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Abstract
Full Text
THEORY OF ELASTICITY
V. M. TOLKACHEV

TRANSFER OF LOAD FROM A STRINGER
OF FINITE LENGTH TO AN INFINITE AND
A SEMI-INFINITE PLATE
(Presented by Academician Yu. N. Rabotnov on 18 VII 1963)

An infinite and a semi-infinite (Im 𝑧 > 0, 𝑧 = 𝑥+𝑖𝑦) elastic plate are considered,
to which, on the segment 0 ≤ 𝑥 ≤ 𝑎 of the 𝑥-axis, a stringer of length 𝑎 is
riveted, loaded at the end 𝑥 = 0 by a force 𝑃 directed opposite to the 𝑥-axis.
The distributed load 𝑞(𝑥) transmitted from the stringer to the plate is sought.

Using the known solution of the problem of a concentrated force applied to an
infinite plane and to the boundary of a half-plane (1), we find the deformation
of the plate 𝜀𝑥 on the 𝑥-axis due to an arbitrary load 𝑞(𝑥) directed along the
𝑥-axis.

Then, writing the equilibrium equation for a part of the stringer and using the
compatibility condition for the deformations of the stringer and the plate, we
obtain for both problems the following singular integral equation:

∫
1

0

𝑞(𝜏) 𝑑𝜏
𝜏 − 𝜏0

= 𝜆𝜋2

4 ∫
1

𝜏0

𝑞(𝜏) 𝑑𝜏, (1)

whose solution satisfies the equilibrium condition for the entire stringer

𝜆𝜋
2 ∫

1

0
𝑞(𝜏) 𝑑𝜏 = 1. (2)

Here 𝜏 = 𝑥/𝑎, 𝜏0 = 𝑥0/𝑎, 0 ≤ 𝑥, 𝑥0 ≤ 𝑎.

Moreover, in the case of an infinite plate

𝜆 = 16
𝜋(3 − 𝜈)(1 + 𝜈)

𝐸𝛿
𝐸𝑐𝐹 𝑐 𝑎, 𝑞(𝜏) = (3 − 𝜈)(1 + 𝜈)𝐸𝑐𝐹 𝑐

8𝐸𝛿
𝑞(𝑥)
𝑃 , (3)

whereas in the case of a semi-infinite plate
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𝜆 = 2
𝜋

𝐸𝛿
𝐸𝑐𝐹 𝑐 , 𝑞(𝜏) = 𝐸𝑐𝐹 𝑐

𝐸𝛿
𝑞(𝑥)
𝑃 . (4)

In formulas (3) and (4), 𝐸, 𝜈, 𝛿 are, respectively, the modulus of elasticity,
Poisson’s ratio, and thickness of the plate; 𝐸𝑐 is the modulus of elasticity, and
𝐹𝑐 the cross-sectional area of the stringer.

By the methods developed by L. I. Sedov (2), the original equation (1) is reduced
to the equivalent Fredholm equation

𝐿[𝑞] = 𝐴/ sin 𝜃 + 𝐵 ctg 𝜃, (5)

where the change of variable has been introduced

𝜏 = sin2 𝜎
2 , 𝜏0 = sin2 𝜃

2 , 𝑞(𝜎) = 𝑞(sin 𝜎
2 ) . (6)

𝐴 is an arbitrary constant determined from condition (2),

𝐵 = 𝜆
8 ∫

𝜋

0
𝑞(𝜎) 𝜎 sin 𝜎 𝑑𝜎, (7)

𝐿[𝑞] = 𝑞(𝜃) − 𝜆
8 ∫

𝜋

0
sin 𝜎 ln

∣
∣∣
∣

sin 𝜎 − 𝜃
2

sin 𝜎 + 𝜃
2

∣
∣∣
∣
𝑞(𝜎) 𝑑𝜎. (8)

The solution of equation (5) has, at the ends of the interval 𝜃 = 0; 𝜋, a singularity
of the type ctg 𝜃. With

𝑞(𝜃) = 𝑞1(𝜃) + 𝐴 cos 2𝜃
sin 𝜃 + 𝐵 ctg 𝜃 (9)

we transform equation (5) to the form

𝐿(𝑞1) = 𝑓(𝜃), (10)

where

𝑓(𝜃) = 𝐴
4 (8 + 𝜆) sin 𝜃 + (𝐴 sin 2𝜃 + 2𝐵 sin 𝜃) 𝜆

8 ln tg 𝜃
2 . (11)

