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(Presented by Academician I. N. Vekua on July 22, 1963)

1. In this paper we shall consider an infinitely differentiable* complete simply
connected Riemannian space RZ;7 whose curvature at every point and in every
two-dimensional direction does not exceed 1 and is not less than k,, where k,
is some number greater than zero.

The main result of the paper consists in the proof of the following theorem.

Theorem 1. The length of any closed geodesic in R’k’; is not less than 2.

This theorem for m = 2 was proved by A. V. Pogorelov (see (!)). For even
m = 2n its proof was given by W. Klingenberg (see (*?)). The same author
proved this theorem for m = 2n+1 and k, > 1/4. Thus it remained to consider
the case where m = 2n + 1 and k, is an arbitrary positive number. This case
will be considered in the article.

By the usual arguments, using Morse’ s theorem on the distance between con-
jugate points in R}’ (see (24)), one can show that Theorem 1 is equivalent to
the following theorem:

Theorem 2. Every arc of a geodesic of the space kao of length not greater than
7 is shortest.

2. Let two geodesics 7, and 7, issue from the point Ay, with endpoints at the
points By and By and lengths [y and ly; Iy < 7, lj < 7. Introduce along 74 and
7, Fermi coordinate systems {z'} and {Z'} (°). Denote by A} the transition
matrix from the system {Z'} to the system {z'} at the point A,. Suppose that
at the points B, and B, vectors h and h are given, whose coordinates are h’ and
EZ, and at the point A, a vector A is given, whose coordinates in the system {z*}

are \', and in the system {Z'} are X . Let h, = Ay, h; = A,. In the directions
of the vectors \, h, and h draw geodesics and mark on them the points A,(9),
By(d), and B (d) at distance d from the points Ay, By, and B,. Join the point
Ay(6) with By(6) and By(d) by geodesics vy (6) and 7, ().

Denote by (d) the angle between ~,(8) and 7, (8) at the point Ay(d). By &(z"),
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() (g; (El),zz (Z')) denote the fundamental system of solutions of the Jacobi
equations along 7, (7,) with initial conditions

€(0)=0, €'(0)=2a, (i(0)=6 C(0)=0.

Lemma 1.

dip ™ i i 13° iy
71 i (;Alﬂ + AlB ) / sin(0),
where 3 and Bl satisfy the system of equations:

Biel(lg) = W — Nl (1),

i

* The requirement of infinite differentiability is not essential; it suffices to require
twice continuous differentiability of Rﬁ.

The proof of this lemma can be obtained by a direct calculation of the derivative
¥’(0), using the special properties of the metric tensor in the Fermi coordinate
System.

Proof of Theorem 1. We shall briefly set out the idea of the proof of Theorem
1. Suppose that Theorem 1 is false. Then there exists a closed geodesic v of
length 2[ < 2w. We may assume that v has the least length among all closed
geodesics. Let [, be such a number that 31, < 2{, 4/, > 2l. Denote by I', the
class of closed quadrilaterals defined by the following conditions: a quadrilateral
m € T'_ if: 1) the length of each side does not exceed [,; 2) the perimeter of m
does not exceed 21+¢; 3) there exists a family H,,(¢) of closed piecewise smooth
curves such that H,,(0) =~; H,,(1) =m; I(H,,(t)) <2l +e. Here ¢ > 0 is an
arbitrary number, and [(H,,(t)) is the length of the curve H,,(t).

a) We shall prove that in I', there exists a quadrilateral (possibly degenerate)
whose perimeter does not exceed 3l, < 2. Denote by 1(m) the smallest
angle of m. Let

= inf .
Yo = inf (m)
Construct a sequence m;, € I', such that

klgrolo Y(my,) = g-

Let mg be a limiting quadrilateral for the sequence m,,.
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Two cases are possible:

I. my is a degenerate quadrilateral. Then, by virtue of condition 1) in the
definition of T',, the assertion of part a) is valid.

