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Abstract
Full Text
Reports of the Academy of Sciences of the USSR
1964, Volume 154, No. 5

MATHEMATICAL PHYSICS
S. S. KALMYKOVA, V. I. KURILKO

DIFFRACTION OF A SURFACE WAVE BY A
PERFECTLY CONDUCTING WEDGE
(Presented by Academician M. A. Leontovich, 14 X 1963)

Consider a rectangular wedge (𝑥 > 0, 𝑧 > 0), filled with an anisotropic dielectric
(𝜀𝑥 = 𝜀⟂, 𝜀𝑧 = 𝜀∥) and bounded by a perfectly conducting rectangular wedge
(𝑥 > 0, 𝑧 < 0). Along the dielectric, on the side 𝑧 > 0, a surface wave
propagates, whose fields 𝐸𝑥, 𝐻𝑦, 𝐸𝑧 in the plane 𝑥 = 0 vary according to the
law exp[−𝑖(𝜔𝑡 + 𝛾𝑧)], and whose wave vector 𝛾 is determined by the dispersion
equation

Δ(𝜏) ≡ 𝑣(𝜏)𝜀∥ + 𝛽(𝜏)∣𝜏=±𝛾 = 0, (1)

where 𝑣(𝜏) = (𝜏2 − 𝑘2)1/2; 𝛽(𝜏) = [ 𝜀∥
𝜀⟂

(𝜏2 − 𝑘2𝜀⟂)]1/2 ; 𝜀∥ < 0, 𝜀⟂ > 1; 𝑘2 <
𝛾2 < 𝑘2𝜀⟂; 𝑘 = 𝜔/𝑐; Im 𝑘 > 0.

We shall find the field scattered by the wedge and, in particular, compute the
amplitude of the reflected surface wave.

We shall seek the solution for the fields in the following form (1−3):

𝐻𝑦 = exp(−𝑖𝛾𝑧 + 𝑝𝑥) + ∫
+∞

−∞
ℎ(𝜏) exp(𝑖𝜏𝑧 + 𝑣𝑥) 𝑑𝜏,

𝐸𝑧 = 𝑖𝑝
𝑘 exp(−𝑖𝛾𝑧 + 𝑝𝑥) + ∫

+∞

−∞

𝑖𝑣
𝑘 ℎ(𝜏) exp(𝑖𝜏𝑧 + 𝑣𝑥) 𝑑𝜏,

⎫}}
⎬}}⎭

−∞ < 𝑧 < ∞, 𝑥 < 0;
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𝐻𝑦 = exp(−𝑖𝛾𝑧 − 𝑔𝑥) + ∫
+∞

−∞
𝐻(𝜏)𝑒𝑖𝜏𝑧−𝛽𝑥 𝑑𝜏 + exp(𝑖𝛾𝑧 − 𝑔𝑥),

𝐸𝑧 = − 𝑖𝑔
𝑘𝜀∥

exp(−𝑖𝛾𝑧 − 𝑔𝑥) − 𝑖 ∫
+∞

−∞

𝛽
𝑘𝜀∥

𝐻(𝜏)𝑒𝑖𝜏𝑧−𝛽𝑥 𝑑𝜏

− 𝑖𝑔
𝑘𝜀∥

exp(𝑖𝛾𝑧 − 𝑔𝑥),

𝐸𝑥 = 𝛾
𝑘𝜀⟂

exp(−𝑖𝛾𝑧 − 𝑔𝑥) − ∫
+∞

−∞

𝜏
𝑘𝜀⟂

𝐻(𝜏)𝑒𝑖𝜏𝑧−𝛽𝑥 𝑑𝜏

− 𝛾
𝑘𝜀⟂

exp(𝑖𝛾𝑧 − 𝑔𝑥),

⎫}}}}}}}}
⎬}}}}}}}}⎭

(2)

𝑧 > 0,
𝑥 > 0, 𝑝 = 𝑣(±𝛾); 𝑔 = 𝛽(±𝛾).

The first terms in (2) represent the field of the incident wave, and the remaining
terms are the scattered fields.

