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Abstract
Full Text

A. V. SKOROKHOD
ON MULTIPLICATIVE UNIFORMLY CONTINUOUS
FAMILIES OF RANDOM PROBABILITY OPERATORS
(Presented by Academician A. N. Kolmogorov on 27 III 1964)

1. Consider a set 𝑌 with a distinguished 𝜎-algebra 𝔅 of subsets on it, con-
taining all one-point subsets of 𝑌 . Denote by 𝐵 the linear normed space
of numerical functions 𝑓(𝑦), defined on 𝑌 and 𝔅-measurable, with norm

‖𝑓‖ = sup
𝑦∈𝑌

|𝑓(𝑦)|.

A linear operator Π, defined on 𝐵, is called a probability operator if it
takes nonnegative functions into nonnegative functions and Π1 = 1.

Let {Ω, 𝔉} be a measurable space (𝔉 is a 𝜎-algebra of subsets of Ω). Consider
a family of 𝜎-algebras 𝔉𝑠

𝑡 , defined for 0 ≤ 𝑠 ≤ 𝑡 and satisfying the condition: if
[𝑠1, 𝑡1] ⊂ [𝑠, 𝑡], then

𝔉𝑠1
𝑡1

⊂ 𝔉𝑠
𝑡 ⊂ 𝔉.

Suppose that for all 0 ≤ 𝑠 < 𝑡 and 𝜔 ∈ Ω probability operators Π𝑠
𝑡 (𝜔) = Π𝑠

𝑡 on
𝐵 are defined, satisfying the conditions:

M-1. For all 𝑓 ∈ 𝐵 and 𝑠 < 𝑡, the quantity Π𝑠
𝑡 𝑓(𝑦), as a function of 𝜔 and 𝑦, is

measurable with respect to the 𝜎-algebra 𝔉𝑠
𝑡 × 𝔅.

M-2. For 𝑠 < 𝑡 < 𝑢 the relation

Π𝑠
𝑡 Π𝑡

𝑢 = Π𝑠
𝑢

holds.

Such a family of operators will be called a multiplicative family of proba-
bility operators.

Suppose also that condition M-3 holds. For all 𝜔 ∈ Ω and 𝑇 > 0,

lim
ℎ→0

sup
0≤𝑠≤𝑇

sup
0<𝑡−𝑠<ℎ

‖Π𝑠
𝑡 − 𝐼‖ = 0,

where 𝐼 is the identity operator.

Then the family is called uniformly continuous. A family of operators satis-
fying conditions M-1, M-2, M-3 will be called an 𝑀-family.

In addition to multiplicative families of operators, certain additive families of
operators, called 𝐴-families, will be used; their definition is given below.
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A family of linear operators 𝐴𝑠
𝑡 (𝜔) = 𝐴𝑠

𝑡 on 𝐵, defined for all 0 ≤ 𝑠 < 𝑡 and
𝜔 ∈ Ω, is called an 𝐴-family if the following conditions are satisfied:

A-1. Whatever 0 ≤ 𝑠 < 𝑡 and 𝜔 ∈ Ω may be, the operator 𝐼 + 𝜀𝐴𝑠
𝑡 is a

probability operator for 𝜀 < ‖𝐴𝑠
𝑡 ‖−1.

A-2. The function 𝐴𝑠
𝑡 (𝜔)𝑓(𝑦) is measurable with respect to 𝔉𝑠

𝑡 × 𝔅, for fixed 𝑠
and 𝑡, for all 𝑓 from 𝐵.

A-3. For all 𝜔 ∈ Ω and 𝑇 > 0,

lim
ℎ→0

sup
0≤𝑠≤𝑇

sup
0<𝑡−𝑠<ℎ

‖𝐴𝑠
𝑡 ‖ = 0.

There exists a one-to-one correspondence between 𝑀 -families and 𝐴-families.

