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Abstract
Full Text
A. YANUSHAUSKAS

THE CAUCHY PROBLEM FOR THE LAPLACE
EQUATION AND A MULTIPLICATION OP-
ERATION FOR HARMONIC FUNCTIONS
(Presented by Academician M. A. Lavrent’ev, 22 V 1964)

Let 𝐶𝑛 be the space of 𝑛 independent complex variables, 𝑅𝑛 the 𝑛-dimensional
Euclidean space; 𝐵 a bounded domain of holomorphy in the space 𝐶2 (a domain
of holomorphy is understood to mean a domain in which there exists at least
one holomorphic function that cannot be continued holomorphically from this
domain).

In this note we consider the Cauchy problem for the Laplace equation

Δ𝑓 ≡ 𝜕2𝑓/𝜕𝑥2 + 𝜕2𝑓/𝜕𝑦2 + 𝜕2𝑓/𝜕𝑧2 = 0. (1a)

The investigation of the Cauchy problem is carried out in a complex domain.
The results obtained for the Cauchy problem are used to introduce a multipli-
cation operation ∘ for harmonic functions.

Make the following change of variables in (1a):

𝜉 = 𝑥 + 𝑖𝑦, 𝜂 = 𝑥 − 𝑖𝑦, 𝜁 = 𝑧. (2)

In these variables equation (1a) is rewritten in the form

4𝜕2𝑓/𝜕𝜉 𝜕𝜂 + 𝜕2𝑓/𝜕𝜁2 = 0. (1)

Consider the following problem.

Problem K. Find a solution 𝑓(𝜉, 𝜂, 𝜁) of equation (1) satisfying the conditions

𝑓∣𝜁=0 = 𝑢(𝜉, 𝜂), 𝜕𝑓/𝜕𝜁∣𝜁=0 = 𝑣(𝜉, 𝜂), (3)

where 𝑢 and 𝑣 are functions holomorphic in the domain of holomorphy 𝐵.

Represent the function 𝑓(𝜉, 𝜂, 𝜁) as the sum

𝑓(𝜉, 𝜂, 𝜁) = 𝑔(𝜉, 𝜂, 𝜁) + ℎ(𝜉, 𝜂, 𝜁),

sovietrxiv.org/items/ru-196401.74709 Machine Translation

https://sovietrxiv.org/items/ru-196401.74709


where 𝑔 and ℎ are solutions of equations (1), satisfying the conditions:

𝑔∣𝜁=0 = 𝑢, 𝜕𝑔/𝜕𝜁∣𝜁=0 = 0; ℎ∣𝜁=0 = 0, 𝜕ℎ/𝜕𝜁∣𝜁=0 = 𝑣.

As is known (1), the functions 𝑔 and ℎ are represented by the series

𝑔 =
∞

∑
𝑛=0

(−1)𝑛 𝜁2𝑛

(2𝑛)! 4𝑛 𝜕2𝑛𝑢
𝜕𝜉𝑛𝜕𝜂𝑛 , (4a)

ℎ =
∞

∑
𝑛=0

(−1)𝑛 𝜁2𝑛+1

(2𝑛 + 1)! 4𝑛 𝜕2𝑛𝑣
𝜕𝜉𝑛𝜕𝜂𝑛 . (4b)

This representation is valid only in the domain of absolute and uniform conver-
gence of the series. We investigate the domain of convergence.

Lemma 1. If 𝑢 and 𝑣 are holomorphic in the bicylinder 𝐷0 ∶ {|𝜉 − 𝜉0| <
𝑟, |𝜂 −𝜂0| < 𝑟}, then the series (4a) and (4b) converge absolutely and uniformly
in the circle 𝐾0 ∶ {𝜉 = 𝜉0, 𝜂 = 𝜂0, |𝜁| < 𝑟}.

Proof. We prove the assertion of the lemma for the function 𝑔. For functions
holomorphic in the bicylinder 𝐷0 the estimate (2)

∣𝜕2𝑛𝑢/𝜕𝜉𝑛𝜕𝜂𝑛∣𝜉=𝜉0, 𝜂=𝜂0
≤ 𝑀(𝑛!)2/𝑟2𝑛, (5)

is known, where

𝑀 = max
𝐷0

|𝑢(𝜉, 𝜂)|.

Using this estimate, we obtain

|𝑔| ≤ 𝑀
∞

∑
𝑛=0

4𝑛(𝑛!)2

(2𝑛)! ∣ 𝜁𝑟 ∣
2𝑛

.

