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Abstract
Full Text

MATHEMATICS
S. A. TERSENOV

ON A PROBLEM WITH DATA ON THE LINE
OF DEGENERATION FOR SYSTEMS OF
EQUATIONS OF HYPERBOLIC TYPE
(Presented by Academician M. A. Lavrent’ev on 23 XI 1963)

As is known (see (1)), the Cauchy problem with data on the line of degeneration
of type for equations of hyperbolic type is, generally speaking, not well posed.
In the present article this problem is studied in a modified formulation proposed
in (1)*.

1. Consider the system of equations of hyperbolic type

𝑢𝑥 + 𝑣𝑦 + 𝑎𝑢 + 𝑏𝑣 = 𝑓1,
𝑦𝑢𝑦 + 𝑣𝑥 + 𝑐𝑢 + 𝑑𝑣 = 𝑓2, (𝑦 > 0) (1)

in the domain 𝐷, formed by the segment 𝐴𝐵 of the 𝑥-axis (the line of degener-
ation) and the characteristics:

𝑥 − 2√𝑦 = 𝐶, 𝑥 + 2√𝑦 = 𝐶,

passing through the points 𝐴 and 𝐵, respectively. Suppose that the coefficients
and the right-hand sides of system (1) are defined and continuous in a certain
rectangle of height 𝛿, entirely containing the domain 𝐷.

Introduce the function

𝜂(𝑥, 𝑦) = exp∫
𝛿

𝑦
𝑐(𝑥, 𝜏)𝜏−1𝑑𝜏.

First consider the case when 𝜂(𝑥, 𝑦) is integrable with respect to 𝑦 in the interval
0 ≤ 𝑦 ≤ 𝛿 for any 𝑥 from 𝐴𝐵. It is easy to see that in this case 𝑐(𝑥, 0) ≤ 1.
Denote by 𝑝 the integer part of max(1−𝑐(𝑥, 0)) on 𝐴𝐵. In addition suppose that
the coefficients and the right-hand sides of system (1) have, in 𝐷, continuous
derivatives with respect to 𝑥 up to order (2𝑝 +1), and that the initial data 𝜏(𝑥),
𝜈(𝑥) have continuous derivatives of order (2𝑝 + 2).
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Under the assumptions adopted, the following is valid.

Theorem 1. There exists a unique continuously differentiable solution of system
(1) in the domain 𝐷, satisfying the condition

𝜂−1(𝑢 − Φ) = 𝜏(𝑥), 𝑣′
𝑥(𝑥, 0) = 𝜈(𝑥) on 𝐴𝐵, (2)

where Φ is a completely determined function, which is constructed explicitly
below.

By introducing new unknown functions

𝑢1 = √𝑦 𝜂𝜏 + √𝑦 Φ + 𝑣 + Ψ + 1
2
√𝑦 𝑢 + 𝑣,

𝑢2 = √𝑦 𝜂𝜏 + √𝑦 Φ − 𝑣 − Ψ + √𝑦 𝑢 − 𝑣

the problem under consideration is obviously reduced to a system of integral
equations (see (2)):

* This work was carried out in 1962 and reported at the seminar of the De-
partment of Function Theory of the Institute of Mathematics, Siberian Branch,
Academy of Sciences of the USSR.

𝑢1 = ∫
𝑠1

0
[𝑡−1/2𝜑 + 1 − 2𝑐

4 𝑡−1(𝑢1 + 𝑢2) + 𝐴𝑢1 + 𝐵𝑢2] 𝑑𝑡,

𝑢2 = ∫
𝑠2

0
[𝑡−1/2𝜑 + 1 − 2𝑐

4 𝑡−1(𝑢1 + 𝑢2) + 𝐴1𝑢1 + 𝐵1𝑢2] 𝑑𝑡, (3)

where 𝑠1, 𝑠2 are the lengths of the arcs, respectively, of the characteristics 𝑥 −
2√𝑦 = 𝐶, 𝑥 + 2√𝑦 = 𝐶, passing through the point (𝑥, 𝑦);

