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MATHEMATICS
A. A. ARSEN’EV

ON THE FOURIER TRANSFORM OF A
SLOWLY DECREASING FUNCTION
(Presented by Academician A. N. Kolmogorov, 3 VIII 1963)

1. In the works of A. N. Tikhonov and A. A. Samarskii (1−3), a method was pro-
posed for regularizing divergent integrals arising in the study of the asymptotics
of integrals of the form:

𝐼(ℎ) = ∫
∞

0
𝑓(ℎ𝑥) 𝜔(𝑥) 𝑑𝑥 (ℎ → 0), (1)

where the kernel 𝜔(𝑥) has, as 𝑥 → ∞, the asymptotics

𝜔(𝑥) = 𝑞1
𝑥 + 𝑞2

𝑥2 + ⋯ + 𝑞𝑛
𝑥𝑛 + 𝑜( 1

𝑥𝑛 ) ,

𝑞1, 𝑞2, … , 𝑞𝑛 are numbers.

Applying this method, one can prove the following theorem:

Theorem 1. If the function 𝜔(𝑥), as 𝑥 → ∞, has the asymptotics

𝜔(𝑥) =
⎧{{
⎨{{⎩

𝑞+
1
𝑥 + 𝑞+

2
𝑥2 + ⋯ + 𝑞+

𝑁
𝑥𝑁 + 𝜔+

𝑁(𝑥), 𝑥 → +∞,

𝑞−
1
𝑥 + 𝑞−

2
𝑥2 + ⋯ + 𝑞−

𝑁
𝑥𝑁 + 𝜔−

𝑁(𝑥), 𝑥 → −∞,
(2)

where

∣𝜔±
𝑁(𝑥)𝑥𝑁 ∣ −−−→

𝑥→∞
0, ∫

∓𝐴

∓∞
∣𝜔𝑁(𝑥)𝑥𝑁−1∣ 𝑑𝑥 < ∞,

then its Fourier transform
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𝜔̃(𝑡) = ∫
∞

−∞
𝑒𝑖𝑡𝑥𝜔(𝑥) 𝑑𝑥

as 𝑡 → 0 has an asymptotics of the form

𝜔̃(𝑡) =
𝑁−1
∑
𝑘=0

𝑎𝑘(𝑡) (𝑖𝑡)𝑘

𝑘! + 𝑜(𝑡𝑁−1) , 𝑡 > 0,

where

𝑎𝑘(𝑡) = −(𝑞+
𝑘+1 − 𝑞−

𝑘+1) ln 𝑡 + Ω𝑘 + (𝑞+
𝑘+1 − 𝑞−

𝑘+1) (
𝑘

∑
𝜈=1

1
𝜈 − 𝑐) + 𝑖𝜋

2 (𝑞+
𝑘+1 + 𝑞−

𝑘+1),

Ω𝑘 = ∫
−1

−∞
[𝜔−

𝑘 (𝑥) − 𝑞−
𝑘+1
𝑥 ] 𝑑𝑥+∫

0

−1
𝜔−

𝑘 (𝑥) 𝑑𝑥+∫
1

0
𝜔+

𝑘 (𝑥) 𝑑𝑥+∫
∞

1
[𝜔+

𝑘 (𝑥) − 𝑞+
𝑘+1
𝑥 ] 𝑑𝑥,

𝜔±
𝑘+1(𝑥) = 𝑥𝜔±

𝑘 (𝑥) − 𝑞±
𝑘+1, 𝜔±

0 (𝑥) = 𝜔(𝑥), 𝑐 = 0.5772 … .

Developed methods make it possible to compute the asymptotics of 𝜔̃(𝑡) as
𝑡 → 0 also when the expansion (2) contains fractional powers of 𝑥; however, in
this case more cumbersome formulas are obtained, and we shall not write them
out here.

2. The theorem proved has applications in probability theory. With its help
one can generalize Cramér’s well-known expansion of the distribution
function of the sum of independent random variables to the case when the
summands have no moments.

Let 𝜉1, 𝜉2, … , 𝜉𝑛 be independent identically distributed continuous random vari-
ables with mathematical expectation 0 and variance 1. Let 𝜔(𝑥) be the proba-
bility density of the random variable 𝜉, and suppose it has the asymptotics (2).
Consider the sum

𝜎𝑛 = 𝜉1 + 𝜉2 + ⋯ + 𝜉𝑛√𝑛

and let 𝐹𝑛(𝑥) be the distribution function of the random variable 𝜎𝑛.

