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Abstract
Full Text

F. P. Vasil’ ev

A Difference Method for Solving Stefan-Type
Problems for a Quasilinear Parabolic Equation
with Discontinuous Coefficients

(Presented by Academician A. A. Dorodnitsyn on 10 February 1964)

In the present note we consider two-phase and one-phase Stefan-type problems
for a quasilinear equation of parabolic type with discontinuous coefficients un-
der nonlinear boundary conditions. These problems include spatial Stefan-type
problems with radial symmetry in the cylindrical and spherical cases. In writing
the present note, the method of the papers (1-6) has been used and generalized.

1°. Consider the following two-phase Stefan-type problem: find the functions
u(z,t), u(z,t), y(t) satisfying the conditions:

(k(x)uy), — plz, t,u)u, =0, O<z<ylt), =z=#l,, t>0; (1)

[W(z, )],y =0,  [k(z)u,(z,t)],y =0, >0 (2)
E(0)u,(0,t) = —q(t,u(0,1)), u(y(t),t) =0, t>0: (3)
u(x,0) = p(x), 0<z<c=y(0); (4)

[w(@, )]y, =0,  [k(@)u,(2,8)], =0, >0 (6)
k(Du, (1,t) = —q(t,u(l, 1),  u(y(t),t)=0,  t>0; (7)
u(z,0) = p(z), c<az<l; (8)

YY), )y (8) = k(y(t))u, (y(6), t) — k(y())a, (y(1), ) + Dy(t),t)  (9)
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for t > 0; y(0) = ¢,

where k(z) and k(z) € Q (z # 1,,) for 0 < z < I; p(x,t,s) and p(z,t,5) € Q

(24 0,)in G={0<z<l, t>0, |s| <oo}: [z, )]sy =
=z(1,+0,t)—2(,—0,¢), m=12..,m; —1; 0=1[,<1 <--

Sl <e<ly, <l, 1 <<l, = m=2my=>1

(the case y(0) = 0 is possible); q(t, @), a(t, w), 1(z,1), Bz, t), p(x), p(x) are
given functions; @(c) = ¢(c¢) = 0. We note that the two-phase Stefan-type
problem for more general equations of the form

(U(rA@)0,), —e(r,t,0)0, =0, 1y <r<R(t), r#r,, t>0;

(v(r)A(v)v,.), —c(r t,v)v, = 0, Rt)y<r<r,, r+r,, t>0,

* We shall write f(z, 21, ..., z,) € C*0:*1+52) in some domain G of the variables
(, 21, ..., 2,) if all derivatives of the form

OPoTPLEEPn f [92Po 9 - Dz, 0 < p; <55, 0 < pytp+--+p, < max{sy,sq, ...

exist and are continuous jointly in their arguments everywhere in G. If, however,
the indicated derivatives are continuous jointly in their arguments everywhere
in G except, possibly, at points of the form (x = 1,,,2,...,2,) € G (m =
1,2,...,my —1), where these derivatives may have jump discontinuities, then we
shall write

F(@, 21,20y 2) € QUosisn) (£ 1),

In the case sy = s; = --- =s,, = 0 we denote

C(O,O,A..,O) _ C, Q(O,O,M,O) _ Q

where v(r),v(r), c(r,t,v),c(r,t,v) € Q(r # r,,), 7o > 0, is reduced to problem
(1)—(9) by means of the substitution

o(r,t) (r,t)
x=r—ry, y(t)=R(@Et)—ry ulzr,t)= / A(s)ds, wu(z,t) = / A(s)ds,
0 0

Definition. We shall call the functions u(z, t), u(z,t), y(t) a solution of problem
(1)—(9) if: 1) y(¢) is defined and continuous on some interval 0 < ¢ < T" and has
a continuous derivative y’'(t) for 0 <t < T'; 2) u(z,t) is defined and continuous
in {0 <z <y(t), 0 <t < T} the derivative u,(x,t) € Q(z # 1,,) and is
uniformly bounded in {0 < z < y(t), 0 < ¢t < T}; the derivatives u,,(z,t),
u;(x,t) are continuous and uniformly bounded in {0 < z < y(t), = #1,,, 0 <
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t<T} (m=1,2,...,my; — 1); the function u(z,t) has analogous properties in
{y(t) <x <1, 0 <t < T} 3) all conditions (1)—(9) are satisfied.

