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Abstract

Full Text
PHYSICS
P. SHURANYI

ON THE PECULIARITIES OF THE SOLU-
TION OF THE BETHE-SALPETER EQUA-
TION IN THE ANGULAR-MOMENTUM
PLANE

(Presented by Academician N. N. Bogolyubov, 14 IX 1963)

In a previous paper (1) we dealt with solutions of the Bethe-Salpeter equation
in the ladder approximation in the theory of scalar mesons with interaction
Ap? (case I) and in the theory of scalar mesons interacting by means of the
exchange of vector mesons (case IT). There the case was studied in detail in
which the particle masses and the total energy +/s are equal to zero. Let us
denote the corresponding scattering amplitude and the kernel of the equation
which it satisfies by T, (p,w, p’,w’) and V,(p,w,p’,w’). In this case the rightmost
singularity of the amplitude in the [-plane is a fixed branch point of root type
1/4/1—1,. Here we shall consider the case in which the particle masses and
/s are not equal to zero.

After a rotation of the integration contour in the w-plane, the Bethe-Salpeter

equation can be written in the form (?)

T‘l(p07w07p27w25 S) = Kl<p0aw07p27w2>+

o0 o0 1
+/ dpl/ dlel(p0>W0ap17W1)F( T)(p1, w1, Py wa, ), (1)
0 —00

plawlvs)

where

F(p,w,s)l +m? +( 2\2/§>2] [ + m? +(w+\2/§>2], (2a)

[T (Po +p1 (wo —W1)2)
2popy
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for the Ag* theory, and

_2G? (3 + pi 4 wi +wi+s/2+ p?)2)

Kl<p0aw07p17w175) - (2,“_)3 x
2 4 2 2 )2
< Q, (Po +p1+ 417+ (wg —wy) ) (2b)
2pop1
. 1
for the theory with exchange of vector mesons. The kernels V; = — K are

not Fredholm-type kernels. Nevertheless, the iterative solution of the integral
equation (1) in the case m = u = s = 0 (i.e., T}) exists if Rel > I, (}). We
shall prove that V, > V;, > 0 in a certain region of the variables s,m,u. (In
what follows it is assumed that p,w,p’,w’ lie in the region of integration.) If
this inequality is satisfied, then all iterations of T, majorize the corresponding
iterations of 7}, and therefore 7} cannot have singularities in the region Rel > [
(dV,/dl < 0).

In case (1) the function K, satisfies the condition K, < K;(u = 0) = K, and

for the function 1/F the following estimate is valid:

1 1 1
R <
F (p?+m?2+uw?—s/4)2+w?s  (p?+w?)?

for

|s| < 4m?. (3)
Therefore, in the region (3), V, > V.
In case II (see formula (26)) in the region s > —u? the kernel is positive. If
s> —p?, 2m? > s > —4m?, (4)

then the inequality

2% + 20”7 + 2% + 2w’ + s+ p 2p2+2p 7 + 202 + 2wa’” + 2
(p? +w? +m? —s5/4)% + w?s (p? +w?)?

holds.

Using the integral representation of the Legendre function Q;(Z) )

Q,(2) = /OOO dy <Z+Ch<p\/22 — 1)7171 ,

sovietrxiv.org/items/ru-196401.71838 Machine Translation


https://sovietrxiv.org/items/ru-196401.71838

we obtain the inequality (for [ > 0):

2 ’2 N2
2(p2+p’2+w2+wa’2)Ql<p bl Clull) ) >

2pp’

2 ’2 2 N2
>(2p2+2p’2+2w2+2wa’2+u2)Ql(p A el Chenl) )

2pp’

Thus, we find that in case II V, >V}, if the inequalities (4) are satisfied.

For what follows it is convenient to introduce the kernels

V;L =V, x0(p?+w?—1) 9(p’2 +wa’? = 1), (5)

V, =V, x0(1-p*—uw?)e(1 —p - wa’z).
. ot o ot ot o o
Since the kernels V; , V; ,or V; =V; +V,, satisfy the conditions
Vi>Vvy, Vi>Vvy, Vi>Vy, (6)

the singularities of the corresponding solutions (or resolvents) lie in the region
Rel <« .