Since

lim
𝑛→∞

4𝑛+1[(𝑛 + 1)!]2
(2𝑛 + 2)! ∶ 4𝑛(𝑛!)2

(2𝑛)! = 1,

the series

(4a) converges absolutely and uniformly in the disk 𝐾0. The assertion of the
lemma for the function ℎ is proved analogously.
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Let the point (𝜉0, 𝜂0) belong to the domain of holomorphy 𝐵. Consider the
maximal bicylinder 𝐷 ∶ {|𝜉 − 𝜉0| < 𝑟, |𝜂 − 𝜂0| < 𝑟} contained in 𝐵. By the
lemma, the series (4) converge absolutely and uniformly on the set 𝑈(𝐵) ∶
{|𝜁| < 𝑟, (𝜉0, 𝜂0) ∈ 𝐵}. The set 𝑈(𝐵) contains an open set 𝑉 in 𝐶3 such that
𝐵 ⊂ 𝑉 ⊂ 𝑈(𝐵) (3).
We now take as the domain 𝐵 the bicylinder 𝐷 = 𝐷1×𝐷2, where 𝐷1 is a domain
in the 𝜉-plane with smooth boundary Γ1, and 𝐷2 is a domain in the 𝜂-plane with
smooth boundary Γ2. The set Γ = Γ1 ×Γ2 is called the skeleton of the boundary
of the bicylinder 𝐷. As is known (2), any function 𝑢(𝜉, 𝜂), holomorphic in 𝐷 and
Hölder-continuous in the closed domain 𝐷, can be represented in the following
form:

𝑢(𝜉, 𝜂) = − 1
4𝜋2 ∬

Γ1Γ2

𝑢(𝑡, 𝜏)
(𝑡 − 𝜉)(𝜏 − 𝜂) 𝑑𝜏 𝑑𝑡. (6)

Substituting (6) into the series (4a) and changing the order of summation and
integration, we obtain

𝑔(𝜉, 𝜂, 𝜁) = − 1
4𝜋2 ∬

Γ1Γ2

1
(𝑡 − 𝜉)(𝜏 − 𝜂)𝐹 (1, 1; 1

2 ; − 𝜁2

(𝑡 − 𝜉)(𝜏 − 𝜂)) 𝑢(𝑡, 𝜏) 𝑑𝜏 𝑑𝑡,

where 𝐹(𝑎, 𝛽; 𝛾; 𝜆) is Gauss’s hypergeometric function. Analogously we obtain

ℎ(𝜉, 𝜂, 𝜁) = − 1
4𝜋2 ∬

Γ1Γ2

𝜁
(𝑡 − 𝜉)(𝜏 − 𝜂)𝐹 (1, 1; 3

2 ; − 𝜁2

(𝑡 − 𝜉)(𝜏 − 𝜂)) 𝑣(𝑡, 𝜏) 𝑑𝜏 𝑑𝑡.

Theorem 1. For every bicylinder 𝐷 ⊂ 𝐶2 with a smooth skeleton of the
boundary Γ, there exists a domain of holomorphy 𝐻(𝐷) ⊂ 𝐶3 such that the
solution of the problem 𝐾, holomorphic in 𝐻(𝐷), for arbitrary initial data
holomorphic in 𝐷, is represented in 𝐻(𝐷) by the formula

𝑓(𝜉, 𝜂, 𝜁) = − 1
4𝜋2 ∬

Γ1Γ2

1
(𝑡 − 𝜉)(𝜏 − 𝜂) [𝐹 (1, 1; 1

2 ; − 𝜁2

(𝑡 − 𝜉)(𝜏 − 𝜂)) 𝑢(𝑡, 𝜏)+

+𝜁𝐹 (1, 1; 3
2 ; − 𝜁2

(𝑡 − 𝜉)(𝜏 − 𝜂)) 𝑣(𝑡, 𝜏)] 𝑑𝜏 𝑑𝑡. (7)

For any point 𝑋 on the boundary of the domain 𝐻(𝐷) there exists a solution
of problem 𝐾 with initial data holomorphic in 𝐷, having a singularity at the
point 𝑋.

Proof. As is known (4), the hypergeometric function 𝐹(1, 1; 𝛾; 𝜆) is single-
valued and holomorphic in the 𝜆-plane cut along the ray [1, ∞), and at the
point 𝜆 = 1 it has a singularity of order 2 − 𝛾. 𝑓(𝜉, 𝜂, 𝜁) in (7) is holomorphic
everywhere where

𝐹 (1, 1; 1
2 ; − 𝜁2

(𝑡 − 𝜉)(𝜏 − 𝜂))
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and
𝐹 (1, 1; 3

2 ; − 𝜁2

(𝑡 − 𝜉)(𝜏 − 𝜂))

are holomorphic. Let Ω be the union of all surfaces

𝑄 ∶ {𝜁2 + (𝑡 − 𝜉)(𝜏 − 𝜂) = 0, (𝑡, 𝜏) ∈ Γ}.