For an approximate solution of problem (1)—(9), assuming y(¢) monotone, we
introduce a rectangular difference grid: we divide the interval 0 < z < [ by
points z; into N equal parts with step h, where z; =k, ¢ =0,1,...,N; x5 =
lxy =iy =1, (m=12,..,m; —1); ¢ =1, and the time step 7,, will be
chosen so that for each

t=t, =Y 7 (t,=0)
k=1

the end of a segment of the polygonal line approximating the curve y(t) falls
on the node with coordinates (y,,,t,), ¥, = ¢ +nh, n = 0,1,.... We replace
problem (1)—(9) by the following difference problem for determining 7,, and the
approximate values w,,,, w,, of the functions u(z,t),u(z,t) at the nodes (z;,t,,):

6z (ki) — Pip10; Wi, =0, 1<i<i,+n—1, i#i,  (10)
(m=1,2,....my—1), n=1,2 .
0y (ky 6,0, ) =0 (m=12..,my—1), n=12.;
ko0uWon = —Tp-1, Wi ypn =0, n=12..;
Wi =¢; = P(x;), 0=1 <
0z (K0 win) — P10y Wiy, =0, ic+n+1<i<N—1

1# 14, (m=myg,my+1,....,m; —1), n=1,2,..;

0p (ks 0w, ) =0 (m=mg,...my—1), n=12.; (15)
klN—laa;wN—l,n = —4n—1, wic+n,n = 07 n= 17 27 SER) (16)
wio = ¢; = p(x;), i, <P <N (17)

h - _
Yno1— = k(yn)éwwiﬁn)n — k(ynfl)éwwiﬁnflm +®, ,, n=12.., (18)

n

where the following notation has been adopted:

ki = %(%‘)7 k; = k(z;), Pin—1 = ﬁ(xiatnflvwi,nfl)’
Pin—1 = p(xmtnfl’wi,nfl)’ Qp—1 = q7<tn71’w0,n71)7

dpn—1 = q(tn—h wN,n—l)ﬂ Tn—1 = ’Y(yn—lv tn—l)a (Dn—l = (p<yn—1ﬂ tn—l)7

1 1 _ 1
0pZin, = E(ziJrl,n — Zip)y  OzZip = E(’zln - Zifl,n)7 0f Zim = — (Zip, — zi,nfl)'

System (10)—(18) is nonlinear with respect to the unknowns w,,,w;,,7,, and

wm? mr 'n?

the following iteration method is proposed for its solution. Let w;,w;, T
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(k=0,1,...,n—1) (7, is not determined), satisfying (10)—(18), be known. Then

the successive approximations w£n>, wgfl), 9,
For s = 0,1,2, ..., we shall determine the quantities w,,,, w,,, 7, (n > 1) in the

followmg vvay Set i) > 0, and from (10)—(13) and (14)—(17), with 7 = P
find wm, w'?, while from (19)

n?

Ss+1) _ 1
n - —
(bn—l + n—1 — 9n-1

[h’\/nfl + TT(LS) (gnfl + k(ynfl)émﬁ)gjl—n—l,n —qn-1

(19)

for s = 0 we obtain 7. In general knowing 7 > 0, from (10)—(13) and
(14)—(17), with 7 = = ) we find @\, w", and then from (19) obtain T,

in wm?

etc. In solving the systems (10)—(13) and (14)—(17) it is convenient to use the
sweeping method (7).

g
=)

