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MATHEMATICAL PHYSICS
M. D. MARTYNENKO

THE SECOND BOUNDARY-VALUE PROB-
LEM OF THE THEORY OF ELASTICITY FOR
A HOMOGENEOUS ISOTROPIC LAYER

(Presented by Academician A. Yu. Ishlinskii, February 14, 1964)

In this paper, by the group method, the second boundary-value problem of the
theory of elasticity (the displacement problem) is solved for an elastic homoge-
neous isotropic layer.

1. The system of equilibrium equations of a homogeneous elastic isotropic
body in displacements (the Lamé system) can be written in the following
form:

Au(z) + 700" u(x) = 0, (1)
where 7 = (A + p)/u, A\, p are elastic constants, A is the Laplace operator,

9
0z,

uy (z) Ty
u(z) = (u2<x>) o=l | e (x) ,
ug(x) 52 T3

Dz,

and the prime denotes transposition.
For system (1) the following problem is posed:

Determine a solution of system (1), twice continuously differentiable inside the
layer 0 < x5 < a, and satisfying on the boundary of the layer the conditions

U($1,$2,$3)|x3:0 =

11,(3?1,]}2,3}3)’ :f<2)(.131,$2)-

r3=0a

(2)

Here f) and 2 are prescribed twice continuously differentiable bounded func-
tions (columns) satisfying the conditions:
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1) fM(r, @) and f@)(r, ) are periodic functions of the angle with period 2
(r, ¢ are the polar coordinates of the point (2, x,)).

2) 0fM /0y, 0f 2 [0y are finite.
3) The integrals exist

/ / 1O (r, @)V dr dip < +oo;
—m J0

an(i>(’l“, ©) Jr

952 drdp < 400, (1=1,2).

e o0
Ll
4) f9(r,p) (i < 2) in any finite interval a < r < b, for any ¢, have a finite
number of zeros and extrema.

2. It is known that the equations of the theory of elasticity, and consequently
their solutions as well, are invariant with respect to the group of plane-
parallel motions. Therefore it is natural to seek the solution among ele-
ments of minimal invariant subspaces. The elements of a minimal invariant
subspace for the group of plane-parallel motions are repre-

are represented as follows:

w A (7,0, 73) = Xy (wg) 1 (Ar)el e (e) —iey)+
+ X, (23) ;1 (Ar)e'V? ey +iey) + Xg(xs)Jy(Ar)e ey, (3)

1 0 0
ee=1(0], eo=1|1]1, e3=10],
1 0 1

J;(r) is the Bessel function of order I; (r,p, x3) are the cylindrical coordinates
of the point z; X;(x3) (i < 3) are unknown functions, for the determination of
which the following system of three ordinary differential equations of the second
order is obtained:

where

, 24T T T\ oy
Xl — 2 )\2X1 +§)\2X2—§>\X3 :0,
2
XJ + %)\QXI - ;TAQXQ - %)\Xé —0, (4)

(14 7)X5 + M X] — ATX, — A2X5 = 0.

This system is written in matrix form as
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T 2471

10 0 0 0 —ix A N 0
8 (1) 10 X'+l o o0 —5A X'+ %)\2 —2;7—)\2 o | X=0
T AT A0 0 5 Y
(4%)
where

Xy (z3)
X(z3) = (XQ(%)) .
Xs(23)

Solving system (4*) by the residue method, we obtain

1 S(3 10y /1 -1 1
X(x3,A)=XeMs E+7|1 3 0]+ 43 -1 1 —1|;CcH-
00 2 -2 2 =2

1 T 310 TAT L .
_Xe_)\xa E —+ Z 1 3 0 — TS —1 1 1 C<2)a (5)
0 0 2 2 -2 -2
where
oy’
cl) — C’éi) (i < 2), C, C®? are constant column matrices.
oy

Then (3) is written in the following form:

ev e 0\ [/Jq(Ar) 0 0
w5 (r, o x3) = €9 | —ie? e 0 0 Ji_1(Ar) 0 X(z4, N).
r)

0 0 1 0 0 Ji(A
(6)
3. Representing the solution of the required problem in the form
oo (oo}
uripay) = Yo [ uaripagdn 7)
1)
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we obtain, for determining the unknown matrices CY) and C'?), the following
system of algebraic equations:

A(0,)CY + B(0,\)C® =y (),

where

Pl ) +ifsl )
2

1/}(1) _ J?i,ll)fl (A) — Z'J?é,ll)fl (A)
2
2

ffl)Jrl (A) + ifé,zl)Jrl (M)
2

1/}(2) _ ffl)—l (A) — Z'fé,zl)fl (A)
2

(2
ey
2

)

1 e’ 2

) :/ {/ eil"f<i><r,9>d"}Jz<Ar>rdr (i =1,2).
) 0 0

l

A

Having determined the constant matrices C'), C® (columns) and substituting
them into (7), we obtain
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o e e 0 oo [ Jp1(Ar) 0 0 X, (zq, )
u(r, @, x5) = Z —ie"¥ e 0 e““"/ 0 Ji_1(Ar) 0 Xy(zg, N) | dA.
=\ 0 0 1 0 0 0 g0 \Xy(ag )

The resulting series converges under the restrictions imposed on the functions
I, ), fA(r, ).
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