We shall prove that the operators

1 1 1
-V, 1=V 1=V

possess the singularity of the operator

1
1-V,

at the point [ = [;. For this we shall use the operator identity

1 1 1
- . 7)
1-A 1-B 1 (
t-A=Brg

First set A =V,, B = V;i. VvV, — V?7 is a Fredholm-type kernel. We know
that
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1 < 1
1-V, 1—777

>0,

if I > ;. Therefore,

1
——
1-V,
cannot have a pole at the point | = [,. Suppose that

1
— =
does not have the same singularity as

1
1-V,

at the point [ = [y; we shall show that this assumption -

1

leads to a contradiction. The asymptotic behavior of the kernel T for
-V

P2 +w? p’° +wa’? = 00, 0 has the form (V; has been symmetrized) (1)

’ ,2 n 2\ —=1(l)/2
wa
+fo ( P p/) @(p’2 + wa’? —p? —w?) (p) ] ;

l775
w w P2+ w?

f1 and f, near this point behave as ~

where x,(I) behaves as ~ /I — [, near the singularity at the point [ = [;, and
. Then in the asymptotic region

0
_t
1—v*

is majorized by this same expression, and we obtain that
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- - 1
Vi—V)——
(l l)l_‘/l+

is a Fredholm-type kernel, regular at { = [,. Since the Fredholm numerator is
represented by a uniformly convergent series, it may be integrated term by term,
and the integral of each term converges. Therefore the expression

1 1

11—V 5 oy L
1—-(V, =V, =
(l l)lf‘/f—

1
has no singularity at the point ! = [, which contradicts the fact that 7

-V
has a singularity at this point.

1 1
The singularities of 1o+ in [ coincide with the singularities of ———, since
- -
the following relations are valid:

1 1 1 )
-V 1=Vt 1-v
2 2 2 2
pl—i—wl,...’ —— p2+w2,...> =
it
_ 1 < 1 ‘ 1 1 >
Vot ) pd +f) \pi et L=V s el

Let us now apply relation (7) to the kernels V;* and V; in the regions (3) or (4).
Since V;, — Vfr is a Fredholm-type kernel, at the point [, T; has a square-root

singularity. Of course, it follows from formula (7) that

may also possess
1V y p

poles in the [-plane, but in the regions (3) or (4) the positions of the poles [, are
restricted by the inequality Rel; < [,. Since the poles [,(s) are analytic functions
of s, almost everywhere in the regions (3) or (4) the inequality Rel;(s) <, is
satisfied.

If the amplitude

1

K
LTIy

satisfies the unitarity condition in the elastic region for complex values of [, then
1

———, but only of the

V0=l

sovietrxiv.org/items/ru-196401.71838 Machine Translation

the singularity at the point {;, cannot be of the type ~



https://sovietrxiv.org/items/ru-196401.71838

type ~ /1 —ly. Tt is clear that our arguments, based on the identity (7), do not
make it possible to determine which of these possibilities is actually realized.

The fact that TZ,TT,T;ri,Tl have the same singularities is closely connected
with Weyl' s theorem (*).

If a completely continuous self-adjoint operator is added to a self-adjoint op-
erator, then the limiting spectrum of the operator does not change. Since a
self-adjoint operator always has a complete system of generalized eigenvectors
(5), the solution can formally be represented in the form:

1= [ ST dh s SO0, )

where V;(A) and S;(\) are the eigenvalues and eigenvectors of the operator V;.
If the continuous spectra of two operators (see the first term of equation (8))
coincide, then it is not surprising that their branch points also coincide. (The
poles of the function T arise in the second term of relation (8), which gives the
contribution of the discrete spectrum.)

The kernel V, has a purely continuous spectrum, whereas the kernel V}, generally
speaking, also has a discrete spectrum. However, as we have shown, at least
in the regions (3) and (4), the branch point under consideration is the extreme
right singularity in the [-plane. Let us note that the square-root singularity in
the [-plane was found in Sawyer’ s work () by summing the leading terms of
perturbation theory.

The author considers it his pleasant duty to express gratitude to A. A. Logunov,
G. Domokosh, I. T. Todorov, and D. S. Chernavskii for valuable discussions.
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