Theorem 1. Let the following conditions be satisfied: 1) ¢(x) € C o
$(c) =0, —q(0,$(0)) < k;6,8; < 0, 5 (k;0,%;) > 0; p(x) € Con [c, 1], p(c)
—Q(O,Q(O)) - ‘I)(C70) < ki(sw@i < —q(o,tp(l)), 5;(1_4;i5x<pz > 0 2) Q(tvﬂ
0,q >0,qg, >0fort>0,0<u< lmocjmax/kmm, q(t,u) > 0,

g, < 0fort >0, p() <u<0;3) k(x) > kyy > 0, k(z) € Q (x aé
ﬁ(x7t7ﬂ) > ﬁmln > 0 ﬁ(l‘ t, {l’) € Q ( 7& ! ) (m =1 27"'7m0_ 1) G2
{0£x<lm7t>00<u<l Qmax/kmm}k()zkmin>0k()€
(x #1,,), (ac t,u) > P > 0, p(x, t u) € Q (x #1,,) (m=mg,...,my —1) in
Glz{chSl t>0, cp(l)SuSO}

A

||v O|\/ o8

Then, for any choice of i) > 0, the iterations (10)—(17), (19) are uniquely
determined for all s = 0,1,2,..., and, as s — 0o, the quantities wgn),wgfg,ﬂ(f),

changing monotonically, will converge to the solution of the system (10)—(18).

The proof of this theorem is carried out approximately according to the same
scheme as the proof of analogous theorems in (245).

Along with the conditions of Theorem 1, consider the following conditions:

a) q(t,u) = const = ¢, q(t,u) = const = g; %0(59;(00 = —q, kny_10,pn_1 =

q, 6;<k15x@1) < uﬁ(xzvoa @i)? 6;(kzmax¢zm) =0 (m = 17 2a <y My — 1)v

65 (ki0pps) < pp(;,0,;), 6, (k; 6,0, ) =0 (m=myg,...,my —1) for all
sufficiently small h > 0; [, 4 are constants;

b) k(z) € Q¥ (x #1,,), p(x) € Q¥ (v # 1), pla,t,u) € QWO N QOO
(33 7& lm)a ﬁt > 07 ﬁa > 0 in G2a (l‘) € Q<5) ( 7& lm)7 (Z‘) € Q(2>
(x # Ly), pla,t,u) € QU0 N QLY (2 £ 1), p, >0, p, >0in G,
(m=1,2,...,m; —1);

C) mln(q) + (j_ q) > lmo 1M2 pmax (lmo - lmofl) maX{MSﬁmax; M2Opmax} +
(l - lmO)Mmeax’ where M2 - max{ﬂ;Alq/kmin}’ M2 = maX{M7A1<Q+
(I)max)/kmin}? Al = max[((I) + (j_ Q)/’YL
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d) y(x,t) € COY d(z,t) €eCin A={c<x< Ly t >0}

If the conditions of Theorem 1 and conditions a)—d) are fulfilled, there is a se-
quence h,, v = 1,2, ..., such that the polygonal lines y(¢, h, ), obtained by joining
by straight-line segments the points (y,,,t,,), as ¥ — oo, converge uniformly on
some interval 0 < ¢ < T to a monotone curve y(t), ¢ < y(t) < I, , and there
also exist solutions u(x,t), u(z,t) of the boundary-value problems (1)—(4) and

(5)—(8) for this curve y(t). Suppose the inequalities

e) |uy(a',t) —uy (2", 1)] < M(8,7)[a’ —2"|* in {y(t) +6 < 2’,2" <1=6, v <
t < T} and |u,(2',t) —u(z”,t)] < M(6,y)|z" —2”|* in {0 < 2/,2” <
y(t)—0, v <t < T}, wherel, <a2’,2”" <1, (m=0,1,...,m; —1), for
all sufficiently small 6 >0, v>0; 0 < o = «(d,7) < 1.

Theorem 2. If the hypotheses of Theorem 1 and conditions a)—e) are satisfied,
then there exists a solution of problem (1)—(9), which can be obtained as the

limit, as h, — 0, of solutions of the difference problem (10)—(18).
Using Theorem 2 and the method and results of papers (3710)
the following two theorems:

, one can prove

Theorem 3. If p = p(x,t), p = p(x,t) and all the hypotheses of Theorem 1
and conditions a)—d) are satisfied, then there exists a solution of problem (1)—

9).

