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L. In 1963 H. Erman (°) generalized a long-known theorem (3):

If A is a completely continuous, symmetric operator in the space Ly(a,b) (or
ly, R,) and fy € Ly(a,b), fy # 0, is an arbitrary function, then the eigenvalues
of the operator A can be estimated by means of the values of the function g =

Afo/ fo-

He succeeded in dropping certain assumptions on the representation of the op-
erator in the form of an integral operator and on the sign of the function g.

Here we shall prove that this theorem is a special case of a general theorem for
arbitrary normal operators in the space L, (B). We consider operator equations
of the type Ax = ANz and applications, as well as an analogous theorem in a
semi-ordered space.

II. Let H be one of the following spaces: L,(B)—the class of measurable
and square-summable complex functions on a measurable set B C R,, of
positive measure, or the Hilbert space of sequences I, (B = N), or the
complex space R,, with the ordinary Euclidean metric (B = {1,2,...,n}).

We shall always regard the elements of the space H as functions on B. Let
f,h € H (the representatives are fixed so that f(s),h(s) are defined for all
s € B). We divide B into the measurable sets

Ay ={s|h(s) #0}, Ay ={s[h(s) =0, f(s) =0},

Az ={s|h(s) =0, f(s) # 0}

and denote the characteristic function of the set A, by ¢,; then define a function
g(s), with values in the Riemann sphere of complex numbers S, by
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(s)

——= forse A,
(s) !

9(s) = b, for s € A,, b€ S arbitrary, but fixed,
00, for s € A;.

Changes of the values of g(s) on sets of measure zero are allowed; the class g

will be denoted by (%) and called the ratio of f to h.

Consider the following regions K on the Riemann sphere:

Ky ={z|lz=a| <r},  Ky={z[lz—a|=7},  {K;y={z|Ree”(2—c) > 0}.

Let A be a linear (closed) normal operator whose domain of definition D 4,
is dense in H. Then the spectrum o(A4) # 0, and for z € p(A) the resolvent
R, = (A—2zFE)~! is a normal, bounded operator with dense domain of definition,
and |R,| = d;*, where

d,= min |z—(|.
Juin [z =]

Theorem 1. Using f, € D4, fy # 0, form f; = Af, and the ratio

f1>

g(s)={=].

o= (%

Suppose that the set of values of g(s) is situated in the circle K. Then the
intersection K Na(A) % (.

Proof. We shall assume that K No(A) = () and arrive at a contradiction.

1. K =K. Since A3 =0, b # oo, we have

9(s) = fi(s)[fo(5) + @a(s)] " + bipa(s)

is a measurable and bounded function. For the bounded multiplication operator
G, defined by the formula Gf = g(s)f(s), we have |G —aE| < r < d,. From
Afy, = Gf, it follows that f, = R, (G — aE)f,, and (since || f,| # 0)

[foll < IRl -IG = aEl - Ifoll < dg'dy] fol-

2. K = K, and A is bounded. With the aid of the measurable, bounded
function
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g=folfi —afy+ @] ' +@a(b—a)™!

we define the multiplication operator Gf = g(s)f(s). From Af, = f, it follows
that G(A —aFE)fy = fo. Since |fo| #0, |G| < L, |A—aE]| < r, we obtain a
contradiction.

3. K = K,, Ais unbounded. A trivial case.

4. K = K;. From the assumption K No(A) = ( it follows that C' = (S —
K) N p(A) # 0; on every straight line perpendicular to the boundary K’
of the half-plane K, there is an open interval belonging to C' and tangent
to K’. Let & € C and lie in such an interval. Define hy = f; — &f, #

0, hy = fo # 0. Then f, = Afy, fo = Rg(f1 —&fo)s Rgho = h,. For
the relation g(s) = (Z—;) we have A, = A, U A, A, = A, fI3 = 0.
Put §(s) := (b— &)~'; then §(s) = (g(s) — &)~. Let the finite disk K
be the image of the domain K under the transformation w = (z — &)1
For K, 3§, R, the theorem has already been proved in (1), consequently
Kno(R,) # 0; since K No(A) =0, it follows that K No(R,) = {0}. By
a more refined argument one can show here that inside the disk K there
are points of the spectrum o(R,), so that K No(A) # 0.

III. The theorem can be generalized to the case when the operator equation
has the form Ax = ANz. Let the operator N be defined on the whole
space H, bounded, symmetric, and positive definite, 0 ¢ o(N). N has
a root @, QQ = N, with the same properties. We call x(N) = |N| -
|N~!| the condition number of the operator N. (F. L. Bauer and A.
S. Householder (?) introduced this concept for finite matrices.) Let A
be a self-adjoint operator on D, C H and A the operator defined on
D;={qlq=0Qf, f€Dy}by A= Q1AQ!. In the natural way we
define o (A) = o(A).

