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Abstract
Full Text

M. N. MARUSHIN
ON THE QUESTION OF THE APPLICABILITY OF A
LIMIT THEOREM OF ORDER 𝑝 > 0 TO AN INHOMO-
GENEOUS MARKOV CHAIN WITH TWO STATES
(Presented by Academician S. N. Bernstein on 23 VII 1963)

An inhomogeneous Markov chain is considered in the form of a sequence of series
of random variables

𝑥𝑘1, 𝑥𝑘2, … , 𝑥𝑘𝑘 (𝑘 = 1, 2, … , 𝑛),

each of which assumes only the values 0 and 1.

The transition matrix is

𝑝𝑘𝑖 = ∣𝑝
(𝑖)
11(𝑘) 𝑝(𝑖)

10(𝑘)
𝑝(𝑖)

01(𝑘) 𝑝(𝑖)
00(𝑘)∣ , 𝑖 = 1, 2, … , 𝑘.

Here 𝑝(𝑖)
𝛼𝛽(𝑘) denotes the transition probability; the first index 𝛼 indicates the

value of the preceding random variable 𝑥𝑖−1, and the second index 𝛽 the value
of the random variable 𝑥𝑖; 𝑘 is the number of the series (in what follows the
index 𝑘 will be omitted). To specify the Markov chain completely it is necessary
to give P(𝑥1 = 1) = 𝑝1 and P(𝑥1 = 0) = 𝑞1.

Following S. N. Bernstein (1), we shall say that a limit theorem of order 𝑝 > 0
is applicable to the sum 𝑠𝑛 = 𝑥1 + 𝑥2 + ⋯ + 𝑥𝑛 if the following two limiting
relations hold simultaneously:

lim
𝑛→∞

P (𝑠𝑛 − 𝑀𝑠𝑛
√𝐵𝑛

< 𝑡) = 1√
2𝜋 ∫

𝑡

−∞
𝑒−𝑧2/2 𝑑𝑧,

lim
𝑛→∞

M ∣ 𝑠𝑛 − 𝑀𝑠𝑛
√𝐵𝑛

∣
𝑝

= 1√
2𝜋 ∫

+∞

−∞
|𝑡|𝑝𝑒−𝑡2/2 𝑑𝑡,

where 𝐵𝑛 = M(𝑠𝑛 − 𝑀𝑠𝑛)2.

In the present note several theorems are formulated in which necessary and
sufficient conditions are indicated for the applicability of a limit theorem of
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arbitrary order 𝑝 > 0 to the sum of quantities connected in an inhomogeneous
Markov chain with two states.

For brevity of exposition we introduce a number of notations and definitions.

𝑝𝑖 = P(𝑥𝑖 = 1), 𝑞𝑖 = P(𝑥𝑖 = 0), 𝛿𝑖 = 𝑝(𝑖)
11 − 𝑝(𝑖)

01 ,

Π𝑖+1,𝑖+𝑘 = 𝛿𝑖+1𝛿𝑖+2 ⋯ 𝛿𝑖+𝑘 (Π𝑖+1,𝑖 = 1/2),

𝑇𝑖 =
𝑛

∑
𝑘=0

Π𝑖+1,𝑖+𝑘, 𝑇 +
𝑖 =

𝑛
∑
𝑘=0

∣Π𝑖+1,𝑖+𝑘∣ .

It is known that

𝐵𝑛 =
𝑛

∑
𝑖=1

𝑝𝑖𝑞𝑖𝑇𝑖, 𝐵+
𝑛 =

𝑛
∑
𝑖=1

𝑝𝑖𝑞𝑖𝑇 +
𝑖 .

We shall call the sequence 𝑥𝑗, 𝑥𝑗+1, … , 𝑥𝑗+𝑘 a Markov chain on the interval [𝑗, 𝑗+
𝑘]. In particular, the sequence 𝑥1, 𝑥2, … , 𝑥𝑛 will be called a Markov chain on the
whole interval. A Markov chain will be called positively stable on the interval
[𝑗, 𝑗 + 𝑘] if 𝛿𝑖 ≥ 0 for all 𝑖 satisfying the inequality 𝑗 ≤ 𝑖 ≤ 𝑗 + 𝑘. If 𝛿𝑖 ≤ 0 for
all 𝑖 satisfying the inequality 𝑗 ≤ 𝑖 ≤ 𝑗 + 𝑘, then such a Markov chain will be
called negatively st-

stable on the interval [𝑗, 𝑗 + 𝑘]. We shall say that a Markov chain decomposes
into two independent chains if there exists such an 𝑖 for which 𝛿𝑖 = 0.

