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Abstract
Full Text

CYBERNETICS AND CONTROL THEORY
V. A. BRUSIN

SUFFICIENT CONDITIONS FOR ABSOLUTE
STABILITY FOR ONE CLASS OF AUTO-
MATIC CONTROL SYSTEMS (ACS)

(Presented by Academician A. Yu. Ishlinskii, February 21, 1964)

Consider an ACS whose structural model consists of linear and nonlinear ele-
ments connected by a closed chain of actions: namely, if x,y, respectively, are
the input and output coordinates of the nonlinear element, then y, x will be, re-
spectively, the input and output coordinates for the linear element. The study
of absolute stability and, in particular, the derivation of sufficient conditions for
absolute stability is the most important stage in the analysis of such systems.

In the present paper, by the method of V. M. Popov (see, for example, (1)),
a theorem on absolute stability is proved for a class of ACS described by the
properties A—for the linear part, and B and C—for the nonlinear part.

A. The linear element has a transfer coefficient of the form:

1+7mp

K(p)= —
(p) Tt T

T>20, n>1, (1)

where T, p™ + --- + T is a Hurwitz polynomial.

B. z(t),y(t) are continuous functions having a derivative almost everywhere and
satisfying almost everywhere the relation

(Mg —2)(y — ki) =0, (2)

where A and k are real numbers satisfying the conditions A # 0, Ak # 1*.
C. There exists an M < oo such that | —y| < M for zy < 0.

From A and C, as can be shown, it follows that whatever the state
My(xg, &g, ... ,xf)Wl),yO,yo) at t = 0, there is always such a t, 0 < t < oo, that

y(t) = 0.

An ACS described by properties A-C will be called absolutely stable if, for
any initial state M, y(t) — 0 as t — oo.
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Theorem. Suppose there exist numbers 5 > n > 0 such that

ARell(iw) = ARe {|BkK (iw)[2 + Bk + 1)K (iw) + Ap} > 0. (3)

Then the system A-C' is absolutely stable. For k = 0, it is necessary that the
additional condition SA > 0 be fulfilled.

1. Let us first prove the assertion: under condition (3), for any initial state
M, of the system A-C,

y(t) =0 as t — oo. (4)

Let g1 (t) be defined as follows:

dpt) = {W” 0<t<T, (5)

0, t<0,t>T,

* Previously, a class of nonlinearities whose characteristics are located in a
certain angle was considered (see, for example, (1)). In the present paper a new
class of nonlinearities is introduced, to which, in particular, a nonlinearity of

backlash type belongs (A =1, k= 0).

and 2, for t < T is the output of the linear element corresponding to the input
y(t) such that §(t) = y,(¢), and is zero for t > T. According to property A,

—&p(t) = /O G(T)yr(t —7)dr +y,G(t) + F(t, M), 0<t<T. (6)

where G(t) is the impulse response of element (I), and F(¢, M) is a function
depending on M, and G¥)(t) (k = 1,2,...,n). Obviously,

/oo F2(t, M) dt < oo. (7)
0

Consider the expression

T
Pr = /(; {(ﬁxT - U/\?)T)@T - ]{)l‘T) — (ﬁkQ)\l‘T — k‘)\nyT)()\yT _ xT)} dt. (8)
Let

I (jw) = BEIK (jw)[* + B(kA + 1) K_(jw) + A, (9)
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where

1+7p

K
(p) = T+ +Typte

e>0, (10)

and Y (jw), Xp(jw) are the Fourier transforms of the functions ¢, (t) and @, (t).

Set y, = 0. Substituting (6) into (8) and applying Parseval’ s equality for the
Fourier transform*, after simple transformations we obtain, for all T > 0 for
which y(T) = 0:

+oo T
pr = (kA —1) hm iﬂ / IT, (jw) |V (jw)|? dw + 28K(1 — k) / F(t,My)&(t)dt
o 0

T T
+5w%2_n/°F@J%mﬂwm+ﬂu1—hn/‘F%uden+@—A4xfan+@.
0 0

(11)
Introduce into consideration the functions gy (t) and g . (t):
Yr(t), if Agp = i,
=A 12
Ty = M a(t) = {07 if Ajp & i (12)
. . Z;/T(t); if yT = ki’Tv
k = t) =
LTk yT,k( ) {O, if §p # kip.
On the basis of (2), almost everywhere
Y7(t) = 92 1.(8) + 975 (1). (13)

Using here that

¢
/G T)Yp(t —T) T—hm/ G.(T)yp(t—7)dr for 0<t< T,
0

where G_(t) is the impulse response of element (10).

Then

T
Pr = / {(Bip — 77>\Z'IT,,\)(Z'/T,,\ — kipy)—
0
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T
(N~ kG O — ) bt = (3= AL =k [ @0 de. (1)
0
From (11) and (14) we obtain that the following equality holds:
1 +00 .
(o= Dlim o [ IL o) [V () o =
e=02m )
T T
—(B— A=) [ Od— 2560 ) [P M (0 di-
0 0

T T
—B(k2)\2—1)/0 F(t,MO)yT(t)dt—Bk(l—k)\)/O F2(t, My) dt+(A"1—=k)(p*(T)+c).

