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ON THE ABSOLUTE CONVERGENCE OF A
SERIES OF FOURIER COEFFICIENTS

(Presented by Academician A. N. Kolmogorov on II 8, 1964)
1. The well-known theorem of Bernstein asserts:

If a periodic function f(¢) on [0,27] belongs to the class C%, a > 1/2, i.e.,
satisfies the Holder condition with exponent @ > 1/2, then the series of Fourier
coefficients with respect to the trigonometric system converges absolutely:
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the exponent 1/2 is sharp, i.e., there exists a function f, € C'/2 such that

00 2m
Z / fot)e ™t dt| = .
—oo |0

This result was strengthened and generalized by many authors (see (1), Ch. 9)
in various directions. For the Haar system x,, () (see (1), p. 141) Ciesielski and
Musielak proved (?) the following fact:

Lemma of Ciesielski—Musielak. If a function
F e Lefo,1], a>1/2,
ie, fe L(0,1) and
1
a0 = sup [ 1 m— sl =06, s Lo,
<8 Jo

then
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P. L. Ul’ yanov established (3),§8, that in this case as well the Holder exponent

1/2 is limiting and sharp; namely, in L}/ ? there exists a (even bounded) function
fo(t) such that

S Jan(fo)l = o0, W%(MM:ZE@M@W

The result of P. L. UI' yanov was strengthened by B. I. Golubov, who showed*
the existence of such a function fy(¢) in the class C''/2. The main purpose of
the present note is to establish the general fact that the Holder exponent 1/2
in a theorem of Bernstein type cannot be improved for any orthonormal system.
The following is true:

Theorem 1. Let ¥ = {¢,} be an arbitrary complete orthonormal system
on [0,27]; there exists a function ¢(t) € C/2[0,2x] such that the series of its
Fourier coefficients with respect to the system ¥ does not converge absolutely,
ie.,

o0

by

1

= Q.

/ ot () dt
0

Thus, in particular, a new proof is given of the second part of Bernstein’ s
theorem. Multidimensional analogues of this assertion have also been found.

2. Here is the scheme of the proof of Theorem 1:

oz Ly

1/2
7 Ng
A1/2
L, —, L,

What is meant by each of the operators indicated above the arrows is explained
below; the continuity of these operators and their additional properties are
established in the lemmas whose numbers are written under the arrows.

* The reference to this still unpublished result of B. I. Golubov is made here
with his kind permission.

Suppose that every function ¢(t) € C 1/2 has an absolutely convergent Fourier
coeflicient series with respect to the system W. Then define the operator

2
I:CY? =1y, setting Io={¢,}, where ¢, = / (), (t) dt.
0
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Lemma 1. The operator I : CY2 — [, is continuous if {€,} € 1, for all
peC?,

This is a special case of Gelfand’ s theorem (see (*), pp. 432-433). The operator
J is constructed by the formulas £ = {¢,,} € 1, JE =, o(t) =D&, ¢, (t) € L,.

Since Y €,12 < (X \fn|)2, we have |[J¢|, < |€];, and the operator J : I, — L,
is continuous. But it is important for us to know more about J; namely, the
following is true (°).

Lemma 2. The operator J : l; — L, is unconditionally summing.

Recall that an operator T': X — Y from one Banach space to another is called
unconditionally summing, or a Grothendieck operator, if one of the following
two equivalent (%) conditions is satisfied:

1°. For every unconditionally convergent series > x,, in X, the series > Tz,
converges absolutely in Y, i.e. > || Tz,[y < cc.

2°. For some constant M,

N

> &,

1

N
> T,y <M sup

n=1 [€,]<1

X
forany z, € X, n=1,2,...,N; N=1,2,....

Finally, A7 is the multiplier operator with respect to the trigonometric system:

AY(1) =1, AV (e™) = |n| Vet n 0.

The Hardy-Littlewood theorem ((7), p. 223, Theorem 9.81) can be reformulated
as follows:

Lemma 3. The operator A7 : L, — C7 is continuous if 0 < v < 1. Note
that the same is also true in the metrics L,, 1 <p < oo, ie. A7: L, — L) is
continuous.

3. Since ¥ is a complete system, the product JI : C¥/? — L, is the identity
embedding operator. By Lemmas 1-3, the operator A'/2 : L., — Ly has been
represented as the product of several continuous operators, one of which, J, is
unconditionally summing. Therefore the operator A2 : L., — Ly would have
to be unconditionally summing. However, this is false.

Lemma 4. The operator A2 : L__ — Ly is not unconditionally summing.

Indeed, let us show that condition 2° is not satisfied. For any N, put

1
z,(t) =xa,t), A,= %%,%%, n=01,..,

N -1,
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and let xp be the characteristic function of the set E. Since the functions
x,,(t) are obtained from one another by translation, the moduli of their Fourier
coefficients with respect to the trigonometric system coincide, and, as is easy to
compute, for x,(t), || = | sin ke/k|, where ¢ = w/N. Therefore

1/2
. 1/2 1/2 > sin? ke 1
SNy = NIA 2l > N (D] 2
! 1

1/2

N/2 2 9
4 K221 N
7 - > =
=N (Z 2 N2j2 k) = <1°g 2)

1

1/2

2
Here we used the fact that sinz > —x if 0 < z < —. Thus condition 2° is not
™

satisfied, and Lemma 4 is proved.

0|3

The contradiction obtained shows that the assumption of absolute convergence
of the series of Fourier coefficients with respect to the system ¥ = {¢,,} for all
functions ¢ € C'/? is not satisfied. Theorem 1 is proved.