Introduce the functions

𝜂𝑗(𝑡) = 𝑑
𝑑𝑥𝑗 ln [1 +

𝑁−1
∑
𝑚=1

𝑎𝑚(𝑡)𝑥𝑚

𝑚! ]∣
𝑥=0

, 𝑡 > 0;
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𝛽𝑗(𝑡; 𝜉) = 𝑑
𝑑𝑥𝑗 exp [−𝑡2

𝑁−1
∑
𝑚=1

𝜂𝑚(𝜉)𝑥𝑚−2

𝑚! ]∣
𝑥=0

;

𝑔(𝑡; 𝜉) = 𝑒−0.5𝑡2 [1 +
𝑁−3
∑
𝑚=1

𝛽𝑚(𝑡; 𝜉) (𝑖𝜉)𝑚

𝑚! ] ;

𝐺𝑛(𝑥) = 1
2𝜋 ∫

∞

−∞

𝑒−𝑖𝑡𝑥

(−𝑖𝑡) 𝑔 (𝑡; − 𝑡√𝑛) 𝑑𝑡 (𝑔 (−𝑡; − 𝑡√𝑛) = 𝑔∗ (|𝑡|; ∣ 𝑡√𝑛∣)) .

Theorem 2. If the assumptions stated above are fulfilled, then the estimate

|𝐹𝑛(𝑥) − 𝐺𝑛(𝑥)| = 𝑂 ( 1
𝑛(𝑁−3)/2 ) .

is valid.

3. The method of A. N. Tikhonov and A. A. Samarskii also extends to kernels
having, as 𝑥 → ∞, asymptotics of the form

𝜔(𝑥) = 𝑒𝑖𝑥
√𝑥 (𝑎1 + 𝑎2

𝑥 + ⋯ + 𝑎𝑁+1
𝑥𝑁 ) + 𝑂 ( 1

𝑥𝑁+1 ) . (3)

Let

𝑓𝑚+1(𝑥) = 𝑓𝑚(𝑥) − 𝑓𝑚(0)
𝑥 , 𝑓0(𝑥) = 𝑓(𝑥),

𝑅0𝑓(𝑥) = 𝑓(𝑥), 𝑅1𝑓(𝑥) = 𝑓 ′(𝑥)−0.5 𝑓(𝑥) − 𝑓(0)
𝑥 , 𝑅𝑚𝑓(𝑥) = 𝑅1{𝑅𝑚−1𝑓(𝑥)},

𝐷𝑚(𝜔) = ∫
∞

0
𝑥𝑚 [𝜔(𝑥) − 𝑒𝑖𝑥

√𝑥 (𝑎1 + 𝑎2
𝑥 + ⋯ + 𝑎𝑚+1

𝑥𝑚 )] 𝑑𝑥+

+
√

𝜋𝑖 ∑
𝑘+𝑗=𝑚

0.5 ⋅ 1.5 ⋯ (𝑘 − 0.5)(𝑖)𝑘𝑎𝑗+1.

Theorem 3. If:

1) 𝜔(𝑥) has the asymptotic form (3);

2) 𝑓(𝑥) has 𝑁 right derivatives at the point 𝑥 = 0;
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3)

∫
∞

0

1√𝑥 ∣𝑅(𝑁−𝑚)𝑓𝑚(𝑥)∣ 𝑑𝑥 < ∞,

then for the integral (1) the asymptotic formula

𝐼(ℎ) =
𝑁

∑
𝑚=0

𝐷𝑚(𝜔)𝑓 (𝑚)(0)
𝑚! ℎ𝑚 + 𝑜(ℎ𝑁)

holds.

Using Theorem 3, one can obtain the asymptotic expansion of integrals contain-
ing the Bessel function of order 𝜈.

Theorem 4. If the hypotheses of Theorem 3 are satisfied for 𝑓(𝑥), then the
integral

𝐹𝜈(𝜆) = ∫
∞

0
𝑓(𝑥)𝐽𝜈(𝜆𝑥) 𝑑𝑥

as 𝜆 → ∞ has the asymptotic form

𝐹𝜈(𝜆) =
𝑁

∑
𝑚=0

𝑄𝑚(𝜈)𝑓 (𝑚)(0) ( 1
𝜆)

𝑚+1
+ 𝑜 ( 1

𝜆𝑁+1 ) ,

where

𝑄𝑚(𝜈) = (−1)𝑚

𝑚!
𝑑

𝑑𝑥𝑚 [ 1
(1 + 𝑥2)0.5(𝑥 +

√
1 + 𝑥2)𝜈 ]

𝑥=0
.

The asymptotic formula for 𝐹0(𝜆) was obtained in (4) by a somewhat different
method. Putting 𝑓(𝑥) = 𝑥 ̃𝑓(𝑥) in Theorem 4, we obtain the asymptotic formula
for the Hankel transform of the function ̃𝑓(𝑥).
I express my gratitude to my scientific advisers Prof. A. A. Samarskii and Cor-
responding Member of the Academy of Sciences of the USSR A. N. Tikhonov
for their help in the work, and to Academician of the Academy of Sciences of
the Ukrainian SSR B. V. Gnedenko for a valuable consultation.
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