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Abstract
Full Text
MATHEMATICS

B. A. RYMARENKO

ON MONOTONE ENTIRE FUNCTIONS OF
FINITE DEGREE
(Presented by Academician S. N. Bernstein, 16 XI 1963)

We consider the class 𝐵′
𝜎 of entire functions

𝜑𝜎(𝑧) =
∞

∑
𝑘=0

𝑐𝑘𝑧𝑘 (1)

of degree 𝜎, real on the real axis, monotonically increasing and bounded on this
axis. Let

𝜔𝑗(𝜑𝜎) ≡
∞

∑
𝑘=1

𝑐𝑘𝛼𝑘𝑗 (𝑗 = 1, 2, … , 𝑝)

be linear functionals defined on the set 𝐵′
𝜎. The relations

𝜔𝑗(𝜑𝜎) = 𝐴𝑗 (𝑗 = 1, 2, … , 𝑝), (2)

where 𝐴𝑗 are given real numbers (with ∃𝐴𝑗 ≠ 0), will be called admissible if
they are compatible and do not contradict the monotonicity of 𝜑𝜎(𝑥).
By the norm of the function 𝜑𝜎(𝑥) we shall mean

‖𝜑𝜎(𝑥)‖ = max
−∞<𝑥<∞

|𝜑𝜎(𝑥)| (3)

under the fulfillment of conditions (2). A function 𝜑∗
𝜎(𝑥) is called an extremal

function of the problem if it has the minimal norm (i.e., if it deviates least from
zero in the Chebyshev sense on the entire real axis).

Then the following is true.

Theorem 1. Among the extremal functions 𝜑𝜎(𝑧) ∈ 𝐵′
𝜎 subject to the relations

(2) for 𝑝 ≤ 2, there exists a function 𝜑∗
𝜎(𝑧) such that

𝑑
𝑑𝑥𝜑∗

𝜎(𝑥) = [𝜓𝜎/2(𝑥)]2, (4)
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where 𝜓𝜎/2(𝑥) is some entire function of degree 𝜎/2.

This theorem is analogous to the well-known theorem of S. N. Bernstein (1) on
nonnegative trigonometric polynomials (and also to our (2) theorem for mono-
tone algebraic polynomials). Using it, we shall show here the solution of some
extremal problems in the class 𝐵′

𝜎.

Without loss of generality, one may assume that the functions 𝜑𝜎(𝑥) are odd
(see (3)); consequently,

𝜑∗
𝜎(𝑥) = ∫

𝑥

0
[𝜓𝜎/2(𝑡)]2 𝑑𝑡, (5)

and its norm is

‖𝜑∗
𝜎(𝑥)‖ ≡ 𝐸𝜑∗𝜎

= ∫
∞

0
[𝜓𝜎/2(𝑡)]2 𝑑𝑡. (6)

By the well-known Wiener—Paley theorem, the function 𝜓𝜎/2(𝑥) is representable
in the form

𝜓𝜎/2(𝑥) = ∫
𝜎/2

−𝜎/2
𝑓(𝑡)𝑒𝑖𝑥𝑡 𝑑𝑡, (7)

where

𝑓(𝑡) ∈ 𝐿2[−𝜎/2, 𝜎/2], ∫
∞

0
|𝜓𝜎/2(𝑡)|2 𝑑𝑡 = 𝜋 ∫

𝜎/2

−𝜎/2
∣𝑓(𝑡)𝑖𝑥𝑡𝑑𝑡∣2 (8)

Consequently,

𝐸𝜑∗𝜎
= 𝜋 ∫

𝜎/2

−𝜎/2
|𝑓(𝑡)|2 𝑑𝑡. (9)

