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Abstract
Full Text

Mathematics
A. S. Markus

On Some Criteria for Completeness of the Sys-
tem of Root Vectors of a Linear Operator and
Summability of Series with Respect to This Sys-
tem
(Presented by Academician M. V. Keldysh, December 10, 1963)

The main purpose of the present note is to establish some criteria for complete-
ness of the system of root vectors of a linear operator in a Banach space and
for summability of series with respect to this system by Abel’s method in the
sense of V. B. Lidskii (1). These results are presented in §§ 1–3. In § 4 a Hilbert
space is considered; there some supplements are given to the theorems of M. V.
Keldysh (2), V. B. Lidskii (3,4), and V. I. Matsaev (5) on completeness and to
the theorem of V. B. Lidskii (1) on summability. In § 5 one application of the
results of § 1 to elliptic operators in the spaces 𝐿𝑝 (𝑝 > 1) is indicated.

1. Let 𝔅 be a separable Banach space, ℜ the normed ring of all linear
bounded operators acting in 𝔅, and 𝔖∞ the two-sided ideal of completely
continuous operators. If 𝐴 ∈ 𝔖∞, then by {𝜆𝑗(𝐴)} we denote the com-
plete system of eigenvalues of the operator 𝐴, numbered in nondecreasing
order of modulus and with account of their multiplicities. For 𝐴 ∈ 𝔖∞
set

𝑠𝑛(𝐴) = inf
𝐾∈ℜ𝑛−1

‖𝐴 − 𝐾‖ (𝑛 = 1, 2, …),

where ℜ𝑛 is the set of all 𝑛-dimensional operators from ℜ. As I. Ts. Gohberg
and M. G. Krein showed, in the case of a Hilbert space this definition is equiv-
alent to the usual one:

𝑠𝑛(𝐴) = 𝜆𝑛((𝐴∗𝐴)1/2) (𝑛 = 1, 2, …) (6).

By 𝔖𝑝 (0 < 𝑝 < ∞) (following the notation adopted in (6) for a Hilbert space)
we shall denote the set of all operators 𝐴 ∈ 𝔖∞ for which

∑
𝑗

𝑠𝑝
𝑗 (𝐴) < ∞,
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and by 𝔖(0)
∞ the set of all operators 𝐴 ∈ 𝔖∞ for which 𝑠𝑗(𝐴) → 0, i.e. the closure

of the set of finite-dimensional operators in the ring ℜ. By 𝔑 (respectively 𝔑𝛽
(𝛽 > 1)) we denote the set of all operators 𝐴 ∈ ℜ representable in the form

𝐴𝑥 =
∞

∑
𝑗=1

𝜀𝑗𝑓𝑗(𝑥)𝑦𝑗 (‖𝑓𝑗‖ = ‖𝑦𝑗‖ = 1; 𝑗 = 1, 2, …),

where

∑ |𝜀𝑗| < ∞

(respectively 𝜀𝑗 = 𝑜(𝑗−𝛽)). Operators 𝐴 ∈ 𝔑 are called nuclear.

It is easy to see that 𝔖𝑝 (𝑝 > 0), 𝔖(0)
∞ , 𝔑, and 𝔑𝛽 (𝛽 > 1) are two-sided ideals

of the ring ℜ.

By 𝔈(𝐴) we denote the linear closed span of all root vectors of the operator
𝐴 ∈ 𝔖∞, and by 𝔈(𝐴) the linear closed span of its root vectors corresponding
to eigenvalues different from zero. Following (2), we shall call an operator 𝐴
complete if 𝔈(𝐴) = 𝔅.

By ℜ(𝐴) and ℨ(𝐴) we further denote the range and the kernel of the operator
𝐴:

ℜ(𝐴) = 𝐴𝔅, ℨ(𝐴) =
−1
𝐴(0).

Theorem 1. Let the operator 𝐻 ∈ ℜ have a purely real spectrum and let its
resolvent for nonreal 𝜆 admit the estimate

∥(𝐻 − 𝜆𝐼)−1∥ ≤ 𝐶 | Im𝜆|−1. (1)

If, for some natural number 𝑛, the operator 𝐻𝑛 is nuclear, and the operator
𝑇 ∈ 𝔖(0)

∞ , 𝐵 = (𝐼 + 𝑇 )𝐻, and ℜ(𝐵) = 𝔅, then the operator 𝐵 is complete.

