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Abstract
Full Text
Yu. K. SUETIN

ON THE CONSTANTS OF CONVERGENCE
AND UNIQUENESS FOR CERTAIN INTER-
POLATION PROBLEMS
(Presented by Academician M. V. Keldysh on 8 VI 1964)

The paper considers interpolation problems, special cases of which are the
Abel–Goncharov interpolation problem, the Pommiez problem (1), and the (𝛾)-
problems introduced by M. M. Dzhragilev and O. P. Chukhova (2).
Let 𝑚(𝑥) be an arbitrary function defined on the set 𝑋 = [1, +∞] and satisfying
the conditions 𝑚(𝑥) ↑ +∞, 𝑚(1) = 1, 𝑚′(𝑥)/𝑚(𝑥) ↓ 0. Denote by 𝐴𝛼

𝑟 (𝑚) the
class of functions 𝑓(𝑧) of the form

𝑓(𝑧) =
∞

∑
𝑛=0

𝑎𝑛
𝑣𝛼𝑛

𝑧𝑛, 𝑣𝑛 =
𝑛

∏
𝑝=1

𝑚(𝑝), lim
𝑛→∞

|𝑎𝑛|1/𝑛 ≤ 𝑟,

0 < 𝑟 < ∞, 0 ≤ 𝛼 < ∞.

Let 𝛾, 0 ≤ 𝛾 < ∞, be fixed and let 𝑀𝛾
𝛼 ⊃ {𝑧𝑘} be an arbitrary sequence of

complex numbers satisfying the inequalities

|𝑧𝑘| ≤ [𝑚(𝑘 + 1)]𝛼−𝛾, 𝑘 = 0, 1, … .

By a (𝛾)-problem with interpolation nodes {𝑧𝑘} ⊂ 𝑀𝛾
𝛼 we shall mean any inter-

polation problem generated by a system of functionals 𝐿𝑛, 𝑛 = 0, 1, 2, …, defined
on {𝑧𝑘} by the equalities

𝐿𝑛(𝑧𝑘) =
⎧{
⎨{⎩

0, 𝑛 > 𝑘,
𝑧 𝑘−𝑛

𝑛 ( 𝑣𝑘
𝑣𝑛𝑣𝑘−𝑛

)
𝛾

, 𝑛 ≤ 𝑘. (1)

If 𝑚(𝑝) = 𝑝, then for 𝛾 = 1 we have the Abel–Goncharov problem; for 𝛾 = 0,
the Pommiez problem; and for 𝛾, 0 ≤ 𝛾 < ∞, the (𝛾)-problems of (2).
The boundary of uniqueness of the set 𝑀𝛾

𝛼 in the (𝛾)-problem will be called
the lower bound 𝑊 𝛾

𝛼(𝑚) of those values 𝑟 for which there exist a function 𝑓(𝑧) ∈
𝐴𝛼

𝑟 (𝑚) and a sequence {𝑧𝑘} ⊂ 𝑀𝛾
𝛼 such that
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𝐿𝑛(𝑓) = 0, 𝑛 = 0, 1, 2, … , 𝑓(𝑧) ≢ 0.

Define polynomials {𝑃𝑛(𝑧)} by the conditions

𝐿𝑘(𝑃𝑛) = {0, 𝑛 ≠ 𝑘,
1, 𝑛 = 𝑘; 𝑛, 𝑘 = 0, 1, 2, … .

The boundary of convergence of the set 𝑀𝛾
𝛼 in the (𝛾)-problem will be called

the upper bound 𝑆𝛾
𝛼(𝑚) of those values 𝑟 for which every function 𝑓(𝑧) ∈ 𝐴𝛼

𝑟 (𝑚)
is representable by the series

𝑓(𝑧) =
∞

∑
𝑛=0

𝐿𝑛(𝑓)𝑃𝑛(𝑧) (2)

for any {𝑧𝑘} ⊂ 𝑀𝛾
𝛼.