Theorem. To every 𝑀 -family Π𝑠
𝑡 there corresponds an 𝐴-family 𝐴𝑠

𝑡 , connected
with Π𝑠

𝑡 by the equation: for 𝑠 ∈ [0, 𝑡]

Π𝑠
𝑡 = 𝐼 + ∫

𝑡

𝑠
(𝑑𝑢𝐴𝑢

𝑡 )Π𝑢
𝑡 . (1)

To every 𝐴-family 𝐴𝑠
𝑡 , equation (1) assigns a unique 𝑀 -family Π𝑠

𝑡 , which is
expressed in terms of 𝐴𝑠

𝑡 by the formula

Π𝑠
𝑡 = 𝐼 + ∫

𝑡

𝑠
𝑑𝑢𝐴𝑢

𝑡 + ⋯ + ∫
𝑠≤𝑢1<⋯<𝑢𝑘≤𝑡

𝑑𝑢1
𝐴𝑢1

𝑡 ⋯ 𝑑𝑢𝑘
𝐴𝑢𝑘

𝑡 + ⋯ . (2)

Thus, the description of 𝑀 -families can be reduced to the description of the
corresponding 𝐴-families, which in some cases is much simpler.

Remark 1. Every linear operator 𝐶 on 𝐵 has the form

𝐶𝑓(𝑦) = ∫ 𝑓(𝑦′) 𝑐(𝑦, 𝑑𝑦′),

where 𝑐(𝑦, 𝐴), for fixed 𝑦, is a countably additive function of bounded variation
on 𝔅, and for fixed 𝐴 ∈ 𝔅 the function 𝑐(𝑦, 𝐴) belongs to 𝐵. Let

Π𝑠
𝑡 𝑓(𝑦) = ∫ 𝜋𝑠

𝑡 (𝑦, 𝑑𝑦′) 𝑓(𝑦′), 𝐴𝑠
𝑡 𝑓(𝑦) = ∫ 𝛼𝑠

𝑡 (𝑦, 𝑑𝑦′) 𝑓(𝑦′),

and let 𝛿(𝑦, 𝐴) = 1 for 𝑦 ∈ 𝐴, 𝛿(𝑦, 𝐴) = 0 for 𝑦 ∉ 𝐴. Then relations (1) and (2)
may be rewritten in the form

𝜋𝑠
𝑡 (𝑦, 𝐴) = 𝛿(𝑦, 𝐴) + ∫

𝑡

𝑠
∫

𝑌
𝜋𝑢

𝑡 (𝑦′, 𝐴) 𝑑𝑢𝛼𝑢
𝑡 (𝑦, 𝑑𝑦′), (3)
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𝜋𝑠
𝑡 (𝑦, 𝐴) = 𝛿(𝑦, 𝐴) + ⋯

⋯ + ∫
𝑠≤𝑢1<⋯<𝑢𝑘≤𝑡

∫
𝑌

⋯ ∫
𝑌

𝑑𝑢1
𝛼𝑢1

𝑡 (𝑦, 𝑑𝑦1) ⋯ 𝑑𝑢𝑘
𝛼𝑢𝑘

𝑡 (𝑦𝑘−1, 𝐴) + ⋯ . (4)

In the proof of the theorem it is established that 𝑑𝑠𝜋𝑠
𝑡 (𝑦, 𝑑𝑦′) and 𝑑𝑠𝛼𝑠

𝑡 (𝑦, 𝑑𝑦′)
have bounded variation on [0, 𝑇 ] × 𝑌 , so that the integrals in (3) and (4) have
the usual meaning.

Remark 2. If a probability measure 𝑃 is given on Ω and the relations A-2,
A-3, M-2, M-3 hold with probability 1, then the theorem remains valid if one
requires (1) and (2) also to hold only with probability 1.

Remark 3. If instead of conditions M-3 and A-3 one requires the fulfillment of
the conditions:

M-4. For every 𝜀 > 0, with probability 1,

lim
ℎ→0

sup
0≤𝑠≤𝑇

sup
0<𝑡−𝑠<ℎ

𝑃{‖Π𝑠
𝑡 − 𝑌 ‖ > 𝜀/𝔉0

𝑠} = 0.