Theorem 1. If

lim 𝐵+
𝑛

𝐵𝑛
= 𝐶 < ∞, lim

𝑛→∞
max1≤𝑖≤𝑛−1 𝑇 +

𝑖
√𝐵𝑛

= 0, (1)

then the limit theorem of arbitrary order 𝑝 > 0 is applicable to the sum 𝑠𝑛.

Theorem 2. If the Markov chain is positively stable on the entire interval and

lim
𝑛→∞

max1≤𝑖≤𝑛−1 𝑇𝑖
√𝐵𝑛

= 0, (2)

then the limit theorem of arbitrary order 𝑝 > 0 is applicable to the sum 𝑠𝑛.

Theorem 3. If the Markov chain is negatively stable on the entire interval
and condition (1) is satisfied, then the limit theorem of arbitrary order 𝑝 > 0 is
applicable to the sum 𝑠𝑛.

Theorem 4. If the Markov chain is positively stable and
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1) 0 < 𝑝1 − 𝑞1 < 1,

2) 𝑝(𝑖)
01 ≥ 𝑝(𝑖)

10 ,

then (2) is a necessary condition for applicability to the sum 𝑠𝑛 of the limit
theorem of order 𝑝 ≥ 4.

Theorem 5. If the Markov chain is negatively stable and

1) 0 < 𝑞1 − 𝑝1 < 1,

2) 𝑝(𝑖)
01 ≥ 𝑝(𝑖)

10 ,

then (2) is a necessary condition for applicability to the sum 𝑠𝑛 of the limit
theorem of order 𝑝 ≥ 4.

Theorem 6. If the Markov chain decomposes into two independent chains, each
of which is either positively stable or negatively stable, then (1) is a sufficient
condition for applicability to 𝑠𝑛 of the limit theorem of order 𝑝 ≥ 4 and a
necessary condition if:

1) 𝐵𝑛 → ∞ as 𝑛 → ∞,

2) 𝑝(𝑖)
01 = 𝑝(𝑖)

10 ,

3) 𝑝1 = 𝑞1.

To illustrate these theorems we give two examples.

Example 1. Let 𝑝(𝑛)
01 ∼ 𝑏

𝑛𝛽 , 𝑝(𝑛)
10 ∼ 𝑎

𝑛𝛼 , where 𝑎 > 0, 𝑏 > 1, 𝛼 ≤ 𝛽. Then

1 − 𝑎 + 𝑏
𝑛𝛼 ≤ 𝛿𝑛 ≤ 1 − 𝑎

𝑛𝛼

for sufficiently large 𝑛. As shown in [2], 𝐵𝑛 ≥ 𝑙𝑛1+2𝛼−𝛽, where 𝑙 > 0. Therefore

2
(𝑎 + 𝑏)𝑛1−𝛼 ≤ 1

√𝐵𝑛
max

1≤𝑖≤𝑛−1
𝑇𝑖 ≤ 1

𝑎
√

𝑙
1

𝑛(1−𝛽)/2 ,

since 𝐵𝑛 ≤ 1
4 𝑛2. Hence it follows that for 𝛽 < 1 the limit theorem of arbitrary

order 𝑝 > 0 is applicable, whereas for 𝛼 ≥ 1 it is not applicable.

Example 2 (S. N. Bernstein [1]). Let

𝑝(𝑖)
01 = 𝑝(𝑖)

10 = 1
𝑎𝑛1/3 , 𝑖 ≤ 𝑛1/3;

𝑝(1)
11 = 𝑝(𝑖)

01 = 1
2, 𝑖 = 𝑛1/3 + 1; 𝑝(𝑖)

11 = 𝑝(𝑖)
00 = 1

𝑛1/3 , 𝑖 > 𝑛1/3 + 1.
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In this case 𝐵𝑛 ∼ 𝑐2𝑛2/3. Applying Theorem 6, it is not difficult to show that
condition (1) is not fulfilled. Therefore the limit theorem is not applicable.
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