In every (𝛾)-problem two basic problems arise:

1. To find the class of analytic functions (in the sense of growth for entire
functions and in the sense of the radius of the disk of convergence for
analytic functions) for which the series (2) converges to 𝑓(𝑧), i.e. to find
𝑆𝛾

𝛼(𝑚) (the convergence problem).

2. To find the class of analytic functions for which the condition 𝐿𝑛(𝑓) = 0,
𝑛 = 0, 1, …, implies 𝑓(𝑧) ≡ 0, i.e. to find 𝑊 𝛾

𝛼(𝑚) (the uniqueness problem).

None of the quantities 𝑊 𝛾
𝛼(𝑚), 𝑆𝛾

𝛼(𝑚) has been found, and only for the classical
case 𝛾 = 1, 𝑚(𝑝) = 𝑝 (the Abel—Goncharov problem) and the case 𝛼 = 𝛾 = 0
(the Pommier problem) are estimates of these quantities available (3−7).
On the basis of these estimates, R. Boas (8) put forward the conjecture that
𝑊 1

0 (𝑝) and 𝑊 1
1 (𝑝) coincide (the Whittaker and Goncharov constants). Later M.

A. Evgrafov formulated the more general hypothesis that all constants in the
Abel—Goncharov problem coincide and proved (9) that 𝑊 1

1 (𝑝) = 𝑆1
1(𝑝).

M. M. Dragilev (10) proved that 𝑆1
0(𝑝) = 𝑆1

1(𝑝), while in (2) the equalities
𝑆𝛾

𝛼(𝑝) = 𝑆𝛾
𝛾 (𝑝) were proved. Thus, in the case 𝑚(𝑝) = 𝑝 the convergence con-

stants 𝑆𝛾
𝛼(𝑝) of the problems do not depend on 𝛼. For the uniqueness constants

the analogous problem (in particular, Boas’s problem) remained unsolved. In
the present paper the equalities

𝑆𝛾
𝛼(𝑚) = 𝑆𝛾

𝛾 (𝑚) = 𝑊 𝛾
𝛾 (𝑚) = 𝑊 𝛾

𝛼(𝑚) (3)

are proved for arbitrary 𝛼, 0 ≤ 𝛼 < ∞, and fixed 𝛾, 0 ≤ 𝛾 < ∞; consequently,
this problem is also solved for the uniqueness constants. This proves the validity
of the conjectures of M. A. Evgrafov and R. Boas.
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Let
𝑃𝑛(0) = (−1)𝑛𝑣𝛾

𝑛𝛼𝑛(𝑧0, … , 𝑧𝑛−1),
𝑑𝑛(𝛼, 𝛾, 𝑚) = 𝑣𝛾−𝛼

𝑛 max
𝑧𝑖∈𝑀𝛾

𝛼
|𝛼𝑛(𝑧0, … , 𝑧𝑛−1)|,

where 𝛾, 0 ≤ 𝛾 < ∞, is fixed, and 𝛼, 0 ≤ 𝛼 < ∞, is arbitrary. Then the
following lemmas hold.

Lemma 1. There exists the upper limit

lim𝑛→∞𝑑1/𝑛
𝑛 (𝛼, 𝛾, 𝑚) = 𝑑(𝛼, 𝛾, 𝑚), 1 ≤ 𝑑(𝛼, 𝛾, 𝑚) ≤ 2.

For the proof one uses the recurrence relation for 𝑃𝑘(𝑧), 𝑘 = 0, 1, … , 𝑛,
𝑛

∑
𝑘=0

𝑧 𝑛−𝑘
𝑘 ( 𝑣𝑛

𝑣𝑘𝑣𝑛−𝑘
)

𝛾
𝑃𝑘(𝑧) = 𝑧𝑛,

which is nothing other than the expansion of 𝑧𝑛 in terms of {𝑃𝑘(𝑧)}.

Lemma 2.

