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Abstract
Full Text
MATHEMATICS

K. V. VALIKOV

CHARACTERISTIC EXPONENTS OF SOLU-
TIONS OF DIFFERENTIAL EQUATIONS IN
A BANACH SPACE
(Presented by Academician A. N. Kolmogorov on 6 V 1964)

I. We consider the differential equation

𝑑𝑥
𝑑𝑡 = 𝐴𝑥. (1)

Here 𝐴 is a closed linear operator with domain of definition 𝐷(𝐴), dense in
the complex Banach space 𝑋, and with values in 𝑋. Suppose that there exist
𝑀 > 0, 𝜃 ∈ (0, 𝜋/2), and a complex number 𝑧0 such that 𝜎(𝐴) ⊂ 𝑆𝜃,𝑧0

and

‖𝑅(𝜆; 𝐴)‖ ≤ 𝑀
|𝜆 − 𝑧0| , 𝜆 ∈ 𝑆𝜃,𝑧0

, (2)

where

𝑆𝜃,𝑧0
= {𝜆 ∣ 𝜋 − 𝜃 < arg(𝜆 − 𝑧0) < 𝜋 + 𝜃, |𝜆 − 𝑧0| > 0},

𝜎(𝐴) is the spectrum of 𝐴, and 𝑅(𝜆; 𝐴) is the resolvent of 𝐴. The class of such
operators will be denoted by 𝐻[𝑋]. It is known 1 that an operator 𝐴 of class
𝐻[𝑋] generates the semigroup 𝑒𝐴𝑡, analytic for 𝑡 > 0 and strongly continuous
at 𝑡 = 0. The solution of equation (1) satisfying the condition

𝑥(𝑡0) = 𝑥0, (3)

where 𝑥0 ∈ 𝑋, is given by the formula 𝑥(𝑡) = 𝑒𝐴(𝑡−𝑡0)𝑥0. If 𝑥(𝑡) is a function
defined for 𝑡 ≥ 𝑡0 with values in 𝑋, then, as usual, the characteristic exponent
of 𝑥(𝑡) is called

𝜇(𝑥) = lim
𝑡→∞

ln ‖𝑥(𝑡)‖
𝑡 . (4)
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In the case of bounded 𝐴, the exponents of the solutions of (1) were studied by
M. G. Krein 2. He showed that sup{𝜇(𝑥), 𝑥 a solution of (1)} coincides with
sup Re 𝜎(𝐴) and with the lower bound of the numbers 𝜌 for which ‖𝑒𝐴𝑡‖ ≤ 𝑁𝜌𝑒𝜌𝑡,
𝑡 ≥ 0, for some 𝑁𝜌 > 0. The following theorem generalizes M. G. Krein’s result
to the case of unbounded 𝐴.

Theorem 1. If 𝐴 satisfies (2), then for any solution 𝑥(𝑡) of equation (1) either
𝜇(𝑥) = −∞, or 𝜇(𝑥) ∈ Re 𝜎(𝐴). If 𝜉0 is a point of Re 𝜎(𝐴) isolated on the
right, then there exists a sequence 𝑥𝑛(𝑡) of solutions of (1) for which 𝜇(𝑥𝑛) ≤ 𝜉0,
lim𝑛→∞ 𝜇(𝑥𝑛) = 𝜉0. For any isolated point 𝜉0 ∈ Re 𝜎(𝐴), (1) has a solution
with 𝜇(𝑥) = 𝜉0. The same is true if 𝜉0 is the real part of an eigenvalue of 𝐴.

The theorem can be strengthened if 𝐴 is assumed to be a spectral operator.
Information about such operators is given in the articles 3,4.