(15)
As is not difficult to show, for k # 0 it follows from (3) that
+00 .
Mim [ L) V()] deo > 0,
e=0 o
and for k& = 0 this will be true if S\ > 0. Then from (15) we obtain
T T
—p*(T) —c— ao/ Yp(t) dt + alk/ F(t, My)ip(t) dt+
0 0
T T
+a2/ F(t, My)yp(t)dt + a3/ F2(t, M) dt > 0, (16)
0 0
where ag = (B—n)A\%,  a; =26\, ay=—BAXEA+1), a5 =Bk
According to (16), for T > 0 and such that y(7T') = 0, the inequality
’ -2 | k| ’ .
P dt < 22| [ F( My)a(t) di| +
0 @ |
|ay | g |as]| ’
+— / F(t, My)y(t) dt| + —/ F2(t,My)dt — p*(T) —c.  (17)
Qg 0 (&%) 0

For the integrals on the right-hand side of (17) the following estimates hold:

/OT F2(t, M) dt} " [/0

T

T 1/2
/ F(t, My)y(t) dt| < 72 (t) dt} ,
0

(18)
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T 1/2 T 1/2
SSVO FQ(t,MO)dt] VO yQ(t)dt] ,

Substituting (18) into (17), we obtain the inequality:

T 1/2 T 1/2
/ y'2 dt / y2(t) dt _ |0[1|S + |042‘
0 0 Qo

—p*(T)c. (19)

T
k /O F(t, M) () dt

where s = max(1, \2k?).

from which, by virtue of (7) and properties A and C, we obtain lim, , . ¢(¢) =0
for y, = 0. On the basis of properties A, C this will also be true for arbitrary
Yo- Assertion (4) is proved.

Let us show that, for a system A—C, absolute stability of the system follows
from (4). We shall prove this by contradiction. Suppose y(t) does not tend to
zero as t — oo. Then, by virtue of properties A—C, there will be an m > 0 and
a sequence {t;} (i =1,2,...) such that

y(ty) =m;  g(t;) = pa(t;), p#0 (20)

Let {Z,;(t)} be a sequence of functions defined for ¢ > ¢; (i = 1,2, ...), satisfying
the equation Tnx< ) 4.4 T, & = —m with initial condltlons z)( ) z¥)(t,) =
+Q } where

z;s (s =1,2,...,n—1). Consider the sequence of 1nterva1s A, s [t

7 ()= (1) for
teA, (s=1,2,...,n—1). It can be shown that under condition (4) Aazns> —0
asn — oo (s=1,2,...,n—1). Let At; = At(z;,) be a time interval such that,
for t > t, + At,

the quantities €2, are collectively bounded. Let Axi = max|Z;

Z,t)€ |- —¢, —=+¢€|, e>0.

Obviously, At is a continuous function of z;, (s = 1,...,n—1). Under conditions
(4) and (20), the functions z'*)(t) and the quantities z;, (s = 1,2,...,n—1; i =
1,2,...) are bounded. Therefore, by continuity of the function At, the sequence
{At;} (i =1,2,...) is bounded.

Let k£ # 0. Put ©, = At;. Then there exists an N such that, for n > N,

B, +Q,) € [— sm - m }

ST, T,
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/ F2(t, M,) dt < o]
0 Qg

0

T
F2(t, M) dt—
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whence, according to (2), we obtain that ¢(t) does not tend to zero as t — oo.
This contradicts condition (4). Consequently, y(t) — 0 as t — oo.

Let k = 0. According to (2), there exists a sequence of time intervals {6;}
on which § = 0. Let § = max;{6;}. It can be shown that § < co. Put
Q, = At;+0+e¢e, € >0. Then there exists ¢; € [t;, + At;,t;, + At; + 6 + €] such
that 2(t;) = A\y(t;), whence, with the aid of arguments analogous to the case
k #+ 0, we obtain that §(¢) does not tend to zero. This contradicts condition (4).
Consequently, also for k =0, y(t) — 0 as t — co. The theorem is proved.

Example. n = 3. Inequality (3) has the form:

NnT2wC + {N2n(T3 — 2T, Ty) — AB(kX + 1)7T5 }w+

H{ABET? + AB(EX + 1) (7T}, — Ty) + N2nT2}w? + Ak < 0.

The conditions of the theorem will be satisfied if the parameters of the system
satisfy the conditions:

1) A>0; k>0, \TZ —214,Ty) — (kA + 1)7T} > 0,
kT2 + (kXA + 1) (7T, — Ty) + NT? > 0;

2) A<0; k<0, kr? + (kA4 1)(rT}, — T;) <0,
or kt2 + (kA + 1)(7Ty — Ty) > 0 and
ATZ + k2 4+ (kA +1)(7T, — Ty) < 0,
— AkX + D)TT2Ty — MT2 — 21, Ty) [k72 + (kXA + 1) (T, — T})] > 0.
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