The unknown functions ℎ(𝜏) and 𝐻(𝜏) in (2) must be determined from the
boundary conditions. As these conditions we use the equality of the tangential
components of the total fields on the surface of the dielectric and the vanishing
of the tangential components of the total electric fields on the pow-

surface of a perfectly conducting wedge:

𝐻𝑦(𝑥 = +0) = 𝐻𝑦(𝑥 = −0), 𝐸𝑧(𝑥 = +0) = 𝐸𝑧(𝑥 = −0);}𝑧 > 0;

𝐸𝑧(𝑥 = −0) = 0, 𝑧 < 0;
𝐸𝑥(𝑧 = +0) = 0, 𝑥 > 0. (3)

From (3), according to (2−4), we obtain the following relations for the required
functions ℎ(𝜏) and 𝐻(𝜏):

𝐻(𝜏) − ℎ(𝜏) − 1
2𝜋𝑖(𝜏 − 𝛾) = 𝜑+(𝜏); 𝑧1(𝜏) = 𝛽(𝜏)

𝑘𝜀∥
;

𝑧1(𝜏)𝐻(𝜏) + 𝑧2(𝜏)ℎ(𝜏) − 𝑞
2𝜋𝑖(𝜏 − 𝛾) = 𝜓+(𝜏); 𝑧2(𝜏) = 𝜈(𝜏)

𝑘 ;

𝑧2(𝜏)ℎ(𝜏) − 𝑞
2𝜋𝑖(𝜏 + 𝛾) = 𝜉−(𝜏); 𝑞 = 𝑝

𝑘 ;

𝐻(𝜏) − 𝐻(−𝜏) = 0,

(4)
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where the superscripts + and − denote boundary values on the contour Im 𝜏 = 0
of functions analytic, respectively, in the upper and lower half-planes of the
complex variable 𝜏 .

Eliminating ℎ(𝜏) and 𝐻(𝜏) from relations (4), we obtain an equation for the
function

𝜉1(𝜏) = 𝜉−(−𝜏) − 𝜉−(𝜏) − 𝑞
𝜋𝑖

𝜏
𝜏2 − 𝛾2 (5)

Δ(𝜏)
𝜈(𝜏)𝛽(𝜏)

1
𝜋𝑖 ∫

+∞

−∞

𝜉1(𝜏 ′) 𝑑𝜏 ′

𝜏 ′ − 𝜏 + 1
2𝜋𝑖 ∫

+∞

−∞
[ 1

𝜈(𝜏 ′) − 1
𝜈(𝜏)] 𝜉1(𝜏 ′) 𝑑𝜏 ′

𝜏 ′ − 𝜏

= 𝑞𝛾
𝜋𝑖

Δ(𝜏)
(𝜏2 − 𝛾2)𝜈(𝜏)𝛽(𝜏) + 1

𝜋𝑖
1

𝛽(𝜏)[𝛽(𝜏) + 𝑔] .
(5)

Since Im 𝜏 > 0, the coefficient of the singular integral in (5) does not vanish on
the contour of integration. The index of this equation (5) is zero; therefore it is
equivalent to the following Fredholm equation (6):

𝜉1(𝜏) = 𝑞
𝜋𝑖

𝜏
𝜏2 − 𝛾2 + 1

𝜋𝑖 ∫
+∞

−∞

𝜈(𝜏 ′) 𝑑𝜏 ′

Δ(𝜏 ′)[𝛽(𝜏 ′) + 𝑔](𝜏 ′ − 𝜏)+

+ 1
2(𝜋𝑖)2 ∫

+∞

−∞

𝜈(𝜏 ′)𝛽(𝜏 ′) 𝑑𝜏 ′

Δ(𝜏 ′)(𝜏 ′ − 𝜏) ∫
+∞

−∞
[ 1

𝜈(𝜏″) − 1
𝜈(𝜏)] 𝜉1(𝜏″) 𝑑𝜏″

𝜏″ − 𝜏 ′ .
(6)

For |𝜀∥| ≫ 1 the kernel in equation (6) contains a small parameter, and therefore
it can be solved by the method of iteration. In the zeroth approximation

