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Abstract

Full Text
L. N. IVANOVSKII

ON THE COHOMOLOGY OF THE STEEN-
ROD ALGEBRA

(Presented by Academician P. S. Aleksandrov on 30 III 1964)

The Adams spectral sequence modulo p of the zero-dimensional sphere has as
its second term the algebra H(A) of cohomology of the Steenrod algebra A
modulo p, and therefore, for determining the p-components G,(p) of the stable
homotopy groups of spheres G; = 7, ;(S™), n > i+ 1, knowledge of the algebra
H(A) becomes very important. In this direction a number of valuable results
(173) were obtained with the aid of the series of spectral sequences constructed
by Adams. However, already the first of these sequences, because of serious
technical difficulties, has still not been completely computed.

Theorem 1 of the present note asserts the existence of a spectral sequence con-
verging to the algebra H(A), whose first term F; is a polynomial algebra. The
computation of the differentials of this sequence makes essential use of spectral
cohomology operations Sq’ and Massey products of various orders in the terms
E,.. We apply this spectral sequence to the computation of the algebra H(A),
p = 2, in dimensions t — s < 22.

With the help of the known properties of the J-homomorphism, these computa-
tions easily give the orders of the groups Go4(2) = zg and Ggq(2) = 25 + 25 + 25.
A complete description of the group Go;(2) follows from Toda’ s results on the
groups G,(2), i < 20, and the properties of secondary composition ().

Let A be a connected locally finite graded associative and coassociative Hopf
algebra over the field z, with commutative diagonal, (I',d) the cobar construc-
tion over A, and A* the algebra dual to the algebra A. According to Borel’ s
theorem, in the algebra A* one can choose homogeneous elements ¢, of height
2% and dimension ¢, k > 1, such that the monomials

g, 0<n; <29, 1< i<k,

form its zo-basis. The tensor degrees of the Milnor-Moore filtration F? of the
algebra A*, FO = A*, FPtl = A*FP p > 0, determine in I" a homogeneous,
with respect to the gradings s and ¢, decreasing filtration FPT", p > 0, for which
[aq]ay] - |a,] € FPT if a; € FPi, py 4+ + p, > p. In this situation the relations

FT=T, ()FPT'=0, &(FPT)C FPT,  FPD-FI0 C FPHL,

hold, by virtue of which there arises a spectral sequence {E,., d,.} of triply graded
algebras

ET = ZE;’»M’ d7»<E£7S.'t) C E£+r,s+1,t_
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The associated linear space E = Y. F?/FP*! is naturally defined as a Hopf
algebra, and, as is easy to see, the cobar construction over the dual algebra E*
coincides with the differential algebra (E,,d,). Consequently, the algebra E;
is isomorphic to the cohomology algebra of E* and can be computed by the
methods of (!). Denote by hy; the images in the algebra E; of the elements

[€2] from T'. Then there holds

Theorem 1. The spectral sequence {E,,d,.} converges to the algebra H(A).
Its first term FE; is the polynomial algebra with generators hy ; of dimension
(20,1,2°k), 0 < i < ¢, k> 1.

Following the ideas of [1], consider the A-linear mappings ®, : B — B ® B of
degree i, i > 0, defined inductively by the relations

o(1)=1®1, @,,,(1)=0, P,5=(sQs)pP;_ +TP;, >0,

where s is the contracting homotopy of the B-construction B over the algebra
AT=s5s®14+c®s, ®_, =0, p(b; ®by) =by, ® by, by,by € B.

Lemma 1. d®, + ®,d= (1 +p)®,_4, i > 0.

It follows from this lemma that the mappings D, : ' ® I' — I', dual to the
mappings ¢, : B - B® B, Im(®, + ¢,) C B® B+ B ® B, where B is the
reduced B-construction, satisfy the Pontryagin-Steenrod formula

0D; + D;6 =D;_y(1+p), >0, D_;=0.

Consider the mappings sq’ : I' — I', i > 0, defined by the relation

sq'(z) =D, ;(x®x)+ D,y ;(x®dz), x€T?,

Lemma 2. §sq’ = sq'd, sq*(FPT) C F?’T, i >0, p > 0.

It is easy to see that the mappings sq’ define spectral cohomology operations

; 2p,s+1,2
Sq. : Epst — B3PSt 1 < < oo,

as well as certain cohomology operations in the algebra H(A), inducing in the
term E_ the operations SqlOO and coinciding with the already known operations
Sq" (see [3]).

Theorem 2. The operations Sqi have the following properties:
1) Sqi(m) =0, i >s, Sqi(x) = x5,.(2%), z € E;

2) Sq,d, = dy,Sq,, S, X"y = X5r,254.;
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3) Sq. (zy) = 3 SaL()Sa" " (y);
4) Sq; = 1",

where the mapping hiT) is induced by the homomorphism h : ' —
L, h(leyl...|a,]) =[] ... [aZ].

Let R be an associative differential ring of characteristic 2, and let o;, 0 <@ < n,
be its cohomology classes. Suppose that there exist elements m;; € R, 0 <1 <
j <n, j—1i n,such that m;; is a cycle of class a; and dm;; = > mymy,q ;.
Then the element m = ) mg,my, 1, is a cycle of the ring R, and the set
(o, - o, ) of cohomology classes of all such cycles is called the Massey product
of order n. We shall say that the product (o, ..., a,,) is strictly defined if every
Massey product (c, ..., ozj>, 0<i<j<m, j—i+n,is defined and consists of
the single zero.

The associative multiplications present in the differential algebras I' and
E,._,, r > 1, allow one to consider, in their cohomology algebras H(A) and E,.,
Massey products of various orders.