If
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𝑞1(𝜃) = 𝑓(𝜃) +
∞

∑
𝑛=1

𝐶𝑛 sin 𝑛𝜃, (12)

then the solution of equation (10) reduces to the solution of the infinite linear
system of equations

𝐶′
𝑘 − 𝜆

∞
∑
𝑛=1

𝐶′
𝑛𝛼𝑘𝑛 = 𝑏𝑘 (𝑘 = 1, 2, 3, …). (13)

Here

𝛼𝑘𝑛 = 𝑛 {[(𝑘 − 𝑛)2 − 1][(𝑘 + 𝑛)2 − 1]}−1 (14)

for 𝑘 + 𝑛 even, and 𝛼𝑘𝑛 = 0 for 𝑘 + 𝑛 odd,

𝐶𝑛 = −𝐴𝜆2𝐶′
𝑛

4 (𝑛 = 1, 3, 5, …); 𝐶𝑛 = −𝐵𝜆2𝐶′
𝑛

4 (𝑛 = 2, 4, 6, …), (15)

𝑏1 = 8 + 𝜆
3𝜆 − 1

12; 𝑏3 = −8 + 𝜆
45𝜆 − 104

108 ⋅ 24 ;

𝑏𝑘 = − 8 + 𝜆
𝜆𝑘2(𝑘2 − 4)+2 (1 + 1

3 + ⋯ + 1
𝑘−4 )

(𝑘2 − 1)(𝑘2 − 9) − 3𝑘2(𝑘 + 1) − 2(𝑘 − 1)
2(𝑘2 − 4)(𝑘2 − 1)𝑘2(𝑘 + 3) (𝑘 = 5, 7, …);

(16)

𝑏2 = − 1
12; 𝑏𝑘 = 2 (1 + 1

3 + ⋯ + 1
𝑘+3 )

𝑘2(𝑘2 − 4) − 3𝑘 + 2
2𝑘2(𝑘2 − 1)(𝑘 + 2) (𝑘 = 4, 6, …).

(17)

By virtue of (14), system (13) splits into two independent systems for the even
and odd coefficients 𝐶′

𝑘 and is completely regular for any finite values of the
parameters 𝜆.

For large 𝜆, |𝐶𝑘| ⩽ 1.756/𝜆 for odd 𝑘, and |𝐶′
𝑘| ⩽ 1/𝜆 for even 𝑘.

If system (13) is solved, then the solution of the problem is found from formula
(9), taking (12) and (15) into account. For the constants 𝐴 and 𝐵 we have the
formulas

𝐴 = 32
𝜋2𝜆𝜒, 𝐵 = 𝐴𝐵1; (18)
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𝐵1 = 𝜋2𝜆
128

𝜒
1 + 𝜆

4 − 𝜆2𝜔
32 − 𝜆3

8 ∑∞
2,4,…

𝐶′𝑛𝑛
(𝑛2−1)2

; (19)

𝜒 = 8 + 𝜆 − 𝜆2𝐶′
1 − 𝜆

3 , 𝜔 = 0.603599 … (20)

For the stresses in the stringer 𝑃(𝜃), referred to the stresses 𝑃(0) at the point
𝜃 = 0, we have the formula

𝑃(𝜃)
𝑃(0) = 1− 𝜃

𝜋 − 1
𝜋𝜒 {𝐵1(8 + 𝜆) sin 𝜃 + 1

2(8 − 𝜒) sin 2𝜃 + 𝜆
2 (sin 𝜃 − 1

3 sin 3𝜃 − 𝐵1 sin 2𝜃) ln tg 𝜃
2

+𝐵1𝜆𝜔1(𝜃) − 𝜆2
∞

∑
2,3,4,…

𝐶′
𝑛𝛿𝑛 [ sin(𝑛 − 1)𝜃

𝑛 − 1 − sin(𝑛 + 1)𝜃
𝑛 + 1 ]} ; (21)

𝛿𝑛 = 1 for 𝑛 = 3, 5, … ; 𝛿𝑛 = 𝐵1 for 𝑛 = 2, 4, 6, … ;

𝜔1(𝜃) = ∫
𝜃

0
ln tg 𝜃

2 𝑑𝜃 = −2
∞

∑
1,3,5

sin 𝑛𝜃
𝑛2 . (22)
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