𝜉0
1(𝜏) = 𝑞

𝜋𝑖
𝜏

𝜏2 − 𝛾2 ,

and the reflection coefficient, according to (4), (6), is equal to

𝑅𝑎 (𝜋
2 ) = 1

2𝑞2 [1 + 2𝑞
𝜋𝑖 + 𝑂(𝑞2)] . (7)

In essence, the iteration method for |𝜀∥| ≃ 𝑞−2 ≫ 1 gives the function 𝜉1(𝜏) in
the form of an expansion in the parameter

𝑞 = (𝜀⟂ − 1
|𝜀∥| 𝜀⟂

)
1/2

only for small 𝜏 (𝜏 < 𝑘/𝑞). The asymptotic form of the solution of (6) for large
𝜏 can be obtained by using the results of work (7). Assuming that as 𝜏 → ∞
the asymptotic form of 𝜉0

1(𝜏) is
const
𝜏2𝛼 (Re 𝛼 < 1

2) ,
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and expanding (5) in a series

in decreasing powers of 𝜏 , we obtain:

(2√𝜀∥𝜀⟂ + 1) ctg2 𝜋𝛼 = 1; 𝛼 (|𝜀∥| ≫ 1) = 1
2 − 1 + 𝑖√

2
(𝜀⟂|𝜀∥|)−1/4. (8)

For a wedge with angle 𝜃 = 0 (an ideally conducting half-plane 𝑧 < 0 in the
anisotropic half-space 𝑥 > 0), the reflection coefficient is equal to

𝑅𝑎(0) = (𝑘√𝜀⟂ − 𝛾
𝑘√𝜀⟂ + 𝛾 )

1/2
𝑅𝑎 (𝜋

2 ) , 𝑞 ≪ 1. (9)

In exactly the same way one can consider the case of an isotropic dielectric
(𝜀⟂ = 𝜀∥ = 𝜀 < 0). As a result, it turns out that for |𝜀| ≫ 1 the reflection
coefficients for 𝜃 = 𝜋/2 and 𝜃 = 0 differ only in the first approximation in 𝑞 ≪ 1

(𝑞 ≃ 1
√|𝜀|

≃ 𝛿
𝜆) ∶

𝑅𝑢 (𝜋
2 ) = 1

2𝑞2 [1 + 2𝑞
𝜋𝑖 + 𝑂(𝑞2)] ; (10)

𝑅𝑢(𝜃) = 𝑅𝑢 (𝜋
2 ) [1 + 𝑖𝑞 + 𝑂(𝑞2)] . (11)

It is of interest to compare (7), (9)—(11) with analogous formulas obtained using
the boundary conditions of M. A. Leontovich on the surface of the dielectric [2].
The application of these boundary conditions reduces the problem of finding the
field in vacuum to an integral equation, which can be solved by the Wiener—
Hopf—Fock method. If the reflection coefficient found in this way is expanded in
powers of the parameter 𝑞 = 𝛿/𝜆 ≪ 1 (the approximate boundary conditions are
obtained under the assumption that 𝑞 ≪ 1 [2]), then the result turns out to agree,
up to quantities of order 𝑞2, with formulas (7) and (10) (for 𝜃 = 𝜋/2). As for
the case 𝜃 = 0, for an isotropic dielectric the difference is observed in quantities
of order 𝑞, and in an anisotropic dielectric—even in the zeroth approximation,
if 𝜀⟂ ≪ |𝜀∥|. In the latter case, the spatial dispersion of the surface impedance
proves to be substantial.

Thus, for not very acute angles of a conducting wedge (𝜃 ∼ 1), the detailed
structure of the field near the edge of the wedge has no substantial influence
on the field in the far zone [8], so that use of the boundary conditions of M. A.
Leontovich makes it possible to obtain the correct expression for the field in this
region for both isotropic and anisotropic dielectrics.
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In conclusion, the authors take this opportunity to express their gratitude to
V. A. Marchenko and G. Ya. Lyubarskii for valuable mathematical advice, and
also to L. A. Vainshtein for his interest in the work and useful discussions.

Kharkov State
University

Received
26 VI 1963
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