Soviet-era science, translated into English

MATHEMATICS

1964

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196401.84056

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196401.84056

Abstract
Full Text

MATHEMATICS
V. R. PORTNOV

A THEOREM ON THE DENSITY OF FINITE
FUNCTIONS IN THE SPACE L{")(E,)

(Presented by Academician S. L. Sobolev on 10 IX 1963)

Let E, be the n-dimensional Euclidean space of points = (zq,...,z,). Con-
sider the set of functions f(x) for which the relation

p/2
e, = | a@)[z ID"‘fIQ] dz < o0, &
p;a n E

n |a|=m

holds, where a(z) is a measurable, almost everywhere finite and almost every-
where positive function, called the weight; D*f = 9™ f/0z{* - dzp™ is the
generalized partial derivative of order m > 0.

It is clear that (1) is equivalent to the following condition:

o p/2
/da [/ b(z) {Z |Daf2} dr] < 00, (2)
o 0

laf=m

where o is the unit sphere of the space E,,

Introduce the notation:

B(xz) = b/0-P)(z) = /(-9 (z) pn=1/(1-p) (4)

For any m > 0 we shall subject the weight a(z) to the following two conditions:

1.
VII‘E‘ii iélfa(x) =¢(R)>0 forall 0< R < oo, (5)
z|<

vraisupa(z) =& (R) >0 forall 0<R <oo.
lz|<R
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2. There exists an Ry > 0 such that, for r > R, a(x) depends only on 7, i.e.

a(zx) = a(r). (6)

In addition to conditions (5) and (6), we shall assume that: for m = 1, a(r) is
infinitely differentiable if r > Ry; for m > 1, a(r) satisfies the conditions

/TB(t)dt<oo (Ry <1 < 00); (7)
R

0

B o0
/ B(t)dt Ro
R

0

lim — D) 5 S0, it / B(t)dt < . )
B(t) dt Ro

T

The set Léﬁ)(En) is a normed space of classes of functions. The zero class
consists of polynomials of degree m — 1. Classes

are composed in the usual way. We shall call a class finitely infinitely dif-
ferentiable if it contains a function possessing the indicated property.

Our task, taking into account the restrictions imposed on the weight above, is
to prove the following theorem.

Theorem. In the space L;,T)(En), finitely infinitely differentiable classes form

a dense set.
We first prove one lemma.

Lemma. Let X and Y be spaces with o-finite measure, and let b(z), m(z,y),
K(x,y) be measurable functions such that the following relations hold almost
everywhere:

0 < b(z) < oo; (10)
0 <m(z,y) < oo; (11)
0 < K(z,y) < oo (12)
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0< /K(x,y)m(x,y) dy < oo; (13)
Y

p'/q
0< / b1/ (=p) g /d ' [ {/ Km dy] dzr < oco. (14)
b's Y

Then, for any nonnegative function f(x) measurable on X, the inequality

—q/p’

/Y [/X b/ P) () KP'/9 (2, y)m P (, y) [/y K(z,y)m(z,y) dy} - dx]

X UX K(z,y)f(z) dz} qdy}m < [/X bfpdx]q/p, (15)

where

1<p<g<oo. (16)

If we now prove the density of finite classes in the space L;@(En), the assertion
of the theorem will follow from this, since every function f(x) € L, ,(E,,) finite
on (E,) can be obtained as the limit, in the metric of L, ,(E,), of a sequence

of infinitely differentiable finite functions, analogously to how this is done in (1),
p- 20.

We now pass directly to the proof of the theorem.

First consider the case m = 1. Obviously, only two possibilities can arise:

1. / b/ A=P)(r) drr = B(r)dr < cc. (17)
RO RU

2. /R B(r) dr = cc. (18)

0

If (17) holds, then it can be shown that f(z) is representable in the form

s =c- [T TN, (19)

where r = |z|, v = z/|z|, and C does not depend on v. Setting C = 0, we
obtain the function
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s =— [ g, (20)

equivalent to the original one.

For the proof of the theorem it is sufficient to approximate the function (20) by
finite functions in the metric of the space L;lzl(En)

We introduce the cutoff function

Py(r) = ¥(n - p(r), (21)

where 1(«) is an arbitrarily smooth function satisfying the condition

{1, ifa<1/2,
vla) = {0, if @ > 1; (22)
o 1
u(r) = [ / B(t) dt] (r> Ry). (23)

We shall show that for the function (20) the equality
i 1 = £, )1 ) =0 (24
holds. We have:

1 = F g, < K S 1D = (r) - DO f = FD™ ()], i) <

|a|=1
SK| D 0=y (D flp, e+ 2 1Dy )e, |- (25)
=1 lal=1
Denote by p~*(r) the function inverse to u(r) (r > R,). We shall have:
tim (1 — 6, () D, (5, = lim a(@)|DflPdz = 0. (26)
0 ‘ 170 Sl (1/2m)

Introduce the function
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+(r) = [“’(’”)r. (27)

Then

D60, e = [ @D, ()P do <

lz[>Rq

< KO/Gda V:W b(r)y(r) </oo ‘%‘ dr)pdr] . (28)

The right-hand side of inequality (28) tends to 0 as n — 0. Indeed, putting in
(15) X=Y= (R07OO)7 p=4q,

K(z,y) , ifz >y,
T,Y) =
Y 0, ifx<uy;

m(@,y) = diy [(/yoo B(t) dt) o - (/}: B(t) dt) Up] : , o (29)
we obtain
/: o[ [ ]9 ] ar < N/: o2

Integrating both sides of inequality (30) over the unit sphere and taking into
account that f € L;,{L(En), we obtain

/Uda z:o b(r)y(r) /TOO % dr

0
From inequality (31) it follows that the right-hand side of inequality (28) tends
to 0.

pdr} < 00. (31)

Thus, the assertion of the theorem for the case m = 1 and

/OOB(t)dt<oo
R,

(]

has been proved. The remaining cases are proved on the basis of inequality (15)
in an analogous way.

sovietrxiv.org/items/ru-196401.84056 Machine Translation


https://sovietrxiv.org/items/ru-196401.84056

In the case m = 1 and when relation (18) is satisfied, we set

: / ' B(t) dt] . (32)
R,

In the case m > 1, we set

Py(r) =(n - e"). (33)
The density theorem for finite functions in the space LI(,@(En) for a(z) = 1 was
proved by S. L. Sobolev.

The author expresses gratitude to S. L. Sobolev for posing the problem and for
his attention to the work.
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