Theorem 2. Let 𝐴 be a spectral operator with resolution of the identity
𝐸(𝛿) and bounded radical part 𝑁 4, and with spectrum in 𝑆𝜃,𝑧0

. In this case
𝐴 ∈ 𝐻[𝑋], and if we put 𝐸𝜉0

= 𝐸({𝜆 ∣ Re 𝜆 ≤ 𝜉0}), then (1) has solutions with
exponent 𝜉0 if and only if the fulfil-

one of the following conditions holds:

1. 𝐸𝜉0
− 𝐸𝜉0−0 ≠ 0.

2. 𝐸𝜉0
− 𝐸𝜉0−0 = 0, but 𝜉0 is a right limiting point of Re 𝜎(𝐴).

In this case the totality of initial points of solutions of (1) with exponents not
exceeding 𝜉0 is 𝐸𝜉0

𝑋, and in (4) one may take the ordinary limit.

II. Put 𝐴0 = 𝑧0𝐼 − 𝐴. If condition (2) is satisfied for the operator 𝐴0, one
can construct, as was done in (5), fractional powers 𝐴𝛼

0 , 𝛼 ≥ 0. Consider
the differential equation

𝑑𝑥
𝑑𝑡 = 𝐴𝑥 + ℎ(𝑥, 𝑡). (5)

Here ℎ(𝑥, 𝑡) is defined for 𝑡 ≥ 0, 𝑥 ∈ 𝐷(𝐴𝛼
0 ) for some 𝛼 ∈ [0, 1), ℎ(0, 𝑡) ≡ 0, and

𝑔(𝑥, 𝑡) = ℎ(𝐴𝛼
0 𝑥, 𝑡) is continuous in (𝑥, 𝑡) on 𝑋 × [0, +∞). Following (6), we

introduce the following

Definition. A generalized solution of problem (5), (3) will mean a function
𝑥(𝑡), continuous for 𝑡 ≥ 𝑡0, satisfying (3), and such that 𝑥(𝑡) ∈ 𝐷(𝐴𝛼

0 ), 𝑡 > 𝑡0,
𝐴𝛼

0 𝑥(𝑡) is continuous for 𝑡 > 𝑡0 and integrable on every [𝑡0, 𝑡0 + 𝑇 ], and 𝑥(𝑡)
satisfies, for 𝑡 > 𝑡0, the equation

𝑥(𝑡) = 𝑒𝐴(𝑡−𝑡0)𝑥0 + ∫
𝑡

𝑡0

𝑒𝐴(𝑡−𝜏)ℎ(𝑥(𝜏), 𝜏) 𝑑𝜏. (6)

Questions of existence of solutions of quasilinear equations with unbounded
nonlinearities were studied by P. E. Sobolevskii in (6). Applied to equation (5),
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his results imply the existence of ordinary solutions under certain smoothness
conditions on ℎ(𝑥, 𝑡) and if 𝑥0 ∈ 𝐷(𝐴𝛽

0) for some 𝛽 > 𝛼. Using methods of the
perturbation theory of semigroups (1), for equation (5) one can dispense with
restrictions on 𝑥0.

Theorem 3. Let 𝑔(𝑥, 𝑡) satisfy on [𝑡0, 𝑡0 + 𝑇 ] the condition

‖𝑔(𝑥1, 𝑡) − 𝑔(𝑥2, 𝑡)‖ ≤ 𝐿‖𝑥1 − 𝑥2‖, 𝑥1, 𝑥2 ∈ 𝑋, 𝑡 ∈ [𝑡0, 𝑡0 + 𝑇 ].

In that case, for every 𝑥0 ∈ 𝑋 there exists a unique generalized solution of
problem (5), (3), defined on [𝑡0, 𝑡0 + 𝑇 ]. This solution will be ordinary if 𝑔(𝑥, 𝑡)
satisfies the condition

‖𝑔(𝑥1, 𝑡1)−𝑔(𝑥2, 𝑡2)‖ ≤ 𝐿(‖𝑥1−𝑥2‖+|𝑡1−𝑡2|𝛽), 𝑥1, 𝑥2 ∈ 𝑋, 𝑡1, 𝑡2 ∈ [𝑡0, 𝑡0+𝑇 ],

for some 𝛽 ∈ (0, 1].
III. The exponents of solutions of equation (5) in the finite-dimensional case

have been the subject of study by many authors. The results of this section
are a generalization of results obtained in (7) by D. M. Grobman. We shall
assume that the condition