Consider the connected component 𝐸 of the complement 𝐶Ω containing an
open neighborhood 𝑉 ⊂ 𝑈(𝐷) of the set 𝐷 in 𝐶3. This component will be the
domain 𝐻(𝐷). We shall show that 𝐻(𝐷) is a domain of holomorphy. 𝐻(𝐷) is
the intersection of domains of holomorphy and contains an open set 𝑉 ⊂ 𝑈(𝐵)
in 𝐶3; by Theorem 11.7 of (2), 𝐻(𝐷) is a domain of holomorphy. The second
assertion of the theorem is obvious.

Theorem 2. The set of harmonic functions 𝑢 regular in the ball

(Re 𝑥)2 + (Re 𝑦)2 + (Re 𝑧)2 < 𝑅2

and the set of all possible pairs (𝑢, 𝑣) of functions holomorphic in the domain

𝐷 ∶ {|𝑥 + 𝑖𝑦| < 𝑅, |𝑥 − 𝑖𝑦| < 𝑅}

are in one-to-one correspondence.

Proof. Formula (7) in this case takes the form

𝑓(𝜉, 𝜂, 𝜁) = − 1
4𝜋2 ∫

2𝜋

0
∫

2𝜋

0

1
(𝑒𝑖𝜑 − 𝜉)(𝑒𝑖𝜓 − 𝜂)[𝐹 (1, 1; 1

2 ; − 𝜁2

(𝑒𝑖𝜑 − 𝜉)(𝑒𝑖𝜓 − 𝜂)) 𝑑𝑢(𝑒𝑖𝜑, 𝑒𝑖𝜓)

+ 𝜁𝐹 (1, 1; 3
2 ; − 𝜁2

(𝑒𝑖𝜑 − 𝜉)(𝑒𝑖𝜓 − 𝜂)) 𝑣(𝑒𝑖𝜑, 𝑒𝑖𝜓)] 𝑑𝜓 𝑑𝜑.

(7a)

The singularities of the functions 𝐹(1, 1; 𝛾; −𝜁2/(𝑒𝑖𝜑−𝜉)(𝑒𝑖𝜓−𝜂)) (𝛾 = 1/2, 3/2)
are situated on the surfaces 𝜁2 + (𝑒𝑖𝜑 − 𝜉)(𝑒𝑖𝜓 − 𝜂) = 0. Putting Im 𝑥 = Im 𝑦 =
Im 𝑧 = 0, we obtain (Re 𝑥)2 +(Re 𝑦)2 +(Re 𝑧)2 +𝑅2 cos(𝜑+𝜓)−𝑅(Re 𝑥)(cos 𝜑+
cos 𝜓) + 𝑅(Re 𝑦)(sin 𝜑 − sin 𝜓) = 0, 𝑅2 sin(𝜑 + 𝜓) − 𝑅(Re 𝑥)(sin 𝜑 + sin 𝜓) +
𝑅(Re 𝑦)(cos 𝜓 − cos 𝜑) = 0.

From these equalities we obtain (Re 𝑥)2 + (Re 𝑦)2 + (Re 𝑧)2 = 𝑅2. It follows
that the function 𝑓(𝜉, 𝜂, 𝜁) is regular in the ball

(Re 𝑥)2 + (Re 𝑦)2 + (Re 𝑧)2 < 𝑅2. (8)

Let us show conversely that if the harmonic function 𝑓 is regular in the ball (8),
then 𝑢 and 𝑣 are holomorphic in 𝐷. Consider two particular cases of problem
K:
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𝑔𝛽
𝛼∣𝜁=0 = 𝜉𝛼𝜂𝛽, 𝜕𝑔𝛽

𝛼/𝜕𝜁∣𝜁=0 = 0; ℎ𝛽
𝛼∣𝜁=0 = 0, 𝜕ℎ𝛽

𝛼/𝜕𝜁∣𝜁=0 = 𝜉𝛼𝜂𝛽.