This theorem is a generalization of a theorem of M. V. Keldysh (2) on the
completeness of the operator acting in Hilbert space

𝐵 = 𝐻(𝐼 + 𝑇 ),

where 𝐻 = 𝐻∗ ∈ 𝔖𝑝, 𝑇 ∈ 𝔖∞, and ℨ(𝐵) = 0.
We note that the condition 𝐻𝑛 ∈ ℜ in Theorem 1 may be replaced by either of
the following conditions:

1) 𝐻 ∈ 𝔖𝑝 (0 < 𝑝 < ∞);
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2) ∑
𝑗

|𝜆𝑗(𝐻)|𝑝 < ∞ (0 < 𝑝 < ∞).

Theorem 2. Let the operator 𝐴 satisfy the conditions:

a) 𝐴 ∈ 𝔐𝛽 (1 < 𝛽 < 5/2);
b) all points 𝜆 lying outside the angle

Λ = {𝑧 ∶ −𝛾𝜋/2 ≤ arg 𝑧 ≤ 𝛾𝜋/2}

(𝛾 = 𝛽 − 1/2) are regular points of the operator 𝐴, and

∥(𝐴 − 𝜆𝐼)−1∥ 𝐶 [𝜌(𝜆, Λ)]−1 (𝜆 ∈ Λ̄), (2)

where 𝜌(𝜆, Λ) is the distance from the point 𝜆 to Λ.
Then ℭ(𝐴) = ℜ(𝐴), and if 𝔅 = 𝔅∗∗, then ℭ(𝐴) = 𝔅.

Theorem 3. Let the operator 𝐴 satisfy condition a) of Theorem 2 and condition
b) of the same theorem, but with 𝛾 < 𝛽 − 1/2. If the operator 𝑇 ∈ 𝔖(0)

∞ ,
𝐵 = (𝐼 + 𝑇 )𝐴, and ℜ(𝐵) = 𝔅, then the operator 𝐵 is complete; moreover, for
every vector 𝑓 ∈ ℜ(𝐵) the corresponding series in the system of root vectors of
the operator 𝐵 is summable to 𝑓 by the method (𝐴, 𝜆, 𝛼) (in the sense of V. B.
Lidskii (1)) for

𝛾−1 > 𝛼 ≥ (𝛽 − 1/2)−1.

We note that Theorem 2 remains valid if condition a) is replaced by the condition
𝐴𝑛 ∈ ℜ and one puts 𝛾 = 1/2𝑛, and Theorem 3—if condition a) is replaced by
𝐴 ∈ ℜ and one assumes 𝛾 < 1/2.
The proofs of Theorems 1–3 are based on the following theorem, which is estab-
lished with the aid of important results of Gohberg (7,8 ) on nuclear operators.

Theorem 4*. For every nuclear operator 𝐴,

lim
𝜌→∞

{𝜌−2 lnmax
|𝜆|=𝜌

∥(𝐼 − 𝜆𝐴)−1∥} = 0.

If, however, 𝐴 ∈ 𝔐𝛽 (𝛽 > 1) and 𝑟 = (𝛽 − 1/2)−1, then

lim
𝜌→∞

{𝜌−𝑟 lnmax
|𝜆|=𝜌

∥(𝐼 − 𝜆𝐴)−1∥} = 0. (3)

An essential role in the proofs of Theorems 1, 3 and of Theorem 8 below is
played by the following

Lemma. Let 𝐴 ∈ 𝔖∞ be a complete operator, 𝑀 an unbounded set in the
complex plane, and
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∥(𝐼 − 𝜆𝐴)−1∥ ≤ 𝐶0 (𝜆 ∈ 𝑀, |𝜆| ≥ 𝜌0).

If 𝑇 ∈ 𝔖(0)
∞ and ℨ(𝐼 + 𝑇 ) = 0, then

∥(𝐼 − 𝜆(𝐼 + 𝑇 )𝐴)−1∥ ≤ 𝐶1 (𝜆 ∈ 𝑀, |𝜆| ≥ 𝜌1).

2. Here we shall indicate a criterion for the validity of inequalities of the form
(1)–(2) with 𝐶 = 1.
Define a mapping 𝐺 of the space 𝔅 onto 𝔅∗ as follows: by 𝐺𝑥 (𝑥 ∈ 𝔅) denote
some functional from 𝔅∗ possessing the pro-

* In discussing the results of this paper with V. I. Matsaev it became clear that
he had obtained certain resolvent estimates for operators acting in Banach space;
from these estimates, in particular, it follows that for 𝐴 ∈ 𝔖𝑝 (0 < 𝑝 < ∞) and
any 𝑟 > 𝑝, (3) holds.
properties: 𝐺𝑥(𝑥) = ‖𝑥‖2 and ‖𝐺𝑥‖ = ‖𝑥‖∗. The numerical range of an
operator 𝐴 ∈ ℜ is called, following Lumer (9), the set 𝑊(𝐴) of all complex
numbers of the form 𝐺𝑥(𝐴𝑥), where 𝑥 ∈ 𝔅, ‖𝑥‖ = 1. It is easy to see that in
the case of a Hilbert space ℌ this definition coincides with the usual definition
of 𝑊(𝐴) as the set of all numbers of the form (𝐴𝑓, 𝑓) (𝑓 ∈ ℌ, ‖𝑓‖ = 1) (see
(10)).
As was established in (9), the convex hull of the set 𝑊(𝐴) does not depend on
the choice of the mapping 𝐺.