‖𝑔(𝑥1, 𝑡) − 𝑔(𝑥2, 𝑡)‖ ≤ 𝛾(𝑡)‖𝑥1 − 𝑥2‖, 𝑥1, 𝑥2 ∈ 𝑋, 𝑡 ≥ 0, (7)

is satisfied, where 𝛾(𝑡) is a continuous and nonnegative function for 𝑡 ≥ 0.
We shall call an interval (𝜉1, 𝜉2) a gap of Re 𝜎(𝐴) if (𝜉1, 𝜉2) ∩ Re 𝜎(𝐴) is
empty. To a gap (𝜉1, 𝜉2) there corresponds a decomposition of the space
𝑋 into the direct sum of subspaces 𝑋1, 𝑋2 reducing 𝐴. Let 𝐴1, 𝐴2 be the
parts of 𝐴 on 𝑋1, 𝑋2; 𝐴10, 𝐴20 the parts of 𝐴0 on 𝑋1, 𝑋2. For any 𝛿 > 0
the estimates

‖𝐴𝛼
10𝑒𝐴1𝑡‖ ≤ 𝑁 (𝛼)

1 (𝛿)
𝑡𝛼 𝑒(𝜉1+𝛿)𝑡, 𝑡 > 0; ‖𝐴𝛼

20𝑒−𝐴2𝑡‖ ≤ 𝑁 (𝛼)
2 (𝛿)𝑒(−𝜉2+𝛿)𝑡, 𝑡 ≥ 0,

(8)
are valid for some 𝑁 (𝛼)

1 (𝛿), 𝑁 (𝛼)
2 (𝛿).

Theorem 4. Let (𝜉1, 𝜉2) be a gap of Re 𝜎(𝐴), 𝜀 ∈ (0, 𝜉2 − 𝜉1
2 ), and suppose

there exists 𝛿 ∈ (0, 𝜀] such that

𝑁 (𝛼)
1 (𝛿)‖𝑃1‖ sup

𝑡>𝑡0
∫

𝑡

𝑡0

𝑒(𝛿−𝜀)(𝑡−𝜏)𝛾(𝜏) 𝑑𝜏
(𝑡 − 𝜏)𝛼 +𝑁𝛼

2 (𝛿)‖𝑃2‖ sup
𝑡>𝑡0

∫
∞

𝑡
𝑒(𝛿−𝜀)(𝜏−𝑡)𝛾(𝜏) 𝑑𝜏 < 1.

(9)

where 𝑃1, 𝑃2 are projectors onto 𝑋1, 𝑋2. In this case, for any 𝑥0 ∈ 𝑋1 equa-
tion (5) has a unique generalized solution 𝑥(𝑡, 𝑥0) such that 𝑃1𝑥(𝑡0, 𝑥0) =
𝑥0, 𝜇(𝐴𝛼

0 𝑥) ⩽ 𝜉1 + 𝜀. The transformation Φ ∶ 𝑥0 → (𝑡0, 𝑥0) is a homeomor-
phism of 𝑋1 onto the closed set 𝑋𝜉1+𝜀 of initial points of solutions of (6) for
which 𝜇(𝐴𝛼

0 𝑥) ⩽ 𝜉1 + 𝜀. Moreover, if 𝑥0 ∉ 𝑋𝜉1+𝜀 and 𝑥(𝑡) is a generalized
solution of problem (5), (3), then 𝜇(𝐴𝛼

0 𝑥) ⩾ 𝜉2 − 𝜀.
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Put

𝑄𝛿,𝜀(𝛾) = sup
𝑡⩾𝑡0

∫
𝑡

𝑡0

𝑒(𝛿−𝜀)(𝑡−𝜏)𝛾(𝜏) 𝑑𝜏
(𝑡 − 𝜏)𝛼 , 𝑅𝛿,𝜀(𝛾) = sup

𝑡⩾𝑡0
∫

∞

𝑡
𝑒(𝛿−𝜀)(𝜏−𝑡)𝛾(𝜏) 𝑑𝜏.

