
Soviet-era science, translated into English

ON A
REPRESENTATION OF
GENERALIZED
ANALYTIC
AUTOMORPHIC
FUNCTIONS
1964

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196401.72630

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196401.72630


Abstract
Full Text
MATHEMATICS
V. I. POKAZEEV

ON A REPRESENTATION OF GENERAL-
IZED ANALYTIC AUTOMORPHIC FUNC-
TIONS
(Presented by Academician I. N. Vekua on 29 XI 1963)

Let, on the fundamental polygon 𝑅 of some Fuchsian group 𝑆 of fractional-linear
transformations with boundary 𝐿, the equation

𝜕𝑈
𝜕 ̄𝑧 = 𝐴(𝑧)𝑈, (1)

be given, in which 𝐴(𝑧) is covariant with respect to ̄𝑧, and is discontinuous
everywhere on 𝑅, except for a finite number of points and lines of discontinuity.

In the present note we obtain, for any automorphic solution 𝑈(𝑧) of equation
(1), having at the prescribed points 𝑧1, 𝑧2, … , 𝑧𝑚 poles of orders not exceeding
𝜆1, 𝜆2, … , 𝜆𝑚, respectively, an analogue of the representation of the first kind
for generalized analytic functions (1). We shall regard the points 𝑧1, 𝑧2, … , 𝑧𝑚
as poles of some automorphic function belonging to the group 𝑆.

In order that a solution of equation (1) be automorphic with respect to the
group 𝑆 under consideration, it is necessary and sufficient that the condition

𝑈+[𝛼(𝑡)] = 𝑈+(𝑡), 𝑡 ∈ 𝐿, (2)

be satisfied, where the function 𝛼(𝑡) carries out the involutory transformation
of the contour 𝐿 onto itself. The function 𝛼(𝑡) is completely determined by the
set of generating transformations of the group and on each side of the polygon
coincides with the fractional-linear transformation carrying this side into the
side equivalent to it, and therefore has, in the general case, discontinuities of
the first kind at the vertices 𝑡𝑗 of the fundamental polygon.

It is known (1) that every meromorphic solution of equation (1) admits the
representation

𝑈(𝑧) = exp[𝜔(𝑧)]𝜑(𝑧), (3)

where
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𝜔(𝑧) = − 1
𝜋 ∬

𝑅

𝐴𝜁
𝜁 − 𝑧

𝑈(𝜁)
𝑈(𝜁) 𝑑𝑇 ,

and 𝜑(𝑧) is an arbitrary meromorphic function. Therefore, substituting (3) into
(2), we obtain

𝜑+[𝛼(𝑡)] = exp{𝜔(𝑡) − 𝜔[𝛼(𝑡)]}𝜑+(𝑡), 𝑡 ∈ 𝐿. (4)

We solve the boundary-value problem (4), regarding the coefficient 𝐺(𝑡) =
exp{𝜔(𝑡) − 𝜔[𝛼(𝑡)]} as a known quantity. The function 𝐺(𝑡), obviously, has
the property

𝐺(𝑡)𝐺[𝛼(𝑡)] = 1 (5)

and everywhere on 𝐿, except perhaps for the vertices 𝑡𝑗, where in the general
case it has discontinuities of the first kind, it satisfies the Hölder condition.

It is easy to verify that the function

exp[Γ(𝑧)] =

= exp { 1
2𝜋𝑖 ∫

𝐿
[ 1

𝜏 − 𝑧 + ∑
𝑘

1
𝜏 − 𝑆𝑘(𝑧) − 1

𝜏 − 𝑧0
− ∑

𝑘

1
𝜏 − 𝑆𝑘(𝑧0)] 𝜑(𝜏) 𝑑𝜏} ,

where 𝜑(𝑡) is a solution of the Fredholm integral equation

𝜑(𝑡)+ 1
4𝜋𝑖 ∫

𝐿
{ 1

𝜏 − 𝑡 + ∑
𝑘

1
𝜏 − 𝑆𝑘(𝑡) − 𝛼′(𝜏)