2𝑑𝑛(𝛼, 𝛾, 𝑚) ≥ 𝑑𝑘(𝛼, 𝛾, 𝑚) max
𝑧𝑖∈𝑀𝛾

𝛼
|𝛼𝑛−𝑘(𝑧𝑘, … , 𝑧𝑛−1)| (𝑣𝑛

𝑣𝑘
)

𝛾−𝛼
,

𝑘 = 0, 1, … , 𝑛; 𝑛 = 0, 1, … .

The basis of the proof is the equality

𝛼𝑛(𝑧0, … , 𝑧𝑛−1) − 𝛼𝑛(𝑧0, … , 𝑧𝑘−1, 0, 𝑧𝑘+1, … , 𝑧𝑛−1)
= 𝛼𝑘(𝑧0, … , 𝑧𝑘−1) 𝛼𝑛−𝑘(𝑧𝑘, … , 𝑧𝑛−1), (4)

which is easily obtained from the representation of 𝑃𝑛(𝑧) in determinant form,
analogous to that noted in (11) (p. 127) for the Abel—Goncharov polynomial.

Lemma 3.
𝑑𝑛−1(𝛼, 𝛾, 𝑚) ≤ 𝑑𝑛(𝛼, 𝛾, 𝑚), 𝑛 = 1, 2, 3, … . (5)

The proof is trivial if one observes that, according to (4),

𝑑𝛼𝑛(𝑧0, … , 𝑧𝑛−1)/𝑑𝑧𝑛−1 = 𝛼𝑛−1(𝑧0, … , 𝑧𝑛−2).

Lemma 4. If

𝑑1/𝑛
𝑛 (𝛼, 𝛾, 𝑚) = 𝑑1/(𝑛−1)

𝑛−1 (𝛼, 𝛾, 𝑚) − Δ𝑛, Δ𝑛 > 0,

then
Δ𝑛 < 𝐴/𝑛, 𝐴 = const, 𝑛 > 𝑁.

The assertion follows from (5) and Lemma 1.
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Lemma 5. For any 𝜀 > 0 there exist arbitrarily large 𝑚0 and 𝑛0 such that, for
𝑝 = 1, 2, 3, …,

max
𝑧𝑖∈𝑀𝛾

𝛼
∣𝛼𝑚0

(𝑧𝑛0+(𝑝−1)𝑚0
, … , 𝑧𝑛0+𝑝𝑚0−1)∣ (

𝜈𝑛0+𝑝𝑚0

𝜈𝑛0+(𝑝−1)𝑚0

)
𝛾−𝛼

>

> [𝑑(𝛾, 𝛾, 𝑚) − 𝜀/3]𝑚0 , (6)

The proof in its general outline uses one device from (2).
Lemma 6.

𝑑1/𝑛
𝑛 (𝛼, 𝛾, 𝑚) > 𝑑(𝛾, 𝛾, 𝑚) − 𝜀, 𝑛 > 𝑁(𝜀).

The proof is based on Lemma 4 and the inequalities

𝑑1/(𝑛0+𝑝𝑚0)
𝑛0+𝑝𝑚0 (𝛼, 𝛾, 𝑚) > 𝑑(𝛾, 𝛾, 𝑚) − 𝜀

2 for 𝑝 > 𝑁(𝜀). (7)

To prove (7) it is enough to put in Lemma 2 𝑛 = 𝑛0 + 𝑚0, 𝑛0 + 2𝑚0, … , 𝑛0 +
𝑝𝑚0; 𝑘 = 𝑛0, 𝑛0 + 𝑚0, … , 𝑛0 + (𝑝 − 1)𝑚0, multiply the resulting inequalities
and estimate from below the quantities on the right, taking (6) into account.

From Lemmas 1 and 6 there follow the inequalities

1
2𝑑𝑛(𝛼, 𝛾, 𝑚) max

𝑧𝑖∈𝑀𝛾
𝛼

|𝛼𝑛−𝑘(𝑧𝑘, … , 𝑧𝑛−1)| (𝜈𝑛
𝜈𝑘

)
𝛾−𝛼

≤ 1
[𝑑(𝛾, 𝛾, 𝑚) − 𝜀]𝑘 , 𝑘 > 𝑁(𝜀).

