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Abstract
Full Text

Yu. I. Khmelevskii

THE SOLUTION OF CERTAIN SYSTEMS OF EQUA-
TIONS IN WORDS

(Presented by Academician P. S. Novikov, 16 I 1964)

We shall use the terminology and notation of (!). Let & > 1, n > 0, and let
= (ag,y...,a;), X = (21, ..., x,) be disjoint alphabets.

A system of equalities

......... (1)

where ®,,..., P, Uy, ..., U,y are words in the alphabet X,* will be called a
system of equations in words in n variables. Let us define the notion of a
solution of a system of equations in words.

Let ® be a word in the alphabet X, and let X, ..., X, be words in some alphabet.
Denote by

SXR @ (2)
the result of substituting in the word @, in place of each occurrence of the letter
x;, the word X; (i = 1,...,n). If X;,...,X,, are words in the alphabet , then
(2) is a word in the alphabet . We shall call the list X, ..., X, of words in the
alphabet a solution of the system of equations in words in n variables (1), if in
the alphabet the equalities

T,y QT Ty,
SR, P =5%R Y

SR @y = SR Uy
hold.
A. A. Markov posed the following problem: “Does there exist an algorithm which,
for a given system of equations in words, would recognize whether this system

has a solution?” For systems of equations in two variables, the corresponding
algorithm was first constructed by A. A. Markov (this result was not published).

In considering systems of equations in words, certain reductions are possible.
We shall call a system of equations in words in n variables a W-system if every
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equation of the system is an equation in j variables. It can be shown that, in
considering arbitrary systems of equations, it suffices to restrict ourselves to
the consideration of Wj;-systems. The idea of such a reduction is shown by the
following

Example. The equation =z, = z3a,x, has a solution if and only if the system

L&y = T,
T30 = Tg,
LTgly = T,

Ty = Tr.

has a solution.

* We denote the union of the alphabets , by the symbol .

Below we formulate a theorem from which the existence of the algorithm men-
tioned above for W,-systems follows. Before proceeding to the formulation of
the theorem, let us agree on some conventions and give several definitions.

We denote the length of a word P by the symbol [P]<.

If @ is a word in the alphabet X, and m is a positive integer, then by (®)™ we
shall denote the word

D..D.
.2
m times
We introduce objects of the form
[A, B, A\, ..., M, (3)
where A, B are words in the alphabet , and A, ..., A, is a sequence of positive

integers such that & > 0. On the objects (3) we define a function F. Put
F(A,B;\y) = (A)M B,
F(A, B, Ay) = (AN B4, ()
F(A, B\, A,) = (F(A, By A, oo, A 1 ) F (A, B, o, A s),
if k> 2.

The equalities (4) define on the objects (3) a function whose values are words
in the alphabet . From this definition it follows that

[F(A, B, Ay, ..., \p)]% > [AB]

With the help of the function F’ we define on the objects (3) a function G. The
value of the function G on an object (3) is the word obtained if, from the value
of the function F on this same object, one deletes an end of length [AB]?.

We now pass to the definition of terms. We define variables of three sorts:
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a) W-variables, whose values are words in the alphabet . We shall assume
that these variables form an alphabet V and that the alphabet X is con-
tained in the alphabet V.

b) Natural variables, whose values are natural numbers. We shall assume
that these variables form an alphabet .

¢) Tuple variables, whose values are sequences of positive integers. We shall
assume that these variables form an alphabet K.

We shall assume that the alphabets V,, K have no letters in common. The
letters of the alphabet V K will be called variables.

We now define terms. The inductive definition of terms has the following form:
1) If T is a word in the alphabet , then T is a term. 2) If T is a W-variable,
then T is a term. 3) If A, B are words in the alphabet , and h is a tuple variable,
then G(A, B, h) is a term. 4) If A, B are words in the alphabet , and A, ..., \;
is a sequence of positive integers, then G(A, B, A, ..., A;) isa term. 5) If T is a
term and ) is a natural variable, then (7)* is a term. 6) If T is a term and m
is a natural number, then (T)™ is a term. 7) If T}, T, are terms, then T}T, is a
term. 8) There are no other terms except those defined according to 1)—7).

A term T will be called constant if no variable occurs in T'. If T is a constant
term, then rules 2), 3), 5) do not participate in the construction of 7'

We now define inductively the value of a constant term: 1) If the term T is a
word P in the alphabet , then the value of the term T is the word P. 4) If the
term T is G(A, B, A, ..., A;), then the value of the term T is the value of the
function G on the object [A4, B, Ay, ..., A,]. 6) If [T] is the value of the term T'
and m is a natural number, then the value of the term (7)™ is the word ([T])™,
if m > 0, and the empty word if m = 0. 7) If [T}], [T}] are the values of the
terms Ty, Ty, then [T}][T5] is the value of the term T}T,. From our definition:

it follows that the value of a constant term is a word in the alphabet . The
value of a term T will henceforth be denoted by [T].

We write T'(&y, ..., &,,) if the list of variables 5, ..., §,,, contains all the variables

entering into the term 7'. It is clear that if & ,...,&,, are the values of the
variables &, ..., &,,, then

SEEnT(Ey, o Ey)
is a constant term.
Let &, ..., &, be a list of variables, and let P(&,...,&,,) be a predicate. A set

&,y ,Em of values of the variables &;,...,¢,, will be called admissible for the

predicate P if .’P(gl, ,Em) is true. The predicate P(&y, ...,¢&,,,) will be called
nonempty if there exists at least one set of values of the variables &, ...,¢&,,
admissible for the predicate 7. We now formulate the theorem mentioned above.
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Theorem 1. Given the Wy-system (1) in n variables, one can construct a
system L of sets (L > 0):

1) T 6) 0 T (Ey o 60), Py E)
L) T, o 6) s T E o 60), P L(Ers e 6,

where the Ti(j ) are terms, and the P, are nonempty decidable predicates, such
that, if the system (1) has a solution, then:

a) whatever solution Xi,...,X,, of the system (1) is taken, there exist an

integer v (1 < v < L) and a set &, ... ,€,, of values of the variables
&,y €, admissible for the predicate P, (&, ..., &,,), such that

X, = [SEer T, )| (= 10m), (6)

b) Whatever the integer v (1 < v < L) and the set £, ..., £, of values of the
variables &4, ..., ¢&,,, admissible for the predicate 2, the system of words
(6) is a solution of the system of equations (1).

Using the possibility of constructing the system of sets (6), the nonemptiness
and decidability of the predicates P, it is easy to construct an algorithm which
recognizes, for a given Wy-system in n variables, whether this system has a
solution.

We also note the following theorem, which allows one, when considering systems
(1), to restrict oneself to the case N = 1.

Theorem 2. Consider the system (1). Let NV > 1 and let

M = max{[®]%, ..., [®5]%, [¥,]%, ..., [T ]9}
Then the system (1) is equivalent to the equation

D1 (Q)2Py -+ (2P = W, (Q)*Ty -+ () Ty,

where

Q= (a4 "'xn)M‘h (ayzy “'mn)Ma?
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