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Abstract
Full Text

A. NARCHAEV

THE FIRST BOUNDARY-VALUE PROBLEM FOR
ELLIPTIC EQUATIONS DEGENERATING ON THE
BOUNDARY OF THE DOMAIN

(Presented by Academician S. L. Sobolev on 6 I 1964)

The first boundary-value problem for a second-order elliptic equation degener-
ating on the boundary of a domain was first investigated by M. V. Keldysh (1).
Later a number of papers appeared (*3) and others, devoted to degenerating
second-order elliptic equations. Among elliptic equations of higher orders degen-
erating on the boundary of a domain, equations to which the variational method
is applicable have been considered. Fourth-order elliptic equations degenerating
on the boundary of a domain, to which the variational method is not applicable,
were considered by V. K. Zakharov (*).

In the present paper an elliptic equation on part of the boundary of a domain
degenerates into a so-called quasi-parabolic equation. It is proved that the
formulation of the problem depends on the sign of the coefficient of the highest
derivative of odd order with respect to the variable with respect to which the
highest even derivative degenerates.

Let a bounded domain () C R"™ be situated in the half-space x,, > 0 and let part
Iy of its boundary I' adjoin the plane z,, = 0. We denote the remaining part of
the boundary by I';: T’y UTy =T, Q = Q +T. We assume that the boundary
I, is such that Sobolev’ s embedding theorems hold for it (°). In the domain
Q consider the equation

Lu = Lyu + Au = h(z), (1)

where

" 02 0%u 03u
Lou = — [ A..
ot i;l Ox,;0x; ( () axﬁxj> o ox?

is the principal part of the operator L;

0 .
Au = Z a(;,5)(T) pyn D'y

i/4+s/3<1 n
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is an operator subordinate to the principal part. Here s > 0, ¢ > 0 are some
integers; & = (y,...,2,); i = iy +-+1i, y; D' = 8¢/’ - Ox'n 1 b= +1; the

n—1-
coefficients A,;(z) = Aj;(), a; 5 (v) are sufficiently smooth functions in Q, and

n—1

n—1
ZA (2)&22>6*>0 forall§,: > & #0; (2)
i=1

Ayt < A, (x) <chznt (i=1,..,n);

«; are some nonnegative numbers.
For equation (1) the following boundary-value problems are posed:

Problem D. Find a solution u(x) of equation (1) vanishing on I" together with
its first derivatives, if: a) b = —1, «,, is arbitrary, or b) b = +1, «,, < 1.

Problem E. Find a solution u(z) of equation (1) vanishing on I'; together with
its first derivatives, if b = +1, «,, > 1; on T, in this case only the function u(x)
vanishes.

Let us complete Cj—the set of all functions, four times continuously differen-
tiable in ), vanishing near I'—in the metric

'“””//[ZA (axam)2+<§;> ] 1@ ©)

We denote the resulting space by W2(a). The corresponding embedding the-
orems, analogous to the theorems in (2,*), are proved; in particular, for any
function u(z) € Wi () the estimate

// 2)dQ < cslul?,

holds, where ¢ is a constant independent of u(z), and

«, —4 11—

| I=s0  fo <2

ola) = Ty Ml oran <2 L)
z%|Inz,| 0, for o, > 2,

To prove the existence of the required solutions, known theorems from functional
analysis are used (see, for example, (°)). The method of () for proving the
existence of a generalized solution of degenerating elliptic equations of the second
order was used in (7). Denote by £,(0 1) the set of functions f(x) for which

//Q o f2(x)dQ < +oo,
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and by W52 (a) the closure of the set £,(o~!) with respect to the norm

|(f, )l
Ifl-=sup .
ueW2 () ul,
where (-, -) denotes the scalar product in £4(Q).

Lemma 1. The space W, ?2(«) is isometrically isomorphic to the space of all
linear bounded functionals on the Hilbert space W3 («).

Theorem 1. Every linear bounded functional m,,(f) on the space W 2?(a) can
be represented as

my(f) = (u. f), weW;(a).

The proofs of Lemma 1 and Theorem 1 are carried out analogously to (°).
Denote by Wi (Q) the set of functions v(z) € Wi(Q) that vanish on the bound-
.4

ary I' together with their first derivatives, and by W,(Q) the set of functions
v(x) € Wi(Q) satisfying on the boundary the following conditions:

ov

U|F = Oa
ox;
T

1

Definition 1. A weak solution of problem D for equation (1), for a,, > 1,
will mean a function u(z) € Wi («a) that satisfies the equality

(h,v) = (u, L*v) (4)

.4
for all functions v(z) € W,(Q), where L* is the “formally adjoint” operator to
L.