Theorem 4. If all the hypotheses of Theorem 1 and conditions a)—d) are
satisfied with the classes @ replaced by the classes C' (i.e. my = my = 1), then
there exists a solution of the Stefan-type problem (1)—(9).*

2°. Consider the one-phase Stefan-type problem: to find the functions u(z,t),
y(t) from conditions (5)—(8) and condition (13,5) (cf. (11)):

Yy (), )y’ (1) = k(y(t))u, (y(t),t) + D(y(t),1),  y(0) =c. (20)

For an approximate solution of problem (5)—(8), (20), one may use the difference

scheme (14)—(18) and the iteration method, putting in (18) and (19) w,, =
ﬂ}ii = ¢ = 0. Theorems analogous to Theorems 1—4 hold; their statements
may be obtained from the corresponding Theorems 1—4 by putting in them
§g=¢=u=w, = ﬂzgfg = M, = 0. We note that, in problem (5)—(8),
(20), the condition u(y(t),t) = 0 may be replaced by the more general one:
u(y(t),t) = ¥(y(t),t), where ¥(x,t) is a prescribed function.

3°. In an analogous way, another one-phase Stefan-type problem is considered:
to find the functions u(z,t), y(t) from conditions (1)—(4) and (°,9) (cf. (1%13)):

Yy ), )y’ (t) = —k(y(#))u, (y(t), 1) + 2(y(t),t),  y(0)=c. (21)
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4°. In contrast to papers (1751213)  the uniqueness of the solutions of all the

Stefan-type problems considered above in the class of sufficiently smooth solu-
tions, for sufficiently smooth coefficients of the equations, can be proved without
the assumption of monotonicity of y(t). In particular, the following is true.

Theorem 5. If ¢ = q(t), ¢ = q(t), p = p(a,t), p = p(x,1), (x,t) € CH0 in A,
and conditions b) and d) are satisfied, then problem (1)—(9) has no more than
one solution.

The author expresses deep gratitude to B. M. Budak for proposing the problem
and for attentive guidance in the execution of the present work, and also to A.
B. Uspenskii for useful discussion of the results.

Moscow State University
named after M. V. Lomonosov

Received
8 IT 1964

REFERENCES
1. F. P. Vasil' ev, Zhurn. vychislit. matem. { matem. fiz., 3, No. 5 (1963).

2. F. P. Vasil’ ev, A. B. Uspenskii, Zhurn. vychislit. matem. i matem. fiz.,
3, No. 5 (1963).

3. F. P. Vasil’ ev, DAN, 152, No. 4 (1963).

4. F. P. Vasil’ ev, A. B. Uspenskii, DAN, 152, No. 5 (1964).

5. B. M. Budak, F. P. Vasil’ ev, A. B. Uspenskii, Collection, Computing
Center of Moscow Univ., Numerical Methods in Gas Dynamics, issue 3,
1964.

6. J. Douglas, T. M. Gallie, Duke Math. J., 22, No. 4 (1955).

7. 1. S. Berezin, N. P. Zhidkov, Methods of Computation, vol. 2, Moscow,
1962.

8. O. A. Oleinik, Izv. AN SSSR, ser. matem., 25, No. 1 (1961).
9. A. M. I’ in, A. S. Kalashnikov, O. A. Oleinik, UMN, 17, issue 3 (1962).
10. A. A. Samarskii, DAN, 121, No. 2 (1958).

11. L. I. Rubinshtein, DAN, 142, No. 3 (1962).

sovietrxiv.org/items/ru-196401.72033 Machine Translation


https://sovietrxiv.org/items/ru-196401.72033

12. J. Douglas, Proc. Am. Math. Soc., 8, No. 2 (1957).

13. W. T. Kyner, J. Math. and Mech., 8, No. 4 (1959).

* We note that analogous theorems from (*°), which are a special case of The-
orem 4, were proved under the additional assumption of boundedness of the
fourth derivatives of the solutions w(z,t), u(z,t) with respect to the variable x.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196401.72033 Machine Translation


https://sovietrxiv.org/items/ru-196401.72033

	Abstract
	Full Text
	F. P. Vasil’ev
	A Difference Method for Solving Stefan-Type Problems for a Quasilinear Parabolic Equation with Discontinuous Coefficients
	REFERENCES