The solutions of these problems have the form

𝑔𝛽
𝛼 = 𝜉𝛼𝜂𝛽𝐹 (−𝛼, −𝛽; 1

2 ; −𝜁2/𝜉𝜂) , ℎ𝛽
𝛼 = 𝜁𝜉𝛼𝜂𝛽𝐹 (−𝛼, −𝛽; 3

2 ; −𝜁2/𝜉𝜂) .

For natural 𝛼 and 𝛽, 𝑔𝛽
𝛼 differs only by a constant factor from the spheri-

cal function 𝑟2𝜈𝑃 𝜇
2𝜈(cos 𝜃)𝑒𝑖𝜇𝜑, and ℎ𝛽

𝛼 differs only by a constant factor from
𝑟2𝜈+1𝑃 𝜇

2𝜈+1(cos 𝜃)𝑒𝑖𝜇𝜑, where 𝜈 = max(𝛼, 𝛽), 𝜇 = |𝛼 − 𝛽|, and 𝑃 𝜌
𝑘 (𝜔) is the asso-

ciated Legendre polynomial. As is known (5), every harmonic function regular
in the ball (8) can be expanded into an absolutely and uniformly convergent
series in spherical functions

𝑓(𝑥, 𝑦, 𝑧) =
∞

∑
𝜈=0

𝜈
∑
𝜇=0

𝑟2𝜈𝑒𝑖𝜇𝜑 [𝑎𝜇
𝜈 𝑃 𝜇

2𝜈(cos 𝜃) + 𝑟𝑏𝜇
𝜈 𝑃 𝜇

2𝜈+1(cos 𝜃)] . (9)

From (9), for 𝑧 = 0 we have

𝑓∣𝑧=0 =
∞

∑
𝜈=0

𝜈
∑
𝜇=0

𝐴𝜇
𝜈 (𝑥 + 𝑖𝑦)𝜈(𝑥 − 𝑖𝑦)𝜈+𝜇, (10)

𝜕𝑓
𝜕𝑧 ∣

𝑧=0
=

∞
∑
𝜈=0

𝜈
∑
𝜇=0

𝐵𝜇
𝜈 (𝑥 + 𝑖𝑦)𝜈(𝑥 − 𝑖𝑦)𝜈+𝜇.

The series (10) converge absolutely and uniformly in the circle |𝑥+𝑖𝑦| < 𝑅, |𝑥−
𝑖𝑦| < 𝑅, 𝜉 = 𝜂, and therefore they will converge for |𝜉| < 𝑅, |𝜂| < 𝑅, i.e. in the
domain 𝐷 ∶ {|𝜉| < 𝑅, |𝜂| < 𝑅}. The theorem is proved.

Consider the set of harmonic functions 𝑔, regular in the ball (8) and satisfying
the conditions

𝑔∣𝜁=0 = 𝑢(𝜉, 𝜂), 𝜕𝑔/𝜕𝜁∣𝜁=0 = 0. (11)

By Theorem 2, these harmonic functions are in one-to-one correspondence with
the functions 𝑢(𝜉, 𝜂) holomorphic in the domain 𝐷 ∶ {|𝜉| < 𝑅, |𝜂| < 𝑅}. Denote
by 𝐹(𝐷) the ring of functions holomorphic in the domain 𝐷, and by 𝐺(𝐹)
the set of harmonic functions satisfying the conditions (11). On the set 𝐺(𝐹)
one can introduce a ring structure as follows: let 𝑔1∣𝜁=0 = 𝑢1, 𝑔2∣𝜁=0 = 𝑢2;
then 𝑔3 = 𝑔1 + 𝑔2 satisfies the conditions 𝑔3∣𝜁=0 = 𝑢1 + 𝑢2, 𝜕𝑔3/𝜕𝜁∣𝜁=0 = 0,
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and the multiplication operation ∘ is defined as follows: 𝑔4 = 𝑔1 ∘ 𝑔2, if 𝑔4∣𝜁=0 =
𝑢1 ⋅𝑢2, 𝜕𝑔4/𝜕𝜁∣𝜁=0 = 0. Endowed with these operations, 𝐺(𝐹) is a commutative
ring without zero divisors. The identity in 𝐺(𝐹) is the function 𝑔 ≡ 1.

