of £ have continuous
and bounded corresponding derivatives up to order [ — 2k, and the coefficients

of R, have continuous and bounded derivatives up to the corresponding orders.

The leading coefficients of £ and R, are continuous in the corresponding closed

domains. Then for every function u € Wéf;(R(;’H) the inequality

g gy < € [ 1Gulyyg-am M+2|\Ruu|\wﬁm,m ey, g
e
(17)

where ¢ does not depend on u, and S, denotes the part of the boundary of the

domain R; corresponding to = = 0.

Represent R, in the form R, = R, x R,_,,. Introduce in R
coordinates with origin at the point xgn_m>. Then any point z = (x4,...,x,) €

R

spherical

m n—m

., is represented in the form z = (™), mgnfm), Py W) Let

0 0 o ;
= P § § W15 ) y
L=< (x, oz, Oz, ) A (@ )893 Oz, Bo

25+1r<2k iy ,..0,.=1 iy 23
(18)

be a linear differential operator of order 2k, whose coefficients are real functions
defined in R,,. Here B, denotes the Bessel operator

0? 0
A )

0p?
We shall call the operator £ B-elliptic in R,, if, for every x € R,, and every real
vector & = (v, ..., Q5 Q41 ), the inequality
| <o (5 iay, ... ia,, (i, 1)?)| = 6lal?,

holds, where ¢ is a positive number and £, is the principal part of the operator
L. For this operator, theorems of the type of Theorems 4 and 5 are also valid in

terms of the space Wl (R,,). We note that in other similar spaces one can

027

also indicate B—elhptlc operators with the corresponding coercivity inequalities.

In accordance with what was indicated above, B-parabolic operators can also
be considered.
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