Wealk solutions of problem D for a,, < 1, and of problem E with v(z) € Wi (Q),
are defined in an analogous way.

Theorem 2. If the coefficients of equation (1) for b = —1 are such that
(L*v,v) > const |[v]2 (5)

. 4
for any v(z) € W4(Q), then for every function h(x) € W5?(a) there exists a
weak solution of problem D for o, > 1.

To prove this theorem, the generalized Schwarz inequality is applied to (5), and
then the Hahn—Banach theorem and the theore-
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ma 1. The existence of a weak solution of problem D for «,, < 1 and of problem
E is proved in the same way. We note that du/dz,, in the case of problem D
(a,, = 1) vanishes on I'y in the following sense:

lim/ Ou v yr—0 (5= Qn(x, )
5—0 T

9z, 9z,
5

for any function v(z) € Wi(Q) that vanishes near T';. The remaining boundary
values are assumed in the mean.

Next suppose that «,, > 3 and, for simplicity, A;,(z) =0fori=1,...,n—1. We
shall prove the uniqueness of the weak solution of problem D in the cylinder @,
whose lateral surface, upper and lower bases we denote respectively by .S, Q1, g,
and I' = SUQUQ,. Choose v(x) as the solution of the following boundary-value
problem:

n—1 2 9 3
9 0“v B 1
ijzzl 0z;0z; ( ) amiaxj) * oz +3%.07 u(@); (6)
ov ' o
U’F:O, aixlszo (’L:l,...,n—l), @ =0. (7)

A solution v(x) € W3(Q) of problem (6)—(7) exists and is unique for 0,0 >0
(89), and from (4) for h = 0 we obtain:

[n—1 2 2 3

0 0°v 0’v 1

2d A, 2742

//Qu @+ ///Q _m.zzl Ox,;0z; ( *J 8$i8xj) + ox3 T t00v| X
0? 0?%v

n

oz
"t _
C o 0% Pv 1 .1
* ///Q 2 G, (Aij axiax) # g * g0t | [40 = ge0or] 4@ =0

where A* is the “formally adjoint” operator to A.

Transforming the integrals by integration by parts, estimating them from below
by known inequalities, and applying Kudryavtsev’ s lemma (2), we find:

N
Ta, ) - > c(sn} ?dQ <0, (8)

where the ¢; are chosen so that 1 — ZZIL g; >0, and N is a certain integer.
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Thus, from (8) we obtain the following uniqueness theorem:

Theorem 3. If

N
a(zo,o) >4 Z c(g;) (9)
=1

then the weak solution of problem D is unique.

Consider equation (1) for b = +1 in the cylinder ). The method of proving the
uniqueness theorem used for b = —1 does not essentially work for b = +1, since
the corresponding boundary-value problem for v(z) is not solvable. The initial
domain of definition of the operator of the left-hand side consists of functions
in C* satisfying the conditions:

8 9
ul =0, “I' =0 (i=1,...,n—1), Y

oz, o

The closure of the set of smooth functions satisfying conditions (10) in the norm
(3) gives W3(a). We extend the operator L, defining it on all u(z) € Wi(«a)
satisfying the additional condition

L) (1)

2
0z?

as a functional on Wg(a), by setting

0%u v < ?u
ey == [ G ge-aa+ ] > A4 G e, 0+ Alw) (12

for any v(x) € W3(a), where A(u,v) is the expression obtained formally from
/] fQ Au - vdQ@ by integration by parts. The extension constructed is closed in

W52 ().

Definition 2. We shall say that u(z) € BY (the domain of definition of the
strong extension of the operator L) if u € W3(«a) and there exist an element
h(x) € W52(a) and a sequence u; of functions belonging to W3 () and satisfying
the additional condition (11), such that |u—u,|, — 0, |Lu;—h|_ — 0 asi — oo,
where L is understood in the sense of (12). The corresponding function will be
called a strong solution of problem E.

Theorem 4. The strong solution of problem E, for a,, satisfying condition
(9), exists and is unique.
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Uniqueness follows from the following lemma:

Lemma 2. For strong solutions of problem FE the inequality

Jul; < const | Lu|_

holds.

The existence of a strong solution of problem E is proved in the same way as in
(19), using Theorem 3.

Remark 1. The uniqueness of the generalized solution of problem D for ¢, < 1
was proved by another method in (%).

Remark 2. The results obtained also extend to the corresponding elliptic
equations of higher orders that degenerate on the boundary of the domain; we
have considered fourth-order equations only for simplicity of exposition.

In conclusion I express my sincere gratitude to my scientific adviser V. N.
Maslennikova.
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