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Abstract
Full Text

MATHEMATICS
S. A. TERSENOV

ON A PROBLEM WITH DATA ON THE LINE
OF DEGENERATION FOR SYSTEMS OF
EQUATIONS OF HYPERBOLIC TYPE

(Presented by Academician M. A. Lavrent ev on 23 XI 1963)

As is known (see (1)), the Cauchy problem with data on the line of degeneration
of type for equations of hyperbolic type is, generally speaking, not well posed.
In the present article this problem is studied in a modified formulation proposed
in ()*

1. Consider the system of equations of hyperbolic type

Uy + v, +au+bv = fi,

y >0 1

Yu, + v, +cu+dv = [y, ( ) M)
in the domain D, formed by the segment AB of the x-axis (the line of degener-
ation) and the characteristics:

passing through the points A and B, respectively. Suppose that the coefficients
and the right-hand sides of system (1) are defined and continuous in a certain
rectangle of height §, entirely containing the domain D.

Introduce the function

1)
n(z,y) = exp/ c(x, )77 1dr.
Y

First consider the case when 7(z, y) is integrable with respect to y in the interval
0 <y <4 for any z from AB. It is easy to see that in this case ¢(z,0) < 1.
Denote by p the integer part of max(1—c(x,0)) on AB. In addition suppose that
the coefficients and the right-hand sides of system (1) have, in D, continuous
derivatives with respect to « up to order (2p+ 1), and that the initial data 7(z),
v(z) have continuous derivatives of order (2p + 2).
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Under the assumptions adopted, the following is valid.

Theorem 1. There exists a unique continuously differentiable solution of system
(1) in the domain D, satisfying the condition

n 1t u—®) = 7(x), vl (x,0) =v(z) on AB, (2)

where ® is a completely determined function, which is constructed explicitly
below.

By introducing new unknown functions

U = ynt+ Y+ v+ U+ yu+to,
Uy =/YNT+ /Y@ —v—V + JSyu—v

the problem under consideration is obviously reduced to a system of integral
equations (see (?)):

* This work was carried out in 1962 and reported at the seminar of the De-
partment of Function Theory of the Institute of Mathematics, Siberian Branch,
Academy of Sciences of the USSR.

51 1—2
Uy = / {t71/2§0 + Tctil@h +uy) + Auy + Bu2} dt,
0

52 1—-2
Uy = / {t*1/2<p + 1 Ct’l(u1 +uy) + Ajug + Blu2} dt, (3)
0

where s, s, are the lengths of the arcs, respectively, of the characteristics x —
2,/y=C, z+2/y = C, passing through the point (z,y);

1 1 1 1
A=_= —1/2 T h B=_Z= —-1/2/(, 1
5Y (a+d) 2b, 5Y (a d)—l-Qb,

1 1 1
y 2 (a—d)+ §b3 B, = 53/71/2(@ +d) — 55;

)

Yy
P; = —77/ Ty tppdt, i=1,2,.p—1 @, = n/ =y, dt;
Yy 0

Yy y t
Y; = exp <—/ bdt) / exp (/ de) v dt, 1=1,2,...p;
0 0 0

sovietrxiv.org/items/ru-196401.75326 Machine Translation



https://sovietrxiv.org/items/ru-196401.75326

,U/]_:fg—'l)/—d’l); /’(‘i:_wlz_dwlﬂ 122,,]97
Y1 =f =07 —n, T —anT — v —bv— @1, —apy;

Vi = —Piz — AP, 122771)7

P P
=) "¢, U= W, o=, —dp,
i=1 i=1
The functions ¢;, 1, satisfy the equations:

yg@zg+cgozzuz) ¢1y+b¢1:%7 Z:172aap

For small values of y, system (3) has a unique solution. The existence of a
solution follows from the fact that ¢ = O(1)y?~¢*0~¢ (see (?)), where ¢ > 0 is
a sufficiently small number. The uniqueness of the solution of system (3) follows
from the fact that the solutions of the homogeneous problem (f; =7 =v =0)
admit the estimates

u = 0(1):[/270(%0)757 v = 0(1)y2fc(w,0)76;

O and o are Landau symbols.

Let now the function n(z,y), for all values of = from AB, be nonintegrable in
the interval 0 < y < 4. In this case ¢(x,0) > 1. Denote by ¢ the integer part of
max c(x,0) on AB. Suppose that the coefficients and right-hand sides of system
(1), and the initial data 7(z) and v(x), have continuous derivatives with respect
to 2 up to order (2¢ 4 2) in D. Then the following holds.