IT. ¢(my) = 1py. We shall prove that in this case ¢, = 0. Thereby in this
case also we shall prove the assertion of part a). Suppose that ¥, # 0.
Let Ay, Ay, Ay, and Ay (A4 = Ay) be the vertices of mg, and let 1, be
the angle at the vertex A,. Denote the side A;4 by v;, and by hr
the unit vectors at the points A, tangent to ;. Consider the set N of all
unit vectors at the point A,. Transport each vector of the set N parallel
along my,. By the simple connectedness of Ri”“, the resulting mapping f
of the set IV onto itself is homotopic to the identity; and since, moreover,
N is homeomorphic to the sphere S?" of dimension 2n, there exists a
fixed point of the mapping f ((6), p. 604). In the language of parallel
translation this means that at the point A, there exists a vector A\, which,
under parallel translation along m,, passes into itself. Let \; be the vector
at the point A, obtained from A, by parallel translation along my. Define
at the point A; (Ajz) the set N; (N3) of unit vectors by the conditions:
heN, (he N, it 1) (h—m) = Ogurd) (i) = Ogy—15): 2)
(hyA;) > 1—¢, ((h,A3) > 1—¢,), where (a,b) is the scalar product of the
vectors a and b, and £; > 0 is an arbitrary number.

Take two vectors h; € N; and hy € N5. At the point A, find a vector h, such
that

(hy, 7)) = (hg,=75),  (hg,—75) = (hg, 7).

In the directions of the vectors hy = Ay, hy, hy, and hs, draw geodesics and
take on them the points A,(d) at distance ¢ from the points A, (6 > 0, if A,(0)
lies from A, in the direction of the vectors h;, and § < 0 in the opposite case).
Joining the points A;(d) and A; () by shortest arcs, we obtain a quadrilateral
m(d, h;).

Introduce along v, (7;) a Fermi coordinate system {z'} ({Z'}). Let h* and A’
be the coordinates of the vectors h; and hs. Then, as follows from Lemma 1,

dm(s,h))| DAL+ ALG

dé 520 sin ¢,

1)

where 3% and S’ satisfy the system of equations

Bigs = bt — Mg,

Y i, j=2,..,2n. (2)
PE =1 — Ve,

If, for at least one 4, (7;",7;7, A;) # 0, then, using (1) and (2), one can prove the
existence of vectors hy; € Ny and hg € N such that ¢’(0) # 0. For definiteness

let 4’(0) < 0. Then, for sufficiently small 6 (6 > 0), in the quadrilateral m(d, h;)
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the angle at the vertex Ay(0) is less than ¢,. If €, is taken sufficiently small,
then, with the aid of Synge’ s lemma (7), one can prove that m(d,h;) € ..

The contradiction obtained in this case proves the assertions of part a). If,
however, (7;5,7;7,A;) = 0 for all 4, then one can prove that the plane 7, A 7y,
determined by the vectors 75 and 7y, is carried into itself under parallel displace-
ment along m,. But then the set of all unit vectors at the point A, orthogonal
to the plane 77 A 7y is also carried into itself under parallel displacement along
mg. Using the latter fact and the one-connectedness of Ri:“, one can, as was
done at the beginning of part a), prove the existence of a vector p, orthogonal
to the plane 7 A 75 and carried into itself under parallel displacement along

mg. Thus this case is reduced to the preceding one.

b) In view of the arbitrariness of €, from the assertion of part a) one can derive

the existence of such a family H (t) of closed piecewise-smooth curves that

H(0) =7, H(1) =, l(v) < 3, < 21, and I(H(t)) < 2l for any t. Apply
to the family H(t) the Morse deformation (see, for example, (?), p. 71).
The family H(t) thereby obtained will again have the same properties as
H(t), and, in addition, if for some ¢, [(H(t)) = 21, then the curve H(t) is
a closed geodesic of length 21.

Let t, be the greatest value among all ¢ for which [(H(t)) = 2I. For each curve
H(t), for t > t,, construct a surface F(t) of minimal area with boundary H(t).
Since I(H(t)) < 2l for t > t,, the theorem on the isoperimetric inequality (9)
can be applied to them. Hence it follows that the area of the surface F(t)

S(t) < 2w fort >t,. (3)

The surface F(t,) is a minimal surface; therefore its relative curvature is nonpos-
itive, and consequently its Gaussian curvature does not exceed the maximum of
the Riemannian curvature of R,QC;LH, i.e. 1. Let us now apply the Gauss-Bonnet
theorem to F'(t,). It follows from it that the total curvature of F'(t,) is equal to
27, since H (t,) is a closed geodesic. But, on the other hand, the total curvature
of F(t,) does not exceed S(ty)-1, which, by virtue of (3), is strictly less than 2.
The contradiction obtained proves Theorem 1, and together with it Theorem 2.
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