(8)

Theorem 1. For every 𝑟 > 1/𝑑(𝛾, 𝛾, 𝑚) there exist a function 𝑓(𝑧) ∈ 𝐴𝛼
𝑟 , 0 ≤

𝛼 < ∞, and a sequence {𝑧𝑘} ⊂ 𝑀𝛾
𝛼, 𝑘 = 0, 1, …, such that

𝐿𝑛(𝑓) = 0, 𝑛 = 0, 1, 2, … , 𝑓(𝑧) ≢ 0.

Theorem 2. For 𝑟 = 1/𝑑(𝛾, 𝛾, 𝑚) there exist a function 𝑓(𝑧), analytic in the
disk |𝑧| < 1/𝑟, and a sequence {𝑧𝑘} ⊂ 𝑀𝛾

0 , 𝑘 = 0, 1, …, such that

𝐿𝑛(𝑓) = 0, 𝑛 = 0, 1, 2, … , 𝑓(𝑧) ≢ 0.

Theorem 3. For any 𝑟 < 1/𝑑(𝛾, 𝛾, 𝑚) every function 𝑓(𝑧) ∈ 𝐴𝛼
𝑟 (𝑚), 0 ≤ 𝛼 <

∞, can be expanded in a series in the interpolation polynomials {𝑃𝑛(𝑧)} of
problem (𝛾), whatever the interpolation nodes {𝑧𝑘} ⊂ 𝑀𝛾

𝛼 may be.
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In constructing 𝑓(𝑧) for the first two theorems, the inequalities (8) and the idea
of M. A. Evgrafov (9, pp. 111—113) are used.

The proof of Theorem 3 in its general outline reproduces the proof of part a) of
Theorem 3 (2) and rests on the matrix criterion for a basis (12, 17) in a space of
analytic functions and on a lemma of M. M. Dragilev (10). The validity of (3)
follows from Theorems 1, 2 and 3, the definitions of 𝑊 𝛾

𝛼(𝑚), 𝑆𝛾
𝛼(𝑚), and the

obvious inequality 𝑆𝛾
𝛼(𝑚) ≤ 𝑊 𝛾

𝛼(𝑚).
Let 𝛼, 𝛾, 0 ≤ 𝛼 ≤ ∞, 0 ≤ 𝛾 < ∞, be arbitrary, and let a function 𝜑(𝑚) be
defined on the set of natural numbers and satisfy the conditions

lim
𝑚→∞

𝜑(𝑚) = 𝛼, lim
𝑚→∞

𝑚𝜑(𝑚)

(𝑚 + 1)𝜑(𝑚+1) = 1, lim
𝑚→∞

𝑚𝛾−𝜑(𝑚) = 1, if 𝛼 = 𝛾,

lim
𝑚→∞

𝑚𝜑(𝑚) = +∞, if 𝛼 = 0, 𝜑(𝑚) ≢ 0,

𝑚|𝜑(𝑚)−𝛾| ≤ (𝑚 + 1)|𝜑(𝑚+1)−𝛾|, if 𝛼 ≠ 𝛾, 𝑚 > 𝑁.

Denote by 𝐴𝜑
𝑟 the class of functions 𝑓(𝑧) of the form

𝑓(𝑧) =
∞

∑
𝑛=0

𝑎𝑛
𝜈𝑛

𝑧𝑛, 𝜈𝑛 =
𝑛

∏
𝑚=1

𝑚𝜑(𝑚), lim
𝑛→∞

|𝑎𝑛|1/𝑛 ≤ 𝑟, 0 < 𝑟 < ∞,

and by 𝑇 𝛾
𝜑 ∋ {𝑧𝑘}, 𝑘 = 0, 1, 2, …, an arbitrary sequence of complex numbers

satisfying the inequalities

|𝑧𝑘| ≤ (𝑘 + 1)𝜑(𝑘+1)−𝛾.

