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Abstract
Full Text

V. V. Yakimets
BREMSSTRAHLUNG OF ULTRARELATIVISTIC
ELECTRONS IN CONDENSED AMORPHOUS BODIES
(Presented by Academician M. A. Lavrent’ev, 16 VI 1964)

Various effects of the influence of a medium on the bremsstrahlung of ultrarela-
tivistic electrons have been considered in a number of works (1−7). In particular,
in the work of V. M. Galitskii and the author (7), a general method was devel-
oped for taking into account the influence of the medium on the energy losses
of particles in matter, and a quantitative treatment was given of the influence
of absorption of quanta on the bremsstrahlung of high-energy electrons for the
case in which the quantum frequency 𝜔 is much smaller than the initial electron
energy 𝐸. The purpose of the present work is a quantum-mechanical generaliza-
tion of the indicated method with the sole condition 𝜔, 𝐸 ≫ 1∗. Further, as A. B.
Migdal (5) has shown, at sufficiently large quantum energies one must take into
account the effect of multiple scattering in pair production. It turns out that
the resulting dependence of the pair-production cross section on 𝜔 leads to the
interval of frequencies in which absorption is substantial being shifted strongly
into the classical region 𝜔 ≪ 𝐸, and the mean differential energy losses of the
electron acquire an additional dependence on the density and on the frequency.

Let us consider a system consisting of the medium, an electron, and the electro-
magnetic field. We write the full Hamiltonian of the system in the Schrödinger
representation in the form

𝐻 = 𝐻𝑒 + 𝐻𝑟 + 𝐻𝐼 . (1)

Here 𝐻𝑒 = 𝐻0𝑒 +∑𝑚 𝑉 (r−r𝑚) includes the interaction of the electron with all
scattering centers; 𝐻𝑟 describes the medium, the free electromagnetic field, and
their interaction with one another; 𝐻𝐼 = 𝑗𝑖𝐴𝑖 represents the interaction of the
electron with the electromagnetic field and will be treated as a perturbation. In
first order perturbation theory we obtain

𝑖𝑐(1)
𝑠 = ∫

𝑡

0
𝑑𝑡1 (𝜓𝑠 ⋅ 𝜑𝑠, 𝑒𝑖(𝐻𝑒+𝐻𝑟)𝑡1𝑗𝑘𝐴𝑘𝑒−𝑖(𝐻𝑒+𝐻𝑟)𝑡1𝜓0 ⋅ 𝜑0), (2)

where 𝜓𝑠 ⋅ 𝜑𝑠 are eigenfunctions of the system in the interaction representation,

𝐻𝑒𝜓𝑠 = 𝐸𝑒
𝑠𝜓𝑠, 𝐻𝑟𝜑𝑠 = 𝐸𝑟

𝑠𝜑𝑠.
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The total energy losses of the electron per unit time are determined by the
transition probability ∣𝑐(1)

𝑠 ∣
2
per unit time, summed over

* In this work the system of units ℎ = 𝑚 = 𝑐 = 1 is used.

over all final states of the system with 𝐸𝑒
𝑠 > 0:

𝑊 = ∑
𝐸𝑒𝑠>0

𝑑
𝑑𝑡 ∣𝑐(1)

𝑠 ∣
2

= 2Re∫
𝑡

0
𝑑𝑡1 (𝜓0𝜑0, 𝑒𝑖𝐻𝑒𝑡1𝑗𝑘𝐴𝑘𝐾𝑒𝑖𝐻𝑒(𝑡−𝑡1)𝑗𝑖𝐴𝑖𝑒−𝑖𝐻𝑒𝑡𝜓0𝜑0).

(3)

where

𝐴𝑘 = 𝑒𝑖𝐻𝑟𝑡𝐴𝑘𝑒−𝑖𝐻𝑟𝑡

and 𝐾 is the projection energy operator. Expanding 𝐴𝑖 in a Fourier integral
over the coordinates,

𝐴𝑖(r, 𝑡) = ∫ 𝑑𝑘 𝐴𝑖(k, 𝑡)𝑒𝑖kr, 𝑑𝑘 = 𝑑3𝑘
(2𝜋)3 , (4)

and introducing the notation

𝐼𝑘𝑖 = 1
𝑒2 (𝜓0, 𝑒𝑖𝐻𝑒𝑡1𝑗𝑘𝑒𝑖kr𝐾𝑒𝑖𝐻𝑒(𝑡−𝑡1)𝑗𝑖𝑒−𝑖k1r𝑒−𝑖𝐻𝑒𝑡𝜓0), (5)

we find

𝑊 = 𝑒2 ⋅ 2Re∫
𝑡

0
𝑑𝑡1 ∫ 𝑑𝑘 𝑑𝑘1 (𝜑0, 𝐴𝑘(𝑡1)𝐴+

𝑖 (𝑡)𝜑0) ⋅ 𝐼𝑘𝑖. (6)

The integrand (𝜑0, 𝐴𝑘𝐴+
𝑖 𝜑0) is directly related to the Green’s function of the

electromagnetic field in the medium,

(𝜑0, 𝐴𝑘(𝑡1)𝐴+
𝑖 (𝑡)𝜑0) = −𝑖𝐷+

𝑖𝑘(k, k1; 𝑡, 𝑡1), 𝑡1 < 𝑡.