Theorem 3. Let the elements a; € Efi’s“ti, 0 <i < n, be contained in F

where E, . is the subalgebra of cycles of all differentials, and let a; € H (A)

be such representatives of the elements x%_(a;), respectively, that the Massey
product L = (ag, ..., a,,) is strictly defined. If the subspaces

n

ot =T (i) =k, ;s —(j—1), Lyttt L .
BT s U << <, j—i#n, K20,

are contained in E, ., ., then the Massey product K = (ay, ..., a,,) is defined
and has nonempty intersection with E,. .. Moreover, in K N E, ., there exists

an element whose image under the homomorphism x7_ has a representative in
L.

Let us take as the algebra A the Steenrod algebra modulo 2. Applying Theorems
1, 2, and 3, one can prove the following theorem.

Theorem 4. In dimensions ¢t —s < 22 the z,-basis of the algebra H(A) consists
of the monomials

2 k k k
hyl3, hywag, hsBrys howag, Qg hgwig, hyhohg,

he By, hwq-, hihF hohEB4, RSays, hiTEp
oP18y MiWir, Nyly, Y17y NallgPrgs N1A6s 1y 14>

1 21¢€ k k 5 k €
hyhg, h3hg, hgBia, howir, hiwg, hshy, hiag,
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h3h(1)+k7 h§7 thIS? h%’ h17 hga
where e =0,1; 0 <k <2; 1 <1< 7 n>0, from the elements h; and certain
elements
ag, Wy, Wi1s Pray Q16 Yirs Wirs Pigs Wigs Qqgs W

of dimensions (s, ) = (3,11), (5, 14), (5,16), (4, 18), (7, 23), (4,21), (9, 26), (4,22), (9,28), (3,22), (4,24),
respectively, satisfying the relations

2 _ 12 _ _ 12
hiwy7 = hiwig, hyv17 = hoBrss howyy = hiBias
2. 12 _ 12 2 _ 12
hiwg = hiwyy, hawg = hipi4, ag = hifiy,
agwg = hqa w3 = hw h23,, =0
8Wg 1%16> 9 1W175 2014 .

In addition, hya g # 0, H>25(A) = 0, and

ag € (h3, ho, hy), wg € (hghd, ho, hy),

wiy € (hy, b3, by, hg), B4 € (ag, hg, by, hy),

g € (h3, hg,wy), g € (hg, hghy, hy),

w7 € (hahf, ho,wy), wig € (hahg, h,wiy),

618 € <h§a hga h§>

Identifying the algebra H(A) with the second term E, of the Adams spectral
sequence modulo 2 of the zero-dimensional sphere, we obtain

Corollary 1. The elements a4, w7, w9, hor g Of the algebra E,, as well as its
elements of dimensions t —s < 15 and ¢t — s = 21, are cycles of all differentials.
The images under the homomorphism Y% of the elements hyh3, hjwsg, h3fB14,
and h,aqg are nonzero.

Since the basis of the algebra E, in dimensions t—s = 21 consists of the elements
hyh%, hiwsg, and hsf3;,, it follows that the group Gy, (2) has order 8.
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Let w; be a generator of the group I,;_,, where I, is the image of the I-
homomorphism in the group G,. According to the known results of K-theory,
its order is divisible by 8. From the relation

IHaoB)=1I(a)o E"S, a € m(SO(n)), BEm (S

see (4)) it follows that I,o G, C I, , m < iy, and therefore I;q0 G5 C I, = 0.
1°Gm, l+m 0 19°G3 22

Next, X2, (hyayg) # 0, and the basis of the algebra F, in dimensions ¢t —s = 19
consists of the elements ag, h’gwlg,O < k < 2. Consequently, ws is a represen-
tative of the element x2 (w;o), and the element ws, is a cycle of all differentials.
Denote by n,v,0,x,w, and « the representatives in G(2) of the images under
the homomorphism x2 of the elements hy, hy, b, 814, Wag, and hyh3.

Corollary 2. The group G5(2) is a cyclic group of order 8 with generator w.
The group G5;(2) is generated by the elements nw, oy, and «, the first two of
which have order 2.

Comparing Theorem 4 with Toda’ s results on the groups G;(2), i < 20, we
prove the following theorem.

Theorem 5. The differentials d, in dimensions ¢ — s < 22 are completely
determined by the relations

dy(hy) = hghm dy(717) = h%ﬂup do(Bighg) = h2h(1)+6514» e=0,1,

d3(x3(haho)) = X3(hoB1a)-
Furthermore, the secondary composition (20,0, v) contains a representative v*
of the element x2 (hyhs).

Obviously, one may assume that o = vv*. Then
200 =20 v*(20,0,V)2v = 20(0,v,2v) =0,

since 2G14(2) = 0. Thus it has been proved
Corollary 3. G41(2) = 25 + 25 + 25.

V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR

Received
19 IT 1964

sovietrxiv.org/items/ru-196401.79101 Machine Translation


https://sovietrxiv.org/items/ru-196401.79101

REFERENCES

L' J. F. Adams, Ann. Math., 72, No. 1, 20 (1960).
2 A. L. Liulevicius, Theses, Univ. Chicago, 1960.
3'S. P. Novikov, DAN, 128, No. 5 (1959).

4 H. Toda, Ann. Math. Studies, No. 49 (1962).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196401.79101 Machine Translation


https://sovietrxiv.org/items/ru-196401.79101

	Abstract
	Full Text
	ON THE COHOMOLOGY OF THE STEENROD ALGEBRA
	REFERENCES