𝛼(𝜏) − 𝛼(𝑡) − ∑
𝑘

𝛼′(𝜏)
𝛼(𝜏) − 𝑆𝑘[𝛼(𝑡)]} 𝜑(𝜏) 𝑑𝜏 =

= 1
2[𝜔(𝛼(𝑡)) − 𝜔(𝑡)],

and 𝑆𝑘(𝑧) are those transformations of the group 𝑆 for which the polygons 𝑆𝑘(𝑅)
have with 𝑅 either a common side or a common vertex, satisfies the boundary
condition (4). The point 𝑧 = 𝑧0 is arbitrary in 𝑅. The function exp{Γ(𝑧)},
obviously, is holomorphic in 𝑅 by virtue of the equality

− 1
4𝜋𝑖 ln

𝐺(𝑡𝑗 − 0)
𝐺(𝑡𝑗 + 0) = 0,
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which follows from (5), is bounded at the vertices 𝑡𝑗, and is piecewise holo-
morphic on the whole plane 𝐸 with the line of jumps 𝐿. Thus, the problem
of determining the function 𝜑(𝑧) reduces to the construction in 𝑅 of such an
analytic function

𝜓(𝑧) = 𝜑(𝑧)
exp[Γ(𝑧)] ,

which satisfies the boundary condition

𝜓+[𝛼(𝑡)] = 𝜓+(𝑡) on 𝐿

and has at the points 𝑧1, 𝑧2, … , 𝑧𝑚 poles of orders not exceeding 𝜆1, 𝜆2, … , 𝜆𝑚,
respectively. But such a function is a simple automorphic function belonging to
the group 𝑆, and can be constructed by the Weierstrass method (2); it admits
the representation

𝜓(𝑧) = 𝑐 +
𝑚

∑
𝑗=1

[𝑐𝑗,0𝐻0(𝑧, 𝑧𝑗) + 𝑐𝑗,1𝐻1(𝑧, 𝑧𝑗) + ⋯ + 𝑐𝑗,𝜆𝑗−1𝐻𝜆𝑗−1(𝑧, 𝑧𝑗)] , (6)

in which the constants 𝑐𝑗,0, 𝑐𝑗,1, … , 𝑐𝑗,𝜆𝑗−1 are connected by the homogeneous
system of algebraic equations

𝑚
∑
𝑗=1

(𝑐𝑗,0ℎ𝑗
𝜎,0 + 𝑐𝑗,1ℎ𝑗

𝜎,1 + ⋯ + 𝑐𝑗,𝜆𝑗−1ℎ𝑗
𝜎,𝜆𝑗−1) = 0.

Here the functions 𝐻𝜇(𝑧, 𝑧𝑗) (𝜇 = 0, 1, … , 𝜆𝑗 − 1) are the coefficients of the
expansions

𝐻(𝑧, 𝜏)𝑓 ′
1(𝜏) = − ∑

𝜇
𝐻𝜇(𝑧, 𝑧𝑗)(𝜏 − 𝑧𝑗)𝜇

of the analogue 𝐻(𝑧, 𝜏)𝑓 ′
1(𝜏) of the Cauchy kernel for the fundamental polygon

𝑅 (3), and the numbers ℎ𝑗
𝜎,𝜇 are constants from the expansions

𝐻𝜇(𝑧, 𝑧𝑗) = −ℎ𝑗
𝜎,𝜇(𝑧 − 𝑎𝜎)−1 + 𝑃(𝑧 − 𝑎𝜎),

in which the points 𝑎𝜎 (𝜎 = 1, 2, … , 𝜌), where 𝜌 is the genus of the fundamental
polygon 𝑅, are fixed poles of the function 𝐻(𝑧, 𝜏).
Now, combining (6), (4), and (3), we obtain that every automorphic solution of
equation (1) admits the representation
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𝑈(𝑧) = exp[𝜔(𝑧) + Γ(𝑧)]𝜓(𝑧). (7)

This is precisely the analogue of representation (3) for automorphic generalized
analytic functions. The function exp{𝜔(𝑧) + Γ(𝑧)} is piecewise continuous on 𝐸
with jump line 𝐿, does not vanish at any point of the plane 𝐸, is automorphic
with respect to the group 𝑆, is continuous everywhere in 𝑅, and is continuously
extendable to 𝐿.

