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1. In the present note we consider the following system of equations, whose
study is connected with the solution of the problem of stability of a controlled
process in the linear formulation:

dx
P u(t)x + a(t)z, u(t) = b(t)z,

2(t) = [ w(t—t' ) (') dt, (1)

where z is a column matrix composed of the discrepancies of the controlled
quantities; z is the control function; v(t) is the input signal of the automatic-
control system; b(t) is a row matrix determining the law of formation of the
input signal of the control system; w(t—t’,¢") is the impulse transition function
of the automatic-control system; u(t) is a square matrix of order n; a(t) is a
column matrix.

In [1], by asymptotic integration of system (1), under the assumption that the
eigenvalues of the matrix u are distinct and sufficiently separated from one
another, a stability criterion was obtained that takes into account the variability
of the parameters of the controlled object and of the parameters of the automatic-
control system. Below we consider the general case, when the eigenvalues of
the matrix v may be close and, at individual instants of time, multiple. We
reduce the solution of system (1) to the solution of a certain number of mutually
independent systems of first-order differential equations. In doing so we use
the method of introducing “slow” time proposed by N. M. Krylov and N. N.
Bogolyubov [2]. As applied to the system of homogeneous differential equations
dz/dt = u(t)x, which in our case represents the equations of the “open-loop”
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controlled system, this method was used for the asymptotic splitting of the
equations into independent subsystems in [3-6].

In what follows, instead of system (1) we shall consider the equivalent system
of integro-differential equations

% =u(t)x + a(t) /OO w(t —t )bt )z(t') dt’. (2)

2. Let the eigenvalues of the matrix w(t) be divided into p groups
Aoy3Agys s Aok, (0= 1,2,...,p), under the condition that on the segment
0<t<L

[Agi — Agjl >0 (c#si=1,2,....k,; 7=1,2,...,k,). (3)

Using Sylvester’ s formula for the decomposition of matrices into components
(see, for example, [7]), in accordance with the indicated partition the matrix u

can be represented in the form

P
u = Z; K, A M, (4)

where K_, A, M are matrices of type n X k,, k, x k,, k, X n, respectively,
and

E =
MUKS={ S (5)
0, s#Fo

(Ey, is the identity matrix of order k,),

k
o )\U‘
KO'AO‘MO' = AU1-~UkU (’LL) Z m H(u - )‘ajEn)7
i=1 TN g

where

[0

(/\_)‘ai).

<.
Il

Aa,a, (V) =

<

i=1
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The matrix

Fo o\
Z ﬁ'i) H(U - )‘UjEn) = (I)o'(u>

i=1 T 0; i) g

is a polynomial of degree k, — 1 in the matrix u. On the segment [0, L] the
coefficients of this polynomial are continuous functions of ¢, including those
points at which the eigenvalues belonging to the group o (o = 1,2, ..., p) become
equal to one another. The indeterminacies that arise at the indicated points are
easily resolved.

The rank of the matrix A,
represented as the product of a matrix K, of type n x k, and a matrix M, of
type k, xn (A, . (u) = K,M,). After this the matrices M, and A, are

determined by the formulas

». is equal to k,. Therefore this matrix can be
Ok

Mo = (MOUKU)71M007 Ao’ = MOU(I)O'KU

(the matrix M, K, is nonsingular).

Let us note that expression (4) can also be represented as follows:

uw=KAM, (6)

where

Ay 0 My
K = (K, .., K,), A(~ ) M=
0 A, i,

3. Consider the system of integro-differential equations

Cc% = u(T)z + ca(T) /Oo w(t—t',7)b(r)z(t")dt’ (1 =et), (7)

which for e = 1 coincides with system (2).