𝐴 = −1
2𝑦−1/2(𝑎 + 𝑑) − 1

2𝑏; 𝐵 = −1
2𝑦−1/2(𝑎 − 𝑑) + 1

2𝑏;

𝐴1 = 1
2𝑦−1/2(𝑎 − 𝑑) + 1

2𝑏; 𝐵1 = 1
2𝑦−1/2(𝑎 + 𝑑) − 1

2𝑏;

𝜑𝑖 = −𝜂 ∫
𝛿

𝑦
𝑡−1𝜂−1𝜇𝑖 𝑑𝑡, 𝑖 = 1, 2, … , 𝑝 − 1; 𝜑𝑝 = 𝜂 ∫

𝑦

0
𝑡−1𝜂−1𝜇𝑝 𝑑𝑡;

𝜓𝑖 = exp(− ∫
𝑦

0
𝑏 𝑑𝑡) ∫

𝑦

0
exp(∫

𝑡

0
𝑏 𝑑𝜏) 𝛾𝑖 𝑑𝑡, 𝑖 = 1, 2, … , 𝑝;
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𝜇1 = 𝑓2 − 𝑣′ − 𝑑𝑣; 𝜇𝑖 = −𝜓1𝑥 − 𝑑𝜓1, 𝑖 = 2, … , 𝑝;

𝛾1 = 𝑓1 − 𝜂𝜏 ′ − 𝜂𝑥𝜏 − 𝑎𝜂𝜏 − 𝑣′ − 𝑏𝑣 − 𝜑1𝑥 − 𝑎𝜑1;

𝛾𝑖 = −𝜑𝑖𝑥 − 𝑎𝜑𝑖, 𝑖 = 2, … , 𝑝;

Φ =
𝑝

∑
𝑖=1

𝜑𝑖, Ψ =
𝑝

∑
𝑖=1

𝜓𝑖, 𝜑 = −𝜓𝑝𝑥 − 𝑑𝜓𝑝.

The functions 𝜑𝑖, 𝜓𝑖 satisfy the equations:

𝑦𝜑𝑖𝑦 + 𝑐𝜑𝑖 = 𝜇𝑖, 𝜓𝑖𝑦 + 𝑏𝜓𝑖 = 𝛾𝑖, 𝑖 = 1, 2, … , 𝑝.

For small values of 𝑦, system (3) has a unique solution. The existence of a
solution follows from the fact that 𝜑 = 𝑂(1)𝑦2−𝑐(𝑥,0)−𝜀 (see (2)), where 𝜀 > 0 is
a sufficiently small number. The uniqueness of the solution of system (3) follows
from the fact that the solutions of the homogeneous problem (𝑓𝑖 = 𝜏 = 𝑣 ≡ 0)
admit the estimates

𝑢 = 𝑜(1)𝑦2−𝑐(𝑥,0)−𝜀, 𝑣 = 𝑜(1)𝑦2−𝑐(𝑥,0)−𝜀;

𝑂 and 𝑜 are Landau symbols.

Let now the function 𝜂(𝑥, 𝑦), for all values of 𝑥 from 𝐴𝐵, be nonintegrable in
the interval 0 ≤ 𝑦 ≤ 𝛿. In this case 𝑐(𝑥, 0) ≥ 1. Denote by 𝑞 the integer part of
max 𝑐(𝑥, 0) on 𝐴𝐵. Suppose that the coefficients and right-hand sides of system
(1), and the initial data 𝜏(𝑥) and 𝑣(𝑥), have continuous derivatives with respect
to 𝑥 up to order (2𝑞 + 2) in 𝐷. Then the following holds.

Theorem 2. a) There exists a unique continuously differentiable solution of
system (1) in the domain 𝐷, satisfying the condition

lim
𝑦→0

𝑦𝑢
𝜔 = 𝑣(𝑥), lim

𝑦→0
(𝑣 − 𝜔Φ) = 𝜏(𝑥) on 𝐴𝐵;

𝛽) there exists a unique bounded solution of system (1), satisfying the condition

𝑣(𝑥, 0) = 𝜏(𝑥) on 𝐴𝐵.
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The proof of this theorem, by the substitution 𝑢 = 𝑦−1𝜔𝑢0, 𝑣 = 𝜔𝑣0, reduces to
the preceding theorem.

