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Abstract
Full Text

M. N. MARUSHIN

ON THE QUESTION OF THE APPLICABILITY OF A
LIMIT THEOREM OF ORDER p >0 TO AN INHOMO-
GENEOUS MARKOV CHAIN WITH TWO STATES

(Presented by Academician S. N. Bernstein on 23 VII 1963)

An inhomogeneous Markov chain is considered in the form of a sequence of series
of random variables

L1 gy ooy Tk (k‘:1,2,...,n),

each of which assumes only the values 0 and 1.

The transition matrix is

Here pgg(k‘) denotes the transition probability; the first index « indicates the
value of the preceding random variable z;_;, and the second index 3 the value
of the random variable z;; k is the number of the series (in what follows the
index k will be omitted). To specify the Markov chain completely it is necessary

to give P(z; = 1) = p; and P(z; = 0) = ¢;.

Following S. N. Bernstein (1), we shall say that a limit theorem of order p > 0
is applicable to the sum s, = z; + x5 + -+ + z,, if the following two limiting
relations hold simultaneously:
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lim P (2" oy ) = —/ e 12 dz,
n—o0 B” 2T o

p +o0o
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where B,, = M(s,, — Ms,,).

lim M

n—00

In the present note several theorems are formulated in which necessary and
sufficient conditions are indicated for the applicability of a limit theorem of
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arbitrary order p > 0 to the sum of quantities connected in an inhomogeneous
Markov chain with two states.

For brevity of exposition we introduce a number of notations and definitions.

p; = P(xi = 1), q; = P(xz. = 0)’ 5@' — p(lll) _p(()il)7

Hi+1,i+k = 6i+16i+2 "'6z‘+k (Hi+17i = 1/2)7

n n
— +
Ti - E Hi+1,i+kv Ti - E :|Hi+1,i+k‘-
k=0 k=0

It is known that

n n
B,=Y paTi,  Bi=> paT
i=1 i=1
We shall call the sequence xj,x;, 1, ..., 2, a Markov chain on the interval 7,7+
k]. In particular, the sequence xq, z,, ..., z,, will be called a Markov chain on the

whole interval. A Markov chain will be called positively stable on the interval
[7,7+ K] if §; > 0 for all 4 satisfying the inequality j < < j+ k. If §; <0 for
all 7 satisfying the inequality j < ¢ < j + k, then such a Markov chain will be
called negatively st-

stable on the interval [j,j + k]. We shall say that a Markov chain decomposes
into two independent chains if there exists such an ¢ for which ¢, = 0.

Theorem 1. If

+ +
— max, ., T:

- . 1<i<n—1
im = = C < oo, lim —l<isn—lZdi

Bn n—00 \/Bi'n

then the limit theorem of arbitrary order p > 0 is applicable to the sum s,,.

=0, (1)

Theorem 2. If the Markov chain is positively stable on the entire interval and

max; ;<1 1; B

lim =0, (2)

n—oo A /Bn
then the limit theorem of arbitrary order p > 0 is applicable to the sum s,,.

Theorem 3. If the Markov chain is negatively stable on the entire interval
and condition (1) is satisfied, then the limit theorem of arbitrary order p > 0 is
applicable to the sum s,,.

Theorem 4. If the Markov chain is positively stable and
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1) 0<p,—q <1,
2) pyl =iy

then (2) is a necessary condition for applicability to the sum s,, of the limit
theorem of order p > 4.

Theorem 5. If the Markov chain is negatively stable and
1) 0<gq —p <1,
2) pot = Pio

then (2) is a necessary condition for applicability to the sum s,, of the limit
theorem of order p > 4.

Theorem 6. If the Markov chain decomposes into two independent chains, each
of which is either positively stable or negatively stable, then (1) is a sufficient
condition for applicability to s, of the limit theorem of order p > 4 and a
necessary condition if:

1) B, — o0 as n — 00,
2) pyy = Pio,
3) m=aqr

To illustrate these theorems we give two examples.

n b n
Example 1. Let pél) ~ =5 p(lo) ~ i, where ¢ >0, b > 1, o < . Then
n ne

—a+b§6n§1—i
ne ne

1

for sufficiently large n. As shown in [2], B,, > In'™278 where | > 0. Therefore

2 1 1 1
< <L
(a+bni—< = /B, (dnax Ty s e

since B, < tn?. Hence it follows that for 3 < 1 the limit theorem of arbitrary
order p > 0 is applicable, whereas for o > 1 it is not applicable.

Example 2 (S. N. Bernstein [1]). Let

1 i 1 . i i 1 )
pl=p =5 i=aParl gl =gl = g i>alrl
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In this case B,, ~ ¢?n?/3. Applying Theorem 6, it is not difficult to show that
condition (1) is not fulfilled. Therefore the limit theorem is not applicable.
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