From the above considerations one can draw the following conclusions:

1. In the fundamental domain 𝑅, the automorphic generalized analytic func-
tion 𝑈(𝑧) has the same discontinuities, zeros, and poles as the analytic au-
tomorphic function 𝜓(𝑧). If, in particular, 𝑈(𝑧) is continuous and bounded
everywhere on 𝑅, then 𝜓(𝑧) ≡ const = 𝑐 (4), and

𝑈(𝑧) = exp[𝜔(𝑧) + Γ(𝑧)]𝑐. (8)

Solutions of equation (1) represented in the form (8) are naturally (1) called
generalized constants on the fundamental polygon.

2. A generalized analytic automorphic function, not identically equal to zero,
has in the fundamental domain one and the same number of zeros and
poles.

3. If the automorphic function 𝜓(𝑧) is piecewise meromorphic in 𝑅 and is a
solution of the homogeneous Riemann boundary-value problem (3)

𝜓+(𝑡) = 𝐺∗(𝑡)𝜓−(𝑡), 𝑡 ∈ 𝐿0, (9)

where 𝐿0 is a system of a finite number of piecewise smooth closed or open
curves located in 𝑅, then the corresponding generalized automorphic analytic
function 𝑈(𝑧) will satisfy the same boundary condition

𝑈+(𝑡) = 𝐺∗(𝑡)𝑈−(𝑡), 𝑡 ∈ 𝐿0, (10)

and the conclusions on solvability and on the number of linearly independent
solutions of problem (8) carry over without change to problem (10).

The uniformization theorem makes it possible to represent (5) every closed Rie-
mann surface 𝑅∗ of finite genus 𝜌 by the fundamental polygon 𝑅 of some Fuch-
sian group 𝑆 of fractional-linear transformations. Thus, single-valued analytic
functions on 𝑅∗ become automorphic on 𝐸, and conversely. In this sense, the
conclusions given above about generalized analytic automorphic functions carry
over to single-valued generalized analytic functions on a closed Riemann surface.
Obviously, a number of propositions obtained by Yu. L. Rodin in works (6−9),
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devoted to the study of generalized analytic functions on a closed Riemann
surface, can be confirmed by starting from representations (7).

A representation analogous to (7) for a finite domain, on surfaces more general
than a Riemann surface, was obtained by I. I. Danilyuk (10).
Differential equation (1) is reduced (8) to the integral equation

𝑈(𝑧) + 1
𝜋 ∬

𝑅

𝐴(𝑡)𝑈(𝑡)𝐻(𝑧, 𝑡)𝑓 ′
1(𝑡) 𝑑𝑇 = 𝜓(𝑧). (11)

From representations (7) and (8) the unsolvability of the homogeneous (𝜓(𝑧) ≡
0) equation (11) follows easily. On the basis of other considerations this fact
was also proved by A. I. Serbin. The operator

− 1
𝜋 ∬

𝑅
𝐴(𝑡) 𝑈(𝑡) 𝐻(𝑧, 𝑡) 𝑓 ′

1(𝑡) 𝑑𝑇

is completely continuous (8); therefore, applying the method of successive ap-
proximations, we obtain

exp{𝜔(𝑧) + Γ(𝑧)} = 1 + ∬
𝑅

𝜓
Γ1(𝑧, 𝑡) 𝑑𝑇 + ∬

𝑅

𝜓
Γ2(𝑧, 𝑡) 𝑑𝑇 ,

where
𝜓
Γ1 and

𝜓
Γ2 are the resolvents of the equation

𝜕𝑉
𝜕𝑧 = 𝐴 𝜓

𝜓 𝑉 .

Thus, representation (7) admits the following inversion:

𝑈(𝑧) = 𝜓(𝑧) {1 + ∬
𝑅

𝜓
Γ1(𝑧, 𝑡) 𝑑𝑇 + ∬

𝑅

𝜓
Γ2(𝑧, 𝑡) 𝑑𝑇 } .

This formula makes it possible, for each automorphic analytic function 𝜓(𝑧) in 𝑅,
to construct the corresponding generalized automorphic analytic function 𝑈(𝑧),
and, evidently, by the scheme of L. G. Mikhailov (11) it makes it possible to solve,
inside the fundamental domain 𝑅, the nonhomogeneous Riemann problem for
generalized automorphic analytic functions

𝑈+(𝑡) = 𝐺∗(𝑡) 𝑈−(𝑡) + 𝑔∗(𝑡), 𝑡 ∈ 𝐿0,

which is investigated by various methods by A. I. Serbin and Yu. L. Rodin (6−8).
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