The function Φ(𝑥, 𝑦) is determined in the manner indicated above after the
introduction of the new unknown functions 𝑢0, 𝑣0;

𝜔(𝑥, 𝑦) = ∫
𝛿

𝑦
𝜂(𝑥, 𝑡) 𝑑𝑡 + 1.

Remark. Theorems 1 and 2 also hold for the system

𝑢𝑥 + 𝑣𝑦 + 𝑎𝑢 + 𝑏𝑣 = 𝑓1,

𝑦𝑛𝑢𝑦 + 𝑣𝑥 + 𝑦𝑚𝑐𝑢 + 𝑑𝑣 = 𝑓2,

where 1 < 𝑛 < 2, 𝑚 ≥ 𝑛 − 1.
2. We now consider the system of equations of hyperbolic type

𝑦𝑛𝑢𝑥 + 𝑣𝑦 + 𝑎𝑢 + 𝑏𝑣 = 𝑓1,

𝑢𝑦 + 𝑣𝑥 + 𝑐𝑢 + 𝑑𝑣 = 𝑓2, (𝑦 > 0, 𝑛 > 0) (4)

in the domain 𝐷, bounded by the segment 𝐴𝐵 of the 𝑥-axis (the line of degen-
eracy) and by the characteristics:

𝑥 − 2
2 + 𝑛𝑦1+𝑛/2 = 𝐶, 𝑥 + 2

2 + 𝑛𝑦1+𝑛/2 = 𝐶,

passing through the points 𝐴 and 𝐵, respectively.

If the function 2𝑎0(𝑥, 𝑦) = 𝑦1−𝑛/2𝑎(𝑥, 𝑦) is unbounded in a neighborhood of the
segment, then the Cauchy problem, generally speaking, is not well posed (see
(1, 3)). If 𝑎0(𝑥, 𝑦) = 𝑜(1), then the solution of the Cauchy problem (see (1, 4))
always exists and is unique. In paper (1) it was proposed to study the Cauchy
problem under the condition 𝑎0(𝑥, 𝑦) = 𝑂(1).
Let 𝑎0(𝑥, 𝑦) be a continuous function in 𝐷, and let

𝜎 = max |𝑎0(𝑥, 0)| + 2
4 on 𝐴𝐵.

Denote by 𝜌 the integer part of 𝜎, if 𝜎 is not an integer, and 𝜌 = 𝜎 + 1, if 𝜎 is
an integer.
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Suppose that the coefficients of system (4) have continuous derivatives with
respect to 𝑥 up to order 2𝜌 in 𝐷, and that the initial data 𝜏(𝑥) and 𝜈(𝑥) have
continuous derivatives of order 2𝜌 + 1 on 𝐴𝐵. Under these assumptions the
following holds.

Theorem 3. There exists a unique continuously differentiable solution in the
domain 𝐷 of system (4), satisfying the condition

𝑢(𝑥, 0) = 𝜏(𝑥), 𝑣(𝑥, 0) = 𝜈(𝑥).

By introducing the new unknown functions

𝑢1 = 𝑦𝑛/2𝜏 + 𝑦𝑛/2Φ + 𝜈 + Ψ + 𝑦𝑛/2𝑢 + 𝑣;

𝑢2 = 𝑦𝑛/2𝜏 + 𝑦𝑛/2Φ − 𝜈 − Ψ + 𝑦𝑛/2𝑢 − 𝑣,

as in the preceding cases, the problem is reduced to the system of integral
equations:

𝑢1 = ∫
𝑠1

0
[𝑡𝑛/2𝜑 + 𝑛 − 𝑎0

4 𝑡−1(𝑢1 + 𝑢2) + 𝐴𝑢1 + 𝐵𝑢2] 𝑑𝑡,

(5)

𝑢2 = ∫
𝑠2

0
[𝑡𝑛/2𝜑 + 𝑛 + 𝑎0

4 𝑡−1(𝑢1 + 𝑢2) + 𝐴1𝑢1 + 𝐵1𝑢2] 𝑑𝑡,

where

𝐴 = −1
2(𝑐 + 𝑏 + 𝑑𝑦𝑛/2); 𝐵 = −1

2(𝑐 − 𝑏 − 𝑑𝑦𝑛/2);

