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MATHEMATICS
Kh. M. ANDRUKHAEV

THE PROBLEM OF ADDING PRIME AND
“ALMOST”PRIME NUMBERS IN ALGE-
BRAIC NUMBER FIELDS
(Presented by Academician I. M. Vinogradov on 15 VI 1964)

Let 𝐾 be a field of algebraic numbers of degree 𝑛 = 𝑟1 + 2𝑟2 over the field of
rational numbers; 𝑟1 is the number of real conjugate fields and 𝑟2 the number
of pairs of complex conjugate fields for the field 𝐾. Let, further, 𝑑 be the
discriminant, 𝑅 the regulator, ℎ the number of ideal classes, and 𝑤 the number
of roots of unity of the field 𝐾.

Various authors have studied additive problems in algebraic fields, for example
(1−5).
In the paper (5), A. I. Vinogradov extended the lower estimates obtained by A.
Selberg’s sieve method to arbitrary algebraic fields and, in particular, proved
that every sufficiently large in norm“even”integer 𝜁 of the field 𝐾 is representable
in the form

𝜁 = 𝛼 + 𝛽, (A)

where the principal ideal (𝛼) has no more than two prime divisors, and (𝛽)
has no more than three prime divisors. Moreover, the number of solutions of
equation (A) has the lower estimate

𝐶 𝑤2|𝑑|3/2𝔖𝑘(𝜁)
2𝑛(2𝜋)𝑟2(𝑅ℎ)2 ln2 |𝑁𝜁|

|𝑁𝜁|,

where 𝔖𝑘(𝜁) is a special series, and 𝐶 is an absolute constant.

In this note the following is proved.
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Theorem 1. Every sufficiently large in norm“even”integer 𝜁 of the field 𝐾 is
representable in the form

𝜁 = 𝛼 + 𝛽, (1)

where the principal ideal (𝛼) is prime, and the principal ideal (𝛽) is the product
of no more than four prime ideals.

By the word “even”one should understand the following: if in 𝐾 there exists
an ideal 𝔭 with 𝑁𝔭 = 2, then 𝔭 ∣ (𝜁). If, however, there is no such ideal in 𝐾,
then 𝜁 is any sufficiently large in norm integer of 𝐾.

In proving this theorem we use A. Selberg’s sieve according to the scheme
proposed by B. V. Levin in (6), generalizing it to the field 𝐾.

We consider the sequence

𝑎𝑛 = 𝜁 − 𝜉𝑛, (2)

where 𝜉𝑛 runs through all prime numbers of the field 𝐾 under the condition

𝑁(𝑎𝑛) ≤ |𝑁(𝜁)| = 𝑁. (3)

By a prime number 𝜉 we mean that the principal ideal (𝜉) is prime; 𝑁(𝛼) is the
norm of the number 𝛼.

Let 𝑧 < 𝑁 , 𝑦 < 𝑧, 𝑟 = [ ln 𝑁
ln 𝑦 ]−2, and let 𝑄 be an integer rational number under

the condition 0 ≤ 𝑄 ≤ 𝑟; 𝐴𝑄(𝜁, 𝑧, 𝑦) is the number of terms of the sequence

(2), whose principal ideals are not divisible by any prime ideal 𝔭 with 𝑁𝔭 < 𝑦,
and which have no more than 𝑄 prime factors 𝔮 with 𝑦 ≤ 𝑁𝔮 < 𝑧.

Let, further, 𝑁𝔫 denote the number of terms of the sequence (2) whose principal
ideals are divisible by the ideal 𝔫; let 𝑓(𝔫) be a certain multiplicative function,

𝑁𝔫 = 𝑁 ⋅ 𝑓(𝔫)
𝑁𝔫 + 𝑅𝔫, 𝑅(𝑥, 𝑦) = ∑

𝔫∣𝜋𝑥
𝑁𝔫≤𝑦

𝑓(𝔫)
𝑁𝔫 ∏𝔭∣𝔫 (1 − 𝑓(𝔭)

𝑁𝔭 )
,

where

𝜋𝑥 = ∏
𝑁𝔭<𝑥

𝔭.

Arguing in the same way as in [6], we obtain the fundamental inequality for
estimating from below 𝐴𝑄(𝜉, 𝑧, 𝑦), namely:
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𝐴𝑄(𝜉, 𝑧, 𝑦) ≥ 𝑁[1 − ∑
𝑁𝔭<𝑦

𝑓(𝔭)
𝑁𝔭 𝑅(𝑁𝔭, 𝑦𝔭) − 1

𝑄 + 1 ∑
𝑦≤𝑁𝔭<𝑧

𝑓(𝔭)
𝑁𝔭 𝑅(𝑦, 𝑦𝔭)]

+ ∑
𝑁𝔭<𝑦

∑
𝔫∣𝜋𝔭

𝑁𝔫≤𝑦2
𝔭

𝑅𝔫𝔭𝛾𝔫,𝔭 + 1
𝑄 + 1 ∑

𝑦≤𝑁𝔭<𝑧
𝑁𝔫≤𝑦2

𝔭

𝑅𝔫𝔭𝛾𝔫,𝔭.
(4)

Here

𝛾𝔫,𝔭 = ∑
𝛿∣𝔫

𝜇(𝛿)𝛽𝛿,𝔭, 𝛽𝛿,𝔭 = (∑ 𝜆𝛿,𝔭)2 ; 𝜆𝛿,𝔭 = 1, 𝜆𝛿,𝔭 = 0, if 𝛿 ≠ 𝔯;

𝑁𝛿 > 𝑦𝔭; 𝑦𝔭 = √𝑦𝜃/𝑁𝔭; 𝜃 is an arbitrary real number; 𝜋𝔭 is the product of all
prime ideals whose norms do not exceed 𝑁𝔭.