In what follows we shall restrict ourselves to the case of a homogeneous medium.
Then, passing in (6) to integration over 𝜏 = 𝑡 − 𝑡1 and further expanding the 𝐷-
function in a Fourier integral with respect to time, after simple transformations
we obtain

sovietrxiv.org/items/ru-196401.67035 Machine Translation

https://sovietrxiv.org/items/ru-196401.67035


𝑊 = −𝑒2 ⋅ 4Re∫
∞

0

𝑑𝜔
2𝜋 ∫

𝑡

0
𝑑𝜏 𝑒𝑖𝜔𝜏 ∫ 𝑑𝑘 Im𝐷𝑖𝑘(k, 𝜔) ⋅ 𝐼𝑘𝑖. (7)

Since large wavelengths are essential in the problem, the influence of the sub-
stance on the electromagnetic field may be taken into account phenomenologi-
cally by introducing the dielectric constant of the medium 𝜀 = 𝜀𝐼 + 𝑖𝜀II:

𝜀𝐼 = 1 − 𝜔2
0

𝜔2 , 𝜀II = 𝑛𝜎
𝜔 = 1

𝐿𝜔, (8)

where 𝜔2
0 = 4𝜋𝑛𝑒2, 𝑛 is the nuclear density, 𝜎 is the integral cross section for

pair production, and 𝐿 is the radiation length. Therefore, choosing a gauge
with scalar potential equal to zero, we can write (see, for example, (8)):

Im𝐷𝑖𝑘 = − 4𝜋𝜀II

𝜔2|𝜀|2 {𝑘𝑖𝑘𝑘
𝑘2 + |𝜀|2𝜔4 𝛿𝑖𝑘 − 𝑘𝑖𝑘𝑘/𝑘2

|𝑘2 − 𝜀𝜔2|2 } . (9)

For the energies and frequencies under consideration, the first term in (9) proves
to be inessential. Taking into account that 𝑗𝑖 = 𝑒𝛼𝑖 (𝑖 = 1, 2, 3), after averag-
ing over the coordinates of the scattering centers we arrive at the following
expression for the mean differential energy losses of the electron per unit time:

𝑄̇𝜔 = 𝑒2𝜔3

2𝜋3 Re∫
𝑡

0
𝑑𝑡 𝑒𝑖𝜔𝜏 ∫ 𝜀II 𝑑3𝑘

|𝑘2 − 𝜀𝜔2|2 (𝛿𝑖𝑘 − 𝑘𝑖𝑘𝑘
𝑘2 ) ⋅ 𝐼𝑘𝑖, (10)

𝐼𝑘𝑖 = (𝜓0, 𝑒𝑖𝐻𝑒𝑡1𝛼𝑘𝑒𝑖kr𝐾𝑒𝑖𝐻𝑒𝜏𝛼𝑖𝑒−𝑖kr𝑒−𝑖𝐻𝑒𝜏𝑒−𝑖𝐻𝑒𝑡1𝜓0). (11)

Averaging of the matrix element (11) can be carried out by the method developed
by Migdal (see (5)), with the difference that now 𝜔 and 𝑘 are not connected by
the usual relation (see (7)). The result obtained is conveniently represented as
two terms—the losses to bremsstrahlung and to pair creation by an electron in
the medium:

𝑄̇𝜔 = 𝑄̇𝑇
𝜔 + 𝑄̇Π

𝜔 ; (12)

𝑄̇𝑇
𝜔 = 𝑒2𝜔3

𝜋2 ∫ 𝜀II(𝑘) 𝑑𝑘
|𝑘2 − 𝜀𝜔2|2 {2 [1 + (1 − 𝜔

𝐸 )
2
] [ 𝐵𝑘

𝐸(𝐸 − 𝜔)]
1/2

𝐹(𝑠) + 𝑘3

𝐸3(𝐸 − 𝜔)𝐺(𝑠)}

(12’)
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𝑄̇Π
𝜔 = 𝑒2𝜔3

𝜋 ∫ 𝜀II(𝑘) 𝑑𝑘
|𝑘2 − 𝜀𝜔2|2 {−8𝑠 [1 + (1 − 𝜔

𝐸 )
2
] [ 𝐵𝑘

𝐸(𝐸 − 𝜔)]
1/2

𝜃(−𝑠 − 1) + 𝑘3

𝐸3(𝐸 − 𝜔)𝜃 (−𝑠 − 1
2)} ,

(12”)

where

𝐹(𝑠) = 1
6𝑠 [𝜃(𝑠 + 1)Φ(𝑠) + 𝜃(−𝑠 − 1)Φ(−𝑠)];