Thus, the problem of finding the extremal function 𝜑∗
𝜎(𝑥) in the class 𝐵′

𝜎 under
conditions (2) (as well as its deviation 𝐸𝜑∗𝜎

) is reduced to minimizing the integral

∫
𝜎/2

−𝜎/2
|𝑓(𝑡)|2 𝑑𝑡 (10)

under the corresponding conditions imposed on the function 𝑓(𝑡), following from
(2).
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Since 𝑓(𝑡) ∈ 𝐿2[−𝜎/2, 𝜎/2], from the sequence {𝒫𝑛(𝑥)} of normalized Legendre
polynomials on [−𝜎/2, 𝜎/2] one can select a subsequence {𝒫𝑛𝑘

(𝑥)} such that

𝑓(𝑥) =
∞

∑
𝑘=0

𝑎𝑛𝑘
𝒫𝑛𝑘

(𝑥) (11)

uniformly almost everywhere on [−𝜎/2, 𝜎/2]. Consequently,

𝐸𝜑∗𝜎
= 𝜋

∞
∑
𝑘=0

𝑎2
𝑛𝑘

, (9’)

and the problem is reduced to minimizing the sum ∑∞
𝑘=0 𝑎2

𝑛𝑘
under the corre-

sponding constraints (following from (2)) imposed on 𝑎𝑛𝑘
(not always linear).

Let us consider several extremal problems, for the solution of which we shall use
Theorem 1.

Problem A (S. N. Bernstein (3)). Find the extremal function 𝜑∗
𝜎(𝑥) ∈ 𝐵′

𝜎 and
its deviation from zero 𝐸𝜑∗𝜎

, if 𝑝 = 1 and

𝜔(𝜑𝜎) = 𝜑′
𝜎(0) = 1. (2𝐴)

Since Theorem 1 is applicable to the problem, expanding the function 𝑓(𝑥)
in the series (11) and minimizing the right-hand side of expression (9′) under
condition (2𝐴), we find

𝑛0 = 0 𝑎0 = 1√𝜎 , 𝑎𝑛𝑘
= 0 (𝑘 = 1, 2, …),

i.e.

𝑓(𝑥) = 1
𝜎 .

Consequently,

𝜓𝜎/2(𝑥) = 1
𝜎 ∫

𝜎/2

−𝜎/2
𝑒𝑖𝑥𝑡 𝑑𝑡 = sin(𝜎𝑥/2)

𝜎𝑥/2 ,

𝜑∗
𝜎(𝑥) = ∫

𝑥

0
( sin(𝜎𝑡/2)

𝜎𝑡/2 )
2

𝑑𝑡, 𝐸𝜑∗𝜎
= 𝜋

𝜎

(this result was obtained by another method in (3)).
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Problem B. Let 𝑝 = 1,

𝜔(𝜑𝜎) ≡ 𝜑‴
𝜎 (0) = 𝐴. (2�)

It is required (as in Problem A) to find the extremal function 𝜑∗
𝜎(𝑥) ∈ 𝐵 and

its deviation from zero 𝐸𝜑∗𝜎
.

Using Theorem 1 and carrying out computations analogous to those applied to
Problem A (expanding 𝑓(𝑥) in the series (11) and minimizing the right-hand
side of expression (9) under condition (2�)), we find:

𝑛0 = 0, 𝑎2
0 = 2

√
5

𝜎3 |𝐴|, 𝑛1 = 2, 𝑎2
2 = 7

√
5 − 15
𝜎3 |𝐴|,

𝑎𝑛𝑘
= 0 (𝑘 = 2, 3, …), (12)

𝐸𝜑∗𝜎
= 9

√
5 − 15
𝜎3 𝜋|𝐴|

(the expression for 𝜑∗
𝜎(𝑥) is not given here because of its unwieldiness, but it is

easy to find, taking into account (7), (11), and (12)).

Hence follows

Theorem 3. If 𝜑𝜎(𝑥) ∈ 𝐵′
𝜎 and 𝑀 = max

−∞<𝑥<∞
|𝜑𝜎(𝑥)|, then

max
−∞<𝑥<∞

|𝜑‴
𝜎 (𝑥)| ≤ 3

√
5 + 5
60

𝜎3

𝜋 𝑀,

and this inequality is sharp (equality is attained on the function 𝜑∗
𝜎(𝑥) of Prob-

lem B).
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