We denote by 𝐻(𝐹) the set of all harmonic functions regular in the ball (8). On
𝐻(𝐹) one can define the structure of a 𝐺(𝐹)-module as follows: let 𝑓 ∈ 𝐻(𝐹)
and let it satisfy the conditions 𝑓|𝜁=0 = 𝑢, 𝜕𝑓/𝜕𝜁|𝜁=0 = 𝑣; then 𝑓1 = 𝑔 ∘ 𝑓
satisfies the conditions 𝑓1|𝜁=0 = 𝑢 ⋅ 𝑢1, 𝜕𝑓/𝜕𝜁|𝜁=0 = 𝑣𝑢1, where 𝑢1 = 𝑔|𝜁=0. In
the ring 𝐺(𝐹) one can introduce a norm in the following way: if 𝑔|𝜁=0 = 𝑢1,
𝑔 ∈ 𝐺(𝐹), then set ‖𝑔‖ = max 𝑢1. In the 𝐺(𝐹)-module 𝐻(𝐹) one can also
introduce a norm in the following way: let 𝑓 ∈ 𝐻(𝐹); then 𝑓 = 𝑔 + ℎ, where
𝑔 ∈ 𝐺(𝐹) and 𝜕ℎ/𝜕𝜁 ∈ 𝐺(𝐹); set ‖𝑓‖ = √‖𝑔‖2 + ‖𝜕ℎ/𝜕𝜁‖2. It is obvious that
the norm thus introduced is consistent with all operations defined on 𝐺(𝐹) and
on 𝐻(𝐹), i.e., these operations are continuous in this norm.

As is known (2), every function holomorphic in the bicylinder 𝐷 ∶ {|𝜉| < 𝑅, |𝜂| <
𝑅} can be represented by a power series absolutely and uniformly convergent
in 𝐷. Denote by 𝐹0(𝐷) the subring of the ring 𝐹(𝐷) consisting of all functions
holomorphic in 𝐷 whose power series converge absolutely in the closed bicylinder
𝐷. Denote by 𝐻(𝐹0) the set of functions harmonic in the ball (8) for which the
series in spherical functions converge absolutely in the closed ball. Denote by
𝐺(𝐹0) the subset of functions 𝑔 from 𝐻(𝐹0) satisfying the condition 𝜕𝑔/𝜕𝜁|𝜁=0 =
0.

Theorem 3. If 𝑢, 𝑣 ∈ 𝐹0(𝐷), then the harmonic function 𝑓 satisfying the
conditions 𝑓|𝜁=0 = 𝑢, 𝜕𝑓/𝜕𝜁|𝜁=0 = 𝑣, belongs to 𝐻(𝐹0), and conversely.

Proof. Let 𝑢 = 𝜉𝑚𝜂𝑛, 𝐷𝜀 ∶ {|𝜉| < 𝑅 + 𝜀, |𝜂| < 𝑅 + 𝜀}. Applying formula (7)
to 𝑢 and 𝐷𝜀, and estimating the integral in (7), we obtain

max
𝐻(𝐷)

|𝑔𝑛
𝑚| ≤ 𝐾 max

𝐷
|𝜉𝑚𝜂𝑛|,

where

𝐾 = max
𝐻(𝐷)

∣ 1
[(𝑅 + 𝜀)𝑒𝑖𝜑 − 𝜉][(𝑅 + 𝜀)𝑒𝑖𝜓 − 𝜂]×

×𝐹 (1, 1; 1
2 ; − 𝜁2

[(𝑅 + 𝜀)𝑒𝑖𝜑 − 𝜉][(𝑅 + 𝜀)𝑒𝑖𝜓 − 𝜂])∣ .

An analogous estimate can be obtained for the harmonic function ℎ𝑛
𝑚 satisfying

the conditions ℎ𝑛
𝑚|𝜁=0 = 0, 𝜕ℎ𝑛

𝑚/𝜕𝜁|𝜁=0 = 𝜉𝑚𝜂𝑛. From these estimates the
direct assertion of the theorem follows.

Let us prove the converse assertion of the theorem. Suppose we have
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𝑓(𝜉, 𝜂, 𝜁) =
∞

∑
𝑛,𝑚=0

𝑎𝑚𝑛𝜉𝑚𝜂𝑛𝐹 (−𝑚, −𝑛; 1
2 ; − 𝜁2

𝜉𝜂 ) +

+𝜁
∞

∑
𝑛,𝑚=0

𝑏𝑛𝑚𝜉𝑚𝜂𝑛𝐹 (−𝑚, −𝑛; 3
2 ; − 𝜁2

𝜉𝜂 ) . (12)

By hypothesis, the series (12) converge absolutely for 𝜁 = 0, 𝜉 = 𝜂, |𝜉| = 𝑅. By
Abel’s theorem (2) these series converge absolutely for all |𝜉| ≤ 𝑅, |𝜂| = 𝑅.

Corollary. The normed rings 𝐹0(𝐷) and 𝐺(𝐹0) are isomorphic.
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