We define the functionals by the conditions (1), putting 𝑚(𝑝) = 𝑝, and introduce
for the (𝛾)-problems the constants of convergence 𝑆𝛾

𝜑 and uniqueness 𝑊 𝛾
𝜑 . Then

the equalities 𝑊 𝛾
𝜑 = 𝑊 𝛾

𝛾 = 𝑆𝛾
𝛾 = 𝑆𝛾

𝜑 hold, independently of the choice of the
functions 𝜑(𝑚).
Let:

1) 𝐴𝛼
𝑟 be the class of functions 𝑓(𝑧) of the form

𝑓(𝑧) =
∞

∑
𝑛=0

𝑎𝑛
(𝑛!)𝛼 𝑧𝑛, lim |𝑎𝑛|1/𝑛 ≤ 𝑟, 0 < 𝑟 < ∞, 0 ≤ 𝛼 < ∞.
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2) 𝑀𝛾
𝛼 ⊃ {𝑧𝑘} be a sequence of points satisfying the inequalities

|𝑧𝑘| ≤ (𝑘 + 1)𝛼−𝛾, 𝑘 = 0, 1, …

(𝛾, 0 ≤ 𝛾 < ∞, is fixed).

3) 𝐿𝑛, 𝑛 = 0, 1, … , be functionals.

4) 𝑇 = {𝑚𝑛} be some sequence of natural numbers.

Denote by 𝑊 𝛾
𝛼(𝑇 ) the lower bound of those values 𝑟 for which there exist a

function 𝑓(𝑧) ∈ 𝐴𝛼
𝑟 and a system of finite sequences {𝑧(𝑟)

𝑛 } ⊂ 𝑀𝛾
𝛼 such that

𝐿𝑛(𝑓) = 0, |𝑧(𝑖)
𝑛 | ≤ (𝑛+1)𝛼−𝛾, 𝑖 = 1, … , 𝑚𝑛, 𝑛 = 0, 1, … , 𝑓(𝑧) ≢ 0.

It is necessary to estimate 𝑊 𝛾
𝛼(𝑇 ). For 𝛾 = 1 the problem under consideration

is Pólya’s problem 13; for 𝛾 = 𝛼 = 𝑚𝑛 ≡ 1 it is S. N. Bernstein’s problem 14,
and Erdős and Rényi 15,16 proved for 𝑚𝑛 = 𝑝 = const that 𝑊 1

1 (𝑝) ≥ 𝑝/𝑒; the
author 18 proved the validity of the inequality

2𝑝 ln 𝜌 ≤ ln 𝐼0 [2𝑊 1
1 (𝑝)𝜌] for any 𝜌 > 1 (9)

(𝐼0(𝑥) is the Bessel function of zero order of imaginary argument). Letting
𝑝 → ∞ in (9), putting 𝜌 = 𝑒, and using the trivial asymptotic expression for
𝐼0(𝑥), we obtain 𝑊 1

1 (𝑝) > 𝑝/𝑒 + ln 𝑝/4𝑒 + 𝑂(1). This result is repeated in Wilf’
s paper 19.

It is not difficult to obtain, by the method of 18, the more general result

2𝑝 ln 𝜌 ≤ ln Φ𝛾[𝑊 𝛾
𝛾 (𝑝)𝜌]

for any 𝜌 > 1, 0 < 𝛾 < ∞, where

Φ𝛾(𝑥) =
∞

∑
𝑘=0

𝑥2𝑘

(𝑘!)2𝛾 .

Hence, using the asymptotic behavior of Φ𝛾(𝑥) 20, p. 172, and putting 𝜌 = 𝑒,
we have

[𝑊 𝛾
𝛾 (𝑝)𝑒]1/𝛾 > 𝑝

𝛾 + 2𝛾 − 1
4𝛾 ln 𝑝 + 𝑂(1) for 1

2 ≤ 𝛾 < ∞,

[𝑊 𝛾
𝛾 (𝑝)𝑒]1/𝛾 ≥ 𝑝

𝛾 for 0 < 𝛾 < 1
2.

I take this opportunity to express my gratitude to M. A. Evgrafov for posing
the problems and for his constant attention to the work.
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