A-4. For every 𝜀 > 0, with probability 1,

lim
ℎ→0

sup
0≤𝑠≤𝑇

sup
0<𝑡−𝑠<ℎ

𝑃{‖𝐴𝑠
𝑡 ‖ > 𝜀/𝔉0

𝑠} = 0,

then the theorem remains in force if the equalities (1) and (2) hold with prob-
ability 1, and the integrals are understood as the corresponding limits in the
sense of convergence in probability.

2. Let now a Markov process 𝑥𝑡 be defined in some space 𝑋, and let 𝔉𝑠
𝑡

denote the minimal 𝜎-algebra with respect to which the 𝑥𝑢, 𝑢 ∈ [𝑠, 𝑡], are
measurable. With every multiplicative family of ope-

with the operators Π𝑠
𝑡 one can associate a conditionally Markov process 𝑦𝑡 with

values in 𝑌 so that the pair (𝑥𝑡, 𝑦𝑡) is also a Markov process and

M{𝑓(𝑦(𝑡))/𝔉𝑠
𝑡 , 𝑦(𝑠)} = Π𝑠

𝑡 𝑓(𝑦(𝑠))

(the question of adjoining a conditionally Markov process to a Markov process
was considered by A. D. Venttsel’in (1)).
In the case when the theorem is applicable, the description of all multiplicative
families reduces to the description of additive families 𝐴𝑠

𝑡 . Since such a family
is determined by a function 𝛼𝑠

𝑡 (𝑦, 𝐴), 𝑦 ∈ 𝑌 , 𝐴 ∈ 𝔅, it is sufficient to specify
this function. From the conditions imposed on 𝐴𝑠

𝑡 it follows that, for 𝑦 ∈ ̄𝐴,
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the quantity 𝛼𝑠
𝑡 (𝑦, 𝐴) is a nonnegative additive functional of the process 𝑥𝑡; the

same functional will be −𝛼𝑠
𝑡 (𝑦, {𝑦}) = 𝛼𝑠

𝑡 (𝑦, 𝑌 − {𝑦}); {𝑦} is the set consisting
of the point 𝑦. In the case of homogeneous processes, nonnegative additive
homogeneous functionals are completely described (see (2), Ch. 6). This makes
it possible to describe all homogeneous 𝑀 -families of operators by means of
additive functionals (instead of condition M-3 one may impose condition M-4).

In the simplest case, when 𝑌 is a finite set {𝑦1, … , 𝑦𝑛}, the probability operator
Π𝑠

𝑡 is determined by a stochastic matrix ‖𝑝𝑠
𝑡 (𝑖, 𝑗)‖, 𝑖, 𝑗 = 1, … , 𝑛. If the functions

𝑝𝑠
𝑡 (𝑖, 𝑗) satisfy the condition: for every 𝜀 > 0, with probability 1,

lim
ℎ→0

sup
𝑠≤𝑇

sup
0<𝑡−𝑠<ℎ

P{|𝑝𝑠
𝑡 (𝑖, 𝑗) − 𝛿𝑖𝑗| > 𝜀/𝑥𝑠} = 0,

where 𝛿𝑖𝑗 are the elements of the identity matrix, then there exist nonnegative
additive functionals 𝛼𝑠

𝑡 (𝑖, 𝑗), 𝑖 ≠ 𝑗, 𝑖, 𝑗 = 1, … , 𝑛, such that

𝑑𝑠𝑝𝑠
𝑡 (𝑖, 𝑗) = ∑

𝑘≠𝑖
[𝑝𝑠

𝑡 (𝑘, 𝑗) − 𝑝𝑠
𝑡 (𝑖, 𝑗)] 𝑑𝑠𝛼𝑠

𝑡 (𝑖, 𝑘).

Kiev State University
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