Theorem 5. Let 𝐴 ∈ ℜ, and let 𝐹 be some closed convex set in the complex
plane. In order that all points 𝜆 ∉ 𝐹 be regular for 𝐴 and that the estimate

∥(𝐴 − 𝜆𝐼)−1∥ ≤ [𝜌(𝜆, 𝐹)]−1 (𝜆 ∉ 𝐹),

hold, it is necessary and sufficient that 𝐹 ⊃ 𝑊(𝐴).
Remark. For an operator 𝐴 ∈ ℜ the following assertions are equivalent:

1∘. ∥(𝐴 − 𝜆𝐼)−1∥ ≤ | Im𝜆|−1 (Im𝜆 ≠ 0).
2∘. 𝑊(𝐴) lies on the real axis.

3∘. ‖𝐼 + 𝑖𝛼𝐴‖ = 1 + 𝑜(𝛼) (𝛼 → 0, 𝛼 real).
The equivalence of assertions 1∘ and 2∘ follows from Theorem 5, and the equiv-
alence of 2∘ and 3∘ was established in (9). We note that property 3∘ was taken
by Vidav (11) as the definition of a Hermitian operator in a Banach space.

3. Recall that an operator 𝑈 ∈ ℜ is called a contraction if ‖𝑈‖ ≤ 1.

sovietrxiv.org/items/ru-196401.75297 Machine Translation

https://sovietrxiv.org/items/ru-196401.75297


Theorem 6. Let 𝐴 ∈ 𝔐3/2 and let 𝐼 +𝐴 be a contraction. Then ℭ(𝐴) = ℜ(𝐴),
and if 𝔅 = 𝔅∗∗, then ℭ(𝐴) = 𝔅.

Theorem 7. Let 𝐴 ∈ 𝔐𝛽 (𝛽 > 3/2) and 𝐼 + 𝐴 be a contraction. If 𝑇 ∈
𝔖0

∞, 𝐵 = (𝐼 + 𝑇 )𝐴, and ℜ(𝐵) = 𝔅, then the operator 𝐵 is complete and,
moreover, for every vector 𝑓 ∈ ℜ(𝐵) the corresponding series in the system
of root vectors of the operator 𝐵 is summable to 𝑓 by the method (𝐴, 𝜆, 𝛼) for
1 > 𝛼 ≥ (𝛽 − 1/2)−1.

Theorems 6 and 7 follow from Theorems 2, 3, and 5.

4. In this section it is assumed that 𝔅 = ℌ is a separable Hilbert space.

Theorem 8. Let the operator 𝐴 ∈ 𝔖∞ satisfy the following conditions:

a) 𝑠𝑛(𝐴) = 𝑜(𝑛−𝛽) (𝛽 > 0);
b) 𝑊(𝐴) is contained in the angle

Λ = {𝑧 ∶ −𝛾𝜋/2 ≤ arg 𝑧 ≤ 𝛾𝜋/2},

where 𝛾 < min(𝛽, 2).
If 𝑇 ∈ 𝔖∞, 𝐵 = 𝐴(𝐼 + 𝑇 ), and ℨ(𝐵) = 0, then the operator 𝐵 is complete
and, moreover, for every vector 𝑓 ∈ ℜ(𝐵) the corresponding series in the system
of root vectors of the operator 𝐵 is summable to 𝑓 by the method (𝐴, 𝜆, 𝛼) for
𝛾−1 > 𝛼 ≥ 𝛽−1.

This theorem is a generalization of Theorem 3 of V. B. Lidskii (1), which is
obtained from the formulated theorem for 𝑇 = 0.
Theorem 8 remains valid if condition b) is replaced by the following:

b′) all points 𝜆 lying outside the angle Λ are regular for 𝐴, and

∥(𝐴 − 𝜆𝐼)−1∥ ≤ 𝐶[𝜌(𝜆, Λ)]−1 (𝜆 ∉ Λ).