Theorem 2. a) There exists a unique continuously differentiable solution of

system (1) in the domain D, satisfying the condition

lim 2% = v(x), lim(v — w®) = 7(x) on AB;
y—0 w y—0

B) there exists a unique bounded solution of system (1), satisfying the condition

v(z,0) =7(x) on AB.
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The proof of this theorem, by the substitution u = y~twuy, v = wv,, reduces to
the preceding theorem.

The function ®(z,y) is determined in the manner indicated above after the
introduction of the new unknown functions ug, vg;

5
w(z,y) = / n(z,t)dt + 1.
Y
Remark. Theorems 1 and 2 also hold for the system

Uy + v, +au+bv = fi,

yTLuy+vz+ymCu+dU: ‘](‘27

where 1 <n <2, m>n—1.

2. We now consider the system of equations of hyperbolic type

Yy u, + v, +au+bv = fi,

uy—i—vm—l—cu—ﬁ—dv:fm <y>07n>0) (4)

in the domain D, bounded by the segment AB of the z-axis (the line of degen-
eracy) and by the characteristics:

2
y1+n/2 — C’ T+ y1+n/2 _ 07

T —
24n 24n

passing through the points A and B, respectively.

If the function 2a,(z,y) = y'~"/%a(x,y) is unbounded in a neighborhood of the
segment, then the Cauchy problem, generally speaking, is not well posed (see
(1,3)). If ag(z,y) = o(1), then the solution of the Cauchy problem (see (1,%))
always exists and is unique. In paper (1) it was proposed to study the Cauchy
problem under the condition ay(z,y) = O(1).

Let ag(x,y) be a continuous function in D, and let

> maX|a0(Z:,O)| +2 on AB.

Denote by p the integer part of o, if ¢ is not an integer, and p = o + 1, if o is
an integer.
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Suppose that the coefficients of system (4) have continuous derivatives with
respect to  up to order 2p in D, and that the initial data 7(x) and v(z) have
continuous derivatives of order 2p + 1 on AB. Under these assumptions the
following holds.

Theorem 3. There exists a unique continuously differentiable solution in the
domain D of system (1), satisfying the condition

u(z,0) = 7(x), v(z,0) = v(z).

By introducing the new unknown functions
uy =y 4+ Yy 2o 4 v 4+ U 4y 2+ v,

Uy = Y271 4y PO — v — Uy Py — 0,

as in the preceding cases, the problem is reduced to the system of integral
equations:

51 n—a
uy = / [tn/2<ﬂ + 1 0t (uy + uy) + Auy + Bu2] dt,
)

n+ay,
—t
1 (

52
Uy = [t"/2<p + uy + ug) + Ajuy + Bluz] dt,

0

where

1 1
A:fi(c+b+dy”/2); B:—i(c—b—dy”m);
1 1
Ap=—gc—b+ dy"?); B, = —5(ct+b— dy™?);
4 4
=g U= ¢;  p=—1,, —d,
s=1 s=1

¥4, 1, are solutions of the recurrent system of equations:

sy T CPs = g, Vgy + by =74

under the condition
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ps(2,0) = ¥y (x,0) = 0; (6)

= fo—cT =V —dv; g =V, 1, —d¥,_y, 5=2,..,p;
n=fimytT —ar b=y, —apy;
Vo= Y Qg —APg, S =2,...,p.

The existence and uniqueness of a solution of system (5) follows from the fact
that ¢ = O(y?") and that the solution of the homogeneous problem (f;, = 7 =
v = 0) admits the estimate:

2p+n/2+1 2p+n/2+1
s .

u=o(l)y v=o(l)y

The latter conditions can be obtained from the homogeneous system correspond-
ing to (4).
3. A statement analogous to Theorem 3 also holds for a system of equations
of hyperbolic type of second order:

Y Uy — Uy, + aty, +buy, +cu = f (y>0, n>0), (7)
if the matrix y'~"/2q is continuous in the characteristic triangle D containing
the segment AB of the z-axis (the line of degeneracy).

Denote by a,; the elements of the matrix a. Let

and let p be the integer part of o, if ¢ is not an integer, and p = o + 1, if ¢ is
an integer.

Theorem 4. If the matrices a,b,c, and the vector [ are continuous and have
continuous derivatives with respect to x up to order (2p+ 1) —2p in D, and the
indtial data 7(x) and v(z) on AB are continuously differentiable functions up to
order 2p+ 3, then there exists a unique twice continuously differentiable solution
in the domain D of system (7), satisfying the condition

u(z,0) = 7(x), v(z,0) =v(z) on AB.
The proof of this theorem is entirely analogous to the proof of Theorem 2 (see
(%)
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