Theorem 5. Let 𝜀 > 0, 𝛿 ∈ (0, 𝜀] be given. There exists Δ = Δ(𝛿, 𝜀) > 0 such
that, if 𝑄𝛿,𝜀(𝛾), 𝑅𝛿,𝜀(𝛾) < Δ, then for every generalized solution 𝑥(𝑡) of equation
(5) either 𝜇(𝐴𝛼

0 𝑥) = −∞, or 𝜇(𝐴𝛼
0 𝑥) lies in the 𝜀-neighborhood of Re 𝜎(𝐴), if

Re 𝜎(𝐴) is regarded as a set on the complex sphere with the corresponding
distance. If 𝜎0 ⊂ Re 𝜎(𝐴) is a bounded set, simultaneously closed and open in
the relative topology of Re 𝜎(𝐴), then Δ can be chosen so that (5) will have
solutions for which 𝜇(𝐴𝛼

0 𝑥) lies in the 𝜀-neighborhood of 𝜎0.

Corollary. Suppose that for every 𝜀 > 0

lim
𝑡0→+∞

sup
𝑡⩾𝑡0

∫
𝑡

𝑡0

𝑒−𝜀(𝑡−𝜏)𝛾(𝜏) 𝑑𝜏
(𝑡 − 𝜏)𝛼 = lim

𝑡0→∞
sup
𝑡⩾𝑡0

∫
∞

𝑡
𝑒−𝜀(𝑡−𝜏)𝛾(𝜏) 𝑑𝜏 = 0.

In that case, for every generalized solution of equation (5) either 𝜇(𝐴𝛼
0 𝑥) = −∞,

or 𝜇(𝐴𝛼
0 𝑥) ∈ Re 𝜎(𝐴). If 𝜉0 is an isolated point of Re 𝜎(𝐴) and 𝑡0 is sufficiently

large, then there exists a solution of (5) for which

𝜇(𝐴𝛼
0 𝑥) = 𝜉0.

IV. Theorem 5 gives sufficient conditions under which the 𝜇(𝐴𝛼
0 𝑥) are grouped

in some manner near Re 𝜎(𝐴). It does not guarantee the existence of
solutions (5) for which 𝜇(𝐴𝛼

0 𝑥) lies in a neighborhood of a prescribed 𝜉0,
except in the case when 𝜉0 is an isolated point of Re 𝜎(𝐴). For the case
of a spectral operator 𝐴, one can obtain results concerning non-isolated
points of Re 𝜎(𝐴).

Theorem 6. Let 𝐴 be a spectral operator of scalar type (4), satisfying the
conditions of Theorem 2, let ℎ(𝑥, 𝑡) satisfy the conditions of Section III, and let
𝛾(𝑡) satisfy the conditions