𝐺(𝑠) = 1
48𝑠2 [𝜃 (𝑠 + 1

2) 𝐺(𝑠) + 𝜃 (−𝑠 − 1
2) 𝐺(−𝑠)] ;

𝜃(𝑠) is the unit function; Φ(𝑠) and 𝐺(𝑠) are the functions introduced by Migdal
in (4,5);

𝑠 = 1
4 [𝜔 − 𝑘 (1 − 1

2𝐸(𝐸 − 𝜔))] [𝐸(𝐸 − 𝜔)
𝐵𝑘 ]

1/2
, 𝐵 = 4𝜋𝑁𝑍2𝑒4 ln(191𝑍−1/3).

In the classical region 𝜔 ≪ 𝐸, (12′), (12″) obviously pass over into the formulas
found in (7). On the other hand, in the absence of absorption (𝜀II → 0), 𝑄̇Π

𝜔
vanishes, while in (12′) the function 𝛿(𝑘 − 𝜔

√
𝜀𝐼) appears, and 𝑄̇𝜔 passes over

into the expression for bremsstrahlung obtained in Migdal’s work (5).
Absorption of quanta affects bremsstrahlung when the width of the resonance
denominator in (12′) becomes greater than the width of the functions 𝐹(𝑠) and
𝐺(𝑠). This is realized in the frequency interval 𝐿𝜔2

0 ≪ 𝜔 ≪ 𝐸2/(64𝐵𝐿2 + 𝐸).
The radiation length 𝐿 does not depend on 𝜔 and is equal to 𝐿0 = 9𝐸2

𝑠 /28𝐵*
up to quantum energies ≲ 7𝐿0/18𝐸2

𝑠 (𝐸𝑠 = (4𝜋/𝑒2)1/2 is the radiation energy).
In the general case the function 𝐿(𝜔) has a complicated form. It is substantially
simplified in the high-frequency limit

𝐿(𝜔) = 𝐸2
𝑠

3𝜋 √ 𝜔
𝐵 , 𝜔 ≫ 7

18
𝐿0
𝐸2𝑠

= 1
8𝐵 . (13)

Consequently, taking into account the effect of multiple scattering in pair cre-
ation by a quantum leads to the fact that the indicated interval is strongly
shifted into the classical region and, for 𝐸 ≫ 28𝐿0/27𝜋, is described by the
inequalities

𝐿0𝜔2
0 ≪ 𝜔 ≪ 3𝜋

8
𝐸
𝐸2𝑠

, 𝐸 ≫ 28
27𝜋 𝐿0, (14)

where
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𝑄̇𝑇
𝜔 = 16𝜉𝑒2

𝜋2
𝐵𝜔
𝐸2 𝐿(𝜔), 𝜉 = 2 ln(2 sh𝜋) ≃ 2𝜋. (15)

The previous result for the mean losses (7) is retained when the conditions

𝐿0𝜔2
0 ≪ 𝜔 ≪ 7

18
𝐿0
𝐸2𝑠

, 𝑄̇𝑇
𝜔 = 144𝜉

7𝜋2
𝜔

𝐸2 . (16)

are satisfied.

* For lead 𝜔0 ≃ 60 eV, 𝐿0𝜔2
0 ≃ 1.2 ⋅ 108 eV.

Formula (15) again takes a simple form in the frequency interval

7
18

𝐿0
𝐸2𝑠

≪ 𝜔 ≪ 3𝜋
8

𝐸
𝐸2𝑠

, 𝑄̇T
𝜔 = 64𝜉

3𝜋2
𝜔

𝐸2
√

𝐵𝜔. (17)

Compared with (16), this expression contains an additional dependence on den-
sity and frequency, (𝑛𝜔)1/2. In the final part of the spectrum, 3𝜋𝐸/8𝐸2

𝑠 ≪ 𝜔 ≪
𝐸, the radiation intensity is determined by Migdal’s formula (5). To obtain
the magnitude of the losses for pair production by an electron in the quantum
region 𝜔 ∼ 𝐸, it is necessary to take into account the spatial dispersion of the
dielectric constant 𝜀II(𝑘).
In conclusion, I express my gratitude to V. M. Galitskii for valuable advice and
constant interest in the work.

Received
4 V 1964
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