4. A very essential point in the proof of Theorem 1 was the theorem of
Mazur—Pelezyriski—Schlenk (Lemma 2); it is precisely this theorem that
gives the above scheme a general character. Thus, if one has to solve the
analogous question for some space F of functions of one or several variables,
it suffices to choose an operator A (and a space X) such that, on the one
hand, A : X — FE is continuous, and on the other hand A : X — L,
is not unconditionally summing. Then consideration of the commutative
diagram

E L
A N

A
X — L,

as above will lead to a contradiction. Thus the problem is reduced to a successful
choice of the operator A. Before giving one of the many possible multidimen-
sional analogues of Theorem 1, we shall state some propositions on the con-
nection between constructive and differential properties of functions of several
variables. These facts perhaps also have independent interest.

For a set of positive numbers o = (ay, ..., ,,,) we shall denote by C'* the space
of m-periodic functions f(ty,...,t,,) such that, if a; = p; +~,, p; is an integer,

0 <1v; <1, then for every j =1,2,...,m

Pift+u!)  dPif(t)
oty ot

< Myluy|% for all u = (uy, ..., u,,);
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here

ttud = (b, ety g, b4y, tyg, e ty).

We set
1 WA |
@ 21: a;

Put

. ~1/2
Po(n) = (1+Z|nj|2aj> ) n=(ng,..,Ny,),
1

and let El(’%),)P J be the best approximation in the metric L,, 1 < p < oo, of the

function f by linear combinations of those exponentials exp{i(n,t)}, (n,t) =
ZT n.j, for indices n for which P, (n) < R.

Theorem 2. If f € C¥(Ly), then
EYp f<COMR™.

Conversely, if

Eg}Pa f<NR,

then f € Ly and

Mf < C(a7p)Nf7

except for the cases when « is an integer and p = 1, co.

The proof is carried out according to the schemes of article (8), where, in a less
exact form (Theorem 6, p. 411), an analogous fact was obtained for the case of
even «;, j=1,...,m.

Theorem 3. If o > 1/2, then every function f € C* has an absolutely
convergent Fourier series with respect to the trigonometric system. If, however,
oy < 1/2, then whatever complete orthonormal system

\P:{lpn(tl’?tm)}a Ogtj<2ﬂ'a

there exists a function ¢ € C“ such that
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= Q.

X[ owam

The first part is verified* according to the scheme of the proof of Bernstein’ s
theorem (for example, (10), p. 594) using Parseval’ s equality and the estimates
following from Theorem 2,

ngpu f< Eg";( f<CMR.

o

* This result is not new; many sufficient conditions for absolute convergence
of multidimensional Fourier series were given by M. F. Timan (12). Let us
also note that absolute convergence of expansions in eigenfunctions of elliptic
operators for functions from C*, o = (5,0, ..., ), 8 an integer and § > m/2,
was established by V. A. Il in (12).

The second part is proved according to the scheme of the second diagram 2,
where X = L__ and A = A is the multiplier operator {\,,}, A, = P,(n).

Lemma 5. If f € L and oy < 1, then

EZ) (A*f) < O flo B

o

The proof is carried out according to the scheme of article (8) (cf. Theorem 2
on p. 404).

Lemma 3a. The operator A® : L, — C® is continuous.
This is a consequence of Lemma 5 and the second part of Theorem 2.

Thus, by Lemmas 1, 2, 3a, the operator A : L — L, is unconditionally
summing.

Lemr{la d4a. The operator A* : L. — Lo is not unconditionally summing if
(&%) S 3-

For the proof, one considers the characteristic functions x A, of equal cubes
obtained by partitioning the sides of the cube 0 <¢; < 27 into IV equal parts.
Simple calculations show that

N’VTL

1/2
Y Aya || =N [aexs, |, 2 € (/ oy p—L 2%) |
1 2 1<z, <N L+ai™ + -+,

and the divergence of such an integral, taken over the whole space R™, for
ay < % (see (10), example 86, item 676, p. 397; for m = 2, example 26, item
617, p. 225) ensures the failure of condition 2. The contradiction to which
Lemma 4a leads proves Theorem 3.
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6. We shall make a few concluding remarks. The structure of Bernstein’ s

theorem is as follows: given a homogeneous space (1) of functions X on
the circle (on the m-dimensional torus), L' > X D C (or L*°), and some
complete orthonormal system W; one seeks such a Holder exponent o =
a(X, W) that all functions of the classes X**¢ ¢ > 0, have an absolutely
convergent series of Fourier coefficients with respect to the system ¥, while
in the class X this is false (X7 = {f € X : [ f(t+h)— f(t)|x < My[n|7}).
For the trigonometric system ® = {e¢™} the exponent

i, 2<p<
a(Lp,(I))—{Qv p s 00,

1/p, 1<p<2.

Although for the trigonometric system (L, ®) = 1/p > % for p > 2,
the estimate of Theorem 1, a(Lp, v) > %7 in the class of all complete
orthonormal systems, as the Ciesielski-Musielak lemma shows, cannot be
improved.

Finally, let us note that the following is true.

Proposition. If sup|A\,| - k7 < oo, v > %, then the multiplier operator A =
{A\r} with respect to the trigonometric system A : Ly — Ly is unconditionally
summing. In order that the operator A : L., — Ly be unconditionally summing,
it is necessary and sufficient that the condition Y |\;|* < oo hold.
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