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Abstract
Full Text

B. Yu. Sternin

General Boundary-Value Problems for Elliptic Equations in
a Domain Whose Boundary Consists of Manifolds of Dif-
ferent Dimensions

(Presented by Academician I. G. Petrovskii, June 15, 1964)

1. Boundary-value problems in a domain bounded by manifolds of different
dimensions were considered by S. L. Sobolev (7). He proved, by the vari-
ational method, the unique solvability of the Dirichlet problem for the
polyharmonic equation A™wu = 0 in the class of functions u € Wém). The
functions prescribed on the boundary of the domain were assumed by him
to be admissible, i.e., such that there exists at least one Wém)—extension
into the domain. Later L. N. Slobodetskii (°) gave an intrinsic characteri-
zation of the set of admissible functions.

2. Let RY be a Euclidean space of dimension N. Decompose it into the
direct sum
RN=R"@®R" (n+v=N).
We shall denote the elements of the spaces R¥ and R", respectively, by
(t',...,t") and (z!,...,z,). A point of the space dual (with respect to the
Fourier transform) to R and R™ is the sequence of numbers (7, ...,7,)
and (&, ...,&,). The duality relations define the bilinear forms

(t,7) = Zt”Tk; (z,€) = Zxkﬁk

Let s be an arbitrary real number. By H® = H*(R") we shall understand the
functional space obtained by completing the smooth functions in the norm

1/2

1= ([ i + o216 mPdgar
(For brevity, functions of the dual space will be denoted by the same letter as

those of the original space, but as functions of the dual argument.)

It is known that H~* is adjoint to H®. If  is a bounded domain, then the space
H?(Q) is defined as the space of generalized functions that are restrictions to
of functions f; € H*(RY). The norm of the space is given by

£, = inf [f],.
12, =, inf ],

The space dual to H*(€2) is the space H~*((2), consisting of generalized functions
with supports in Q.
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3. Consider in 2 the differential expression

A, D)= > a,(x)D"

la|<2m

with smooth complex-valued coefficients; « is a multi-index

1

a=(aq,..,aN); \a\:Zak; = (2%, ..., 2N);

)

D® = (=)l 0 0% [0

Let the boundary 0f2 of the domain €2 consist of smooth closed noninter-
secting manifolds without boundary 992" of dimension v:

o= ] oo

v<2m

Some of the manifolds may be absent, but a manifold of codimension 1 must
necessarily be present.

On each of the manifolds 02" there is given a system B” = {B}}, |j| <1, of sin-
gular integro-differential operators 2 with smooth complex-valued coefficients
(4 is a multi-index, j = (41, .., 4,), |j] = D_ ji)- Denote by B the system of all
boundary operators, and let 20 = (A, B) be the bounded operator effecting the
mapping

H*(Q) — K*(Q,00) = H2m(Q) x [[ H™ /2 (00),

Jv

L,V v
njl_imjx(mj+§><s<2m—§. (1)
We now define the number [,,. I; = m. For each fixed v > 1 the number [, is a
step function of s, equal to r[2m — s — v/2], if 2m — s — /2 is not an integer,
and to 2m — s — v/2 — 1 otherwise.

We shall assume that the operator 2l is elliptic. This means:
1) Ag(x, ) # 0 for z € Q, |A] # 0.

2) Aand le» are connected at each point of the 9Q'-boundary by the Shapiro-

Lopatinskii condition (48,

3) Let y € 0Q” (v > 1). Make an infinitely differentiable change of co-
ordinates after which the equations of the boundary manifold in some
neighborhood of the point y have the form ¢t = 0 (¢; = 0,...,¢, = 0).
Let Ay(Dy, D,) and B% (D, D, ) be the principal parts of the operators A
and B, whose coefficients are fixed at the point y. We require that the
boundary-value problem
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AO(Dt’ {)u =0, 3 3& 0; (2)

B;{O(Dta g)u = g};(&)a t= 07 (3)

be uniquely solvable in H*(RY) for |¢| # 0 for arbitrary g%(¢). This condition
admits an adequate formulation in algebraic terms. Indeed, it can be shown
that, if |£] # 0, then the space of solutions of equation (2) belonging to H*®
is finite-dimensional and has as a basis the fundamental solution and all its
derivatives up to order [, — 1. In other words, any solution u of equation (2)
belonging to H*® has the form

u= P(D)&, (4)

where P(D) is a differential operator of order [,, and & is the fundamental
solution of equation (2). To determine the coefficients of the operator P(D),
one must substitute (4) into the boundary conditions (3). A system of linear
algebraic equations is obtained for the coefficients of the operator P(D). The
condition for its unique solvability
TkBj (7—7 5)
D = det / A6 dr||#0 (5)

is equivalent to condition 3).

Remark 1. If the coefficients of the operator A are real, then condition 3) is
satisfied for the Dirichlet problem: 87/0t7 = (), |j| < m —[v/2] — 1. The
determinant 2 in this case becomes the determinant

det /TiTjAal(T, £) dt’ ,
which is the Gram determinant for the functions 1,7,72, ..., 77 /21 Recall
that 7 = (7q,...,7,) and 7* = (17%,...,7,""). These functions are linearly inde-

pendent, and consequently their Gram determinant is different from zero.

Remark 2. Tt can be shown that if s > m —v/2+ [v/2], then as the operators
B satistying condition (5) one may take purely differential operators; whereas if
s < m—v/2+[v/2], then there is no purely differential boundary-value problem
satisfying this condition.

4. A left (right) regularizer of the operator 2 : H® — K*® is an operator
R : K° — H? such that
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RA=1pe +Tree (AR =15 4+ Thy:),

where 1p.,15. are the identity operators, and Ty.,Ty. are completely con-
tinuous operators in the spaces K° and H?®, respectively. The operator 2 is
called a ®-operator if its range is closed and its nullspace and cokernel are
finite-dimensional. The main theorem is the following.

Theorem 1. The following conditions are equivalent:
1) The operator A is elliptic.

2) The operator A has left and right reqularizers.

w

)
) The operator 2 is a ®-operator from H?® into K.
4)

The following inequality holds

Hu7 Q”s < C (lAU” Q”572171 + Z “Bjyu?aQVHsf'm;’fz//Q + ||U, Q”sl) :
VB2

5. It is well known that in the case when the domain is bounded only by a
manifold of codimension 1, infinite differentiability of the right-hand sides
implies infinite differentiability of the solution. If the boundary of the
domain includes manifolds of codimension greater than 1, then the solution
may fail to be infinitely differentiable even for infinitely differentiable right-
hand sides. We note that one can prove infinite differentiability of the
solution in tangential directions.

6. For sufficiently smooth solutions of problem (2), (3) the following holds.

Theorem 2. Let u € H' be a solution of problem (2), (3) forl > 2m—v/2, and
let f € HITF2m, gjl € HF-mi=1/2  Thep u € H** and the inequality holds

I, Qe < C <|fa Qi pom + Z g}, 691”l+k7m;71/2 + [lu, Q”o) :
J

7. The results obtained generalize to elliptic as well as to parabolic systems.
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