The calculation of the main term in (4) is carried out in the same way as in [6],
with specially chosen 𝑦 and 𝑓(𝔭) = 𝑁𝔭

𝑁𝔭 − 1 . Let us dwell in more detail on the
estimate of the remainder term in (4)

𝑅 = ∑
𝑁𝔭<𝑦

∑
𝔫∣𝜋𝔭

𝑁𝔫≤𝑦2
𝔭

𝑅𝔫𝔭𝛾𝔫,𝔭 + 1
𝑄 + 1 ∑

𝑦≤𝑁𝔭<𝑧
𝑁𝔫≤𝑦2

𝔭

𝑅𝔫𝔭𝛾𝔫,𝔭. (5)

Theorem 2. Let 𝔣 be an integral ideal in 𝐾; let 𝐻 be an arbitrary class of ideals
modulo 𝔣; let ℎ(𝔣) be the number of ideal classes modulo 𝔣; and let 𝜋𝐾(𝑥, 𝐻)
be the number of prime ideals of the class 𝐻 whose norms do not exceed 𝑥,
𝐷 = |𝑑|𝑁𝔣. Then

∑
𝐷≤𝑥1/3

𝜇2(𝔣) max
𝐻

∣𝜋𝐾(𝑥, 𝐻) − li 𝑥
ℎ(𝔣) ∣ ≪ 𝑥

ln𝐴 𝑥
, (6)

where 𝐴 is any constant of the field 𝐾.

For the proof of Theorem 2, an essential role is played by the density theorem
on zeros of Hecke 𝐿-series, which we formulate in the form of the main lemma.

Main Lemma. Let 0 < 𝑎 < 1, and let 𝑁𝐾(𝛼, 𝑇 ) be the number of zeros of all
ℎ(𝔣) Hecke 𝐿-functions of the field 𝐾 with characters modulo 𝔣 in the rectangle
𝛼 ≤ 𝜎 ≤ 1, |𝑡| ≤ 𝑇 , 𝑠 = 𝜎 + 𝑖𝑡. Then the estimate

𝑁𝐾(𝛼, 𝑇 ) ≪ 𝑇 1+4𝑐1(1−𝛼)𝐷3(1−𝛼) ln𝑐2 𝐷𝑇 , (7)
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holds, where 𝑐1 and 𝑐2 are constants of the field 𝐾, 𝑐2 = 6𝑛 + 7.

Proof. From Lemma 1 of paper (3), with 𝜂 = 1
ln 𝐷 , we obtain for the Hecke

𝐿-function 𝐿𝐾(𝑠, 𝜒)

𝐿𝐾 (− 1
ln 𝐷 + 𝑖𝑇 , 𝜒) ≪ 𝑇 3𝑛/4𝐷1/4 ln𝑛 𝐷, (8)

𝐿𝐾 (1 + 1
ln 𝐷 + 𝑖𝑇 , 𝜒) ≪ ln𝑛 𝐷. (9)

By the three-circles theorem, from (8) and (9) we obtain

𝐿𝐾 (1/2 + 𝑖𝑇 , 𝜒) ≪ 𝑇 3𝑛/4𝐷1/4 ln𝑛 𝐷. (10)

Applying estimate (10) and arguing in the same way as in paper (7), we obtain
the validity of the main lemma.

The proof of Theorem 2 from the main lemma is obtained according to the
scheme set out in paper (8), with minor modifications connected with passing
from the field of rational numbers to the field 𝐾.

Now put 𝑦 = 𝑧𝛽 in (4), with 0 < 𝛽 ≪ 1. In the same way as in (6), we obtain

|𝑅| ≪ ∑
|𝑑|𝑁𝔫≤𝑧𝜃𝛽

𝜇2(𝔫) ∣𝑁𝔫 − 𝑁 ⋅ 𝑓(𝔫)
𝑁𝔫 ∣ ln3 𝑧. (11)

Choosing 𝑧𝜃𝛽 so that |𝑅| ≪ 𝑁
ln𝐴 𝑁

, which is possible by Theorem 2 when

𝑧𝜃𝛽 = 𝑁1/3,

we obtain the assertion of Theorem 1. Details in the case when 𝐾 is the field
of rational numbers are set out in paper (6).

In conclusion I express my deep gratitude to A. I. Vinogradov for posing the
problem and for the assistance given to me.

Received
18 V 1964
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