Theorem 2. By means of f € Dy, f # 0, form Af = f;, Nf = f, and the
relation g (%) Let the set of values of the function g lie in the disk K:

K, ={z|lz—a|<r} or Ky={z|l|z—a|]>r}.

Then K Noy(A) # 0, where K is defined as

Ky ={z]|z—al <vx(N)'2}, or K, ={z||z—al 2 rx(N)"/2}.

For finite matrices H. Baruch (!) had already obtained this result, but it can
be sharpened. Let © = D(B) be the class of all measurable functions d(s) on
B having the property
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0<d; <d(s) <y <0, forallseB,

where 0;,0, depend on the function. The multiplication operators
Ah = §(s)h(s) and A~! are bounded. In addition to the operator A — AN, we
shall consider AAA — AANA

on Dy ={q|q=A"1f, fe D,}. Since oana(AAA) = op(A) and g(s) =
CA-1
% = %, in Theorem 2 one may replace x(N) by the quantity
X(N) = inf x(ANA).

Obviously, X(N) > 1. For diagonal matrices x¥(N) = 1. For real matrices of
simple type

N, 0 a b
N = , N, = (b” C”) (v=1,...,m),
O NO v v

Ny is a diagonal matrix,

_ max, (/a,¢, +b,)

X(N) = —
min, (ya,5, — )
IV. Applications and examples. The definition, due to von Neumann, of a
normal operator (®) makes it possible to construct examples of integral and
differential operators. A closed operator is called normal if D, = D 4.
and AA* = A*A. A differential expression [ of order n in a domain B will
be called formally normal if II*y and [*ly exist for every y € C*"(B),
are continuous, and II*y = [*ly. For example, the ordinary differential

expression of second order with real coefficients

ly=py" +qy +ry

is formally normal if and only if

200" — ')+ 0 (q—p) =0,  p®Y —q")+a” —q")+2r'(¢q—p') =0

(in the self-adjoint case p’ = ¢). Every differential expression with constant
coeflicients is formally normal.

Example 1.
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Fig. 1

Figure 1: Fig. 1

ly=y" +aly” +y) =y,

is a normal and (except for a = 0) non-self-adjoint operator. The trial function
fo = 1+sina gives g = sin /(1 +sin z); consequently, there exists an eigenvalue
A with [A—1/4| < 1/4 for every a.

Example 2. The operator
Lu = —ug, —uy, + uyy —2u, = Au
with boundary condition v = 0 on T" in the triangle (see Fig. 1). The operator

is normal. With the aid of the trial function fy(z,y) = y{v3(1+x)—y}{V/3(1—
x) — y} we obtain

6r(y —1) +4v3
y? —2v/3y% — 322y + 3y’

g(x’y> =

where ¢ is positive inside B and unbounded on I'. In each half-plane Re e?? (\ —
8.84) > 0, —7w/2 < A < 7/2, there lies an eigenvalue. (Applying the Ritz-
Galerkin method, we obtain that the eigenvalue A\; of smallest modulus satisfies
] < 14.)

Fig. 1

Example 3. ly = —y” + 2y in the space L,(—00,00). Let L{, be the operator
on the set of finite twice differentiable functions; the closure L of this operator

2
is already self-adjoint with discrete spectrum (7). The trial function f, = e~®%",

a >0, gives g = 2o — 4a?2? + z*. Since

max min g(z) = 0.75,
a>0 x

there exists an eigenvalue A > 0.75.

Example 4. The integral equation of the type Ay = A[E+ (N — E)]y, where A
and N — F are symmetric, completely continuous operators and (N —E) > —1.
Theorem 2 can be applied. Suppose we seek a number k for which the equation
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y(z) = ;/2 [sin(xs) + k cos(zs)]y(s) ds

has a nontrivial solution. Since

1.1
1
o? = / / |sin(zs)|? dz ds = 5(1 —Si(2)) = 0.0985,
0 Jo

there is no solution for £ = 0. Rewrite the preceding equation in the form

The spectrum o (N —E) is symmetric with respect to zero and lies on the interval
2] < Lo, ie. x(N) < 22 and x(N)Y? < 1.1716. With the trial function f =1
we obtain g(x) = sinz/(2x — 1 + cosx), so that finally such a k = k; exists in
the interval

1.791 < k, < 2.020.

V. Analogous properties hold for positive operators in partially ordered spaces.
Let H be the real space C[0,1] of continuous functions with the cone K of
nonnegative functions. Let A be a bounded linear operator which maps the
cone K into itself. Then the following theorem is true.

Theorem 3. Let f,, be an interior point of the cone. Form f; = Af, € K and
the ratio g(s) = f1/fy,- Let 0 < m < g(s) < M for all s € [0,1]. Then the
spectral radius r of the operator A lies in the interval

m<r<M.

For finite matrices the theorem has long been known (). Passage to the complex
space C]0, 1] gives no more general result. The proof uses certain properties of
positive operators found by H. Schaefer (%).
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