𝐴1 = −1
2(𝑐 − 𝑏 + 𝑑𝑦𝑛/2); 𝐵1 = −1

2(𝑐 + 𝑏 − 𝑑𝑦𝑛/2);

Φ =
𝜌

∑
𝑠=1

𝜑𝑠; Ψ =
𝜌

∑
𝑠=1

𝜓𝑠; 𝜑 = −𝜓𝜌𝑥 − 𝑑𝜓𝜌;

𝜑𝑠, 𝜓𝑠 are solutions of the recurrent system of equations:

𝜑𝑠𝑦 + 𝑐𝜑𝑠 = 𝜇𝑠, 𝜓𝑠𝑦 + 𝑏𝜓𝑠 = 𝛾𝑠

under the condition
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𝜑𝑠(𝑥, 0) = 𝜓𝑠(𝑥, 0) = 0; (6)

𝜇1 = 𝑓2 − 𝑐𝜏 − 𝜈′ − 𝑑𝜈; 𝜇𝑠 = −𝜓𝑠−1,𝑥 − 𝑑𝜓𝑠−1, 𝑠 = 2, … , 𝜌;
𝛾1 = 𝑓1 − 𝑦𝑛𝜏 ′ − 𝑎𝜏 − 𝑏𝜈 − 𝑦𝑛𝜑1𝑥 − 𝑎𝜑1;

𝛾𝑠 = −𝑦𝑛𝜑𝑠𝑥 − 𝑎𝜑𝑠, 𝑠 = 2, … , 𝜌.

The existence and uniqueness of a solution of system (5) follows from the fact
that 𝜑 = 𝑂(𝑦2𝜌) and that the solution of the homogeneous problem (𝑓𝑖 = 𝜏 =
𝜈 = 0) admits the estimate:

𝑢 = 𝑜(1)𝑦2𝜌+𝑛/2+1, 𝑣 = 𝑜(1)𝑦2𝜌+𝑛/2+1.

The latter conditions can be obtained from the homogeneous system correspond-
ing to (4).

3. A statement analogous to Theorem 3 also holds for a system of equations
of hyperbolic type of second order:

𝑦𝑛𝑢𝑥𝑥 − 𝑢𝑦𝑦 + 𝑎𝑢𝑥 + 𝑏𝑢𝑦 + 𝑐𝑢 = 𝑓 (𝑦 > 0, 𝑛 > 0), (7)

if the matrix 𝑦1−𝑛/2𝑎 is continuous in the characteristic triangle 𝐷 containing
the segment 𝐴𝐵 of the 𝑥-axis (the line of degeneracy).

Denote by 𝑎𝑖𝑗 the elements of the matrix 𝑎. Let

𝜎 = 1
2 + 1

4 max
𝑖,𝑗,𝑥

{𝑦1−𝑛/2𝑎𝑖𝑗}𝑦=0,

and let 𝜌 be the integer part of 𝜎, if 𝜎 is not an integer, and 𝜌 = 𝜎 + 1, if 𝜎 is
an integer.

Theorem 4. If the matrices 𝑎, 𝑏, 𝑐, and the vector 𝑓 are continuous and have
continuous derivatives with respect to 𝑥 up to order (2𝜌 + 1) − 2𝜌 in 𝐷, and the
initial data 𝜏(𝑥) and 𝜈(𝑥) on 𝐴𝐵 are continuously differentiable functions up to
order 2𝜌+3, then there exists a unique twice continuously differentiable solution
in the domain 𝐷 of system (7), satisfying the condition

𝑢(𝑥, 0) = 𝜏(𝑥), 𝑣(𝑥, 0) = 𝜈(𝑥) on 𝐴𝐵.

The proof of this theorem is entirely analogous to the proof of Theorem 2 (see
(2,4 )).
Institute of Mathematics with Computing Center
Siberian Branch of the Academy of Sciences of the USSR
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