We shall seek the solution of equations (7) in the form

z=> K, (r)§,(), (®)

o=1

where the vector functions ¢, are solutions of the equations
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djy  ~ ..
~e KM, (0=12..p). (9)

We represent the matrices K () and KU (1) in the form of formal expansions

K, :ZEkK,[;k], KJ=ZE’“AW. (10)
k=0 k=0

In turn, we seek the solution of equations (9) in the form

Jo =y (11)
k=0

Substitute equalities (8) and (9) into equation (7) and equate to zero the sum
of all terms containing g,. We obtain

dE, ~~ ). ' ~
(s T+ K A, — qu> Yy — sa/ w(t—t",7)b(r") K (7")y,(t") dt" = 0.
dr .
(12)
In the last equality substitute the expansions (9) and (10) and equate to zero

the sum of all coefficients at equal powers of €. We shall have

LYy = o,

k
Loyl + 3T Ly + I (e )] =0 k=12, (13)

a=1

where

19 = KIAD — il

o dKSTY [i] 5 [0] [0] 5 li] i .
Ly = — + K5Ay + -+ Koo' Ay —uKy (i=1,2,...), (14)

T

1;(y) = —a(r) / w(t —t,7)b(r") K& () y(®)dt (i=0,1,2,..),
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Put K = K,, AV = A, (K,, A, are the matrices appearing in expansion (4)).

Then, as is not difficult to verify, L[?] = 0, and in each k-th equality (13) the

(%]

term containing s  vanishes.

From equalities (9), (10), (11) there follow the following recurrence formulas for
determining y([;] (i=1,2,...):

e =Y, (t) /tY;(t') (MG )YE @) + e+ AP ()Y, ()] dt' © = Y2 (1) C

(15)
where Y (¢) is the fundamental matrix of solutions of the equation
dy,
ZJo _ A 16
dt a‘ycﬂ ( )

and C' is a matrix of arbitrary constants.

Taking into account equalities (15), equalities (13) may be brought to the form

ukK¥ = KFA + K AP+ DF Y k=12, (17)
where
[k—1]
k-1 _ SOING plEalylal | glk—al (yla-1\] y—1 , Ho
Dl ZK +Z[ Vol (v )] vt -
(18)

If the matrices Y, AU ,K(Ll],YU[ ]7...7A§71],K([7k71]7Y0[k71] have already been

found, then the matrix D[g U'is a known matrix, and from the k-th equality

(17) one can determine Agf | and K([,k].

Indeed, for compatibility of this equality it is sufficient to require that

M, (K,AS + DF ) = o, (19)

Hence we immediately find

AM = _pr DY, (20)

With the aid of equality (20), the k-th equality (17) can be represented as

AQY = QWA + Ma, DY, (21)
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where

G,=E,—K,M, Q¥=MmKr¥ (22)

We split the matrix Q[f }, consisting of n rows and &, columns, into p blocks so
that the first block contains k; rows, the second block k5 rows, and so on:

QM
QY = nE (23)
QM)

Then equality (21) decomposes into p mutually independent matrix equations

A, Q¥ = QULA,, (24)

AQel = QRN + MDY (s #0). (25)

On the basis of equality (24) we may take Qgi], = 0. Since the matrices A,
and A, for s # o have no common eigenvalues, the remaining equalities (25)

uniquely determine the matrices Qlfs] (s # o). Having thus determined the

(K]

matrix Q[,k }, it is easy to compute the matrix KE by the formula

KM = kQ¥. (26)

The relations given above make it possible successively to determine the matrices
AL}],K([;H,ALQ],KE],..., which occur in the formal expansions (10), by means
of which the system of integro-differential equations of order n is split into p
independent systems of differential equations (9) of orders ky, ks, ..., k, (k; +
ky + ... + k, = n). Taking the matrices ﬁg and XU to be partial sums of the
expansions (10), we obtain an approximate splitting of the integro-differential
equations. In essence, the integration of equations (7), and hence also of the
original system (1), is reduced to the integration of p independent systems of
differential equations (16), for, having the matrix Y, (¢) of fundamental solutions
of equations (16), one can determine g, (t) by means of formulas (15) and (11).
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