4𝑀2

cos 𝜃 [𝛼 ∫
𝑡

𝑡0

𝛾(𝜏) 𝑑𝜏
(𝑡 − 𝜏)𝛼 + (Re 𝑧0 − 𝜉)𝛼 ∫

∞

𝑡
𝛾(𝜏) 𝑑𝜏] < 1, 𝑡0 < 𝑡 ⩽ 𝑡0+ 𝛼

Re 𝑧0 − 𝜉 ,

4𝑀2

cos 𝜃 [(Re 𝑧0 − 𝜉)𝛼 ∫
𝑡− 𝛼

Re 𝑧0−𝜉

𝑡0

𝛾(𝜏) 𝑑𝜏 + 𝛼𝛼 ∫
𝑡

𝑡− 𝛼
Re 𝑧0−𝜉

𝛾(𝜏) 𝑑𝜏
(𝑡 − 𝜏)𝛼 + (Re 𝑧0 − 𝜉)𝛼 ∫

∞

𝑡
𝛾(𝜏) 𝑑𝜏] < 1, 𝑡 > 𝑡0+ 𝛼

Re 𝑧0 − 𝜉 ,

for all 𝜉 ∈ [𝛽 − 𝑇 , 𝛽] for some 𝑇 > 0, where 𝛽 = sup Re 𝜎(𝐴), and 𝑀 is the
upper bound of ‖𝐸(𝛿)‖.
In that case:

1. For every generalized solution (5), either 𝜇(𝐴𝛼
0 𝑥) ∈ [−∞, 𝛽 − 𝑇 ), or

𝜇(𝐴𝛼
0 𝑥) ∈ [𝛽 − 𝑇 , 𝛽] ∩ Re 𝜎(𝐴).
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2. The set 𝑋̄𝜉 of initial points of solutions of (5) for which 𝜇(𝐴𝛼
0 𝑥) ⩽ 𝜉,

𝜉 ∈ [𝛽 − 𝑇 , 𝛽], is homeomorphic to 𝐸𝜉𝑋, and if Φ𝜉 is the corresponding
homeomorphism, then 𝐸𝜉Φ𝜉𝑥 = 𝑥, 𝑥 ∈ 𝐸𝜉𝑋.

3. For any 𝜉 ∈ [𝛽 − 𝑇 , 𝛽] ∩ Re 𝜎(𝐴) there exists a sequence 𝑥𝑛(𝑡) of solutions
of (5) such that

lim
𝑛→∞

𝜇(𝐴𝛼
0 𝑥𝑛) = 𝜉.

V. The results of the preceding items describe the behavior of the exponents
𝐴𝛼

0 𝑥 and say nothing about the exponents of the solutions themselves. The
following theorem gives a sufficient condition for equality of the exponents of 𝑥
and 𝐴𝛼

0 𝑥.

Theorem 7. Suppose there exist 𝛽 ∈ (𝛼, 1) and a function 𝜂(𝑡), defined and
continuous for sufficiently large 𝑡, such that 𝜂(𝑡) ∈ (0, 𝜂0] for some 𝜂0 > 0,
𝜇(𝜂−1) = 0, and, if

𝜑(𝑡) = ∫
𝑡

𝑡−𝜂(𝑡)

𝛾(𝜏) 𝑑𝜏
(𝑡 − 𝜏)𝛽 ,

then 𝜇(𝜑) ⩽ 0. In that case, for every generalized solution 𝑥(𝑡) of equation (5),
𝜇(𝑥) = 𝜇(𝐴𝜆

0 𝑥) for all 𝜆 ∈ [0, 𝛽]. The conditions of Theorem 7 are satisfied if,
for example, 𝛾(𝑡) has at infinity growth no greater than polynomial.

In conclusion, I take this opportunity to express my deep gratitude to V. V.
Nemytskii for posing the problem and for valuable advice.

Moscow State University
named after M. V. Lomonosov

Received
6 V 1964

REFERENCES
1. E. Hille, R. Phillips, Functional Analysis and Semigroups, IL, 1962.

2. M. G. Krein, UMN, 1, no. 3, 166 (1948).

3. N. Dunford, Mathematics, Collection of Translations, 4, 1, 53 (1960).

4. W. G. Bade, Pacific J. Math., 4, 3, 373 (1954).

5. P. E. Sobolevskii, Tr. Moskov. matem. obshch., 10, 297 (1961).

6. M. A. Krasnosel’skii, S. G. Krein, P. E. Sobolevskii, DAN, 111, no. 1,
19 (1956).

7. D. M. Grobman, Matem. sborn., 30 (72), 1, 121 (1952).

sovietrxiv.org/items/ru-196401.80490 Machine Translation

https://sovietrxiv.org/items/ru-196401.80490
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