As for the conclusion on the completeness of the operator 𝐵, it remains valid
also if condition b) is replaced by the condition

b″) the points 𝜆 lying outside all the angles

Λ𝑗 = {𝑧 ∶ 𝜑𝑗 ≤ arg 𝑧 ≤ 𝜓𝑗} (𝑗 = 1, 2, … , 𝑛),

where

0 ≤ 𝜑1 ≤ 𝜓1 < 𝜑2 ≤ 𝜓2 < ⋯ < 𝜑𝑛 ≤ 𝜓𝑛 < 2𝜋; 𝜓𝑗 − 𝜑𝑗 ≤ 𝛾𝜋 (𝑗 = 1, 2, … , 𝑛),

are regular points of the operator 𝐴, and

∥(𝐴 − 𝜆𝐼)−1∥ ≤ 𝐶 [ min
1≤𝑗≤𝑛

𝜌(𝜆, Λ𝑗)]
−1

(𝜆 ∉
𝑛

⋃
1

Λ𝑗) .
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* The functional 𝐺𝑥 is uniquely determined by 𝑥 if and only if the norm in 𝔅
is Gateaux differentiable; under this condition 𝐺𝑥 = ‖𝑥‖Γ𝑥, where Γ𝑥 is the
gradient of the norm.

The completeness theorem with conditions a) and b″) generalizes M. V. Keldysh’
s theorem (2) on the completeness of the operator 𝐻(𝐼+𝑇 ), since for the operator
𝐻 = 𝐻∗ condition b″) is fulfilled for 𝑛 = 2, 𝜑1 = −𝜓1 = 0 and 𝜑2 = −𝜓2 = 𝜋.
Theorem 9. If 𝐻 = 𝐻∗ ∈ 𝔖∞, 𝑇 ∈ 𝔖∞, ∑

𝑛
𝑛−1|𝜆(𝑇 −𝑇 ∗)| < ∞, 𝐵 = 𝐻(𝐼+𝑇 ),

and ℨ(𝐵) = 0, then the operator 𝐵 is complete.

Theorem 9 is a certain strengthening of Theorem 3 of V. I. Macaev (5) and is
proved without difficulty on the basis of that theorem.

For lack of space we do not give the completeness and summability propositions
for unbounded operators and linear operator pencils that follow from Theorems
1–3 and 6–9 or are proved analogously to them.

5. Let 𝐷 be a bounded domain with sufficiently smooth boundary 𝑆 in
𝑛-dimensional Euclidean space, and let 𝐿(𝑁)

𝑝 (𝐷) be the space of 𝑁 -
dimensional vector-functions 𝑢 = {𝑢𝑗}𝑁

1 (𝑢𝑗 ∈ 𝐿𝑝(𝐷); ‖𝑢‖𝑝 = ∑𝑗 ‖𝑢𝑗‖𝑝).
Theorem 10. Let ℒ be a strongly elliptic differential expression of order 2𝑚
with sufficiently smooth coefficients. If 𝑚 ≥ 𝑛, where 𝑛 is the number of
independent variables, and 𝑝 ≥ 1, then the problem

𝑑𝑢
𝑑𝑡 + ℒ𝑢 = 0, 𝑢|𝑡=0 = 𝑓 (∈ 𝐿(𝑁)

𝑝 (𝐷)),

𝑢|𝑆 = 𝜕𝑢
𝜕𝜈 ∣

𝑆
= ⋯ = 𝜕𝑚−1𝑢

𝜕𝜈𝑚−1 ∣
𝑆

= 0 (4)

has a solution that expands into an absolutely convergent series in 𝐿(𝑁)
𝑝 (𝐷)

𝑢(𝑡) =
∞

∑
𝑘=1

(
𝑛𝑘+1

∑
𝑗=𝑛𝑘+1

𝑐𝑗(𝑡)𝑔𝑗) (𝑡 > 0)

with respect to the system {𝑔𝑗}∞
1 of root vectors of the operator ℒ0, generated in

the space 𝐿(𝑁)
𝑝 (𝐷) by the differential expression ℒ and the boundary conditions

(4).

Theorem 10 is proved with the aid of the theorems of § 1 and certain results of
A. Grothendieck (7), M. Z. Solomyak (12), and D. M. Eidus (13). For 𝑝 = 2 this
theorem was established by V. B. Lidskii (1) under the more general condition
2𝑚 > 𝑛.
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From the results of § 1 one can draw the conclusion about the completeness in
𝐿(𝑁)

𝑝 (𝐷) (𝑝 > 1) of the system of root vectors of the operator ℒ0 and about the
summability of series with respect to this system not only under the condition
𝑚 ≥ 𝑛, but also under certain other conditions, for example in the case of a
single equation (𝑁 = 1). We note that in this case the completeness of the
system of root vectors of an elliptic operator in 𝐿𝑝(𝐷) (𝑝 > 1) for a very broad
class of boundary conditions, including conditions (4), was recently established
by Agmon (14).

The author expresses gratitude to I. Ts. Gokhberg, Yu. I. Lyubich, and V. I.
Macaev for valuable discussions of the results of the present article.
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