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Abstract

Full Text
MATHEMATICS
M. L. GORBACHUK

ON THE DESCRIPTION OF EXTENSIONS OF
POSITIVE DEFINITE KERNELS

(Presented by Academician N. N. Bogolyubov, 8 V 196/)

1°. In this note a theorem is established on the representation of positive
definite (p.d.) kernels whose values are operators in a Hilbert space H, in terms
of eigenfunctions of ordinary differential equations (in the finite-dimensional
case of H such a theorem was established by M. G. Krein (%7)). Then, using
this result, all extensions of p.d. kernels satisfying certain conditions from a
strip or rectangle to the whole space are described. Our description generalizes
to general kernels the description obtained in the case of ordinary p.d. functions
by means of the methods of the theory of functions by B. Ya. Levin and I. E.
Ovcharenko (). The method of proof makes essential use of Yu. M. Berezanskii’
s theorems on the differentiation of an operator measure (2).

2°. Let H be a Hilbert space with scalar product (-,-) and norm | - |. We shall
denote elements of this space by f,g,.... Consider in H a strongly continuous
operator function K (s,t) of the point (s,t) (s,t € (a,b), —c0 < a, b < 00).
The function K(s,t) is called a p.d. kernel if, for arbitrary f,,..., f,, € H and
ty,...,t, € (a,b) (n=1,2,..),

S (Kt t)) fof;) > 0. 0

4,5=1

From (1) it is easy to show that
(K(t.0)f, f) 20,  K'(s,t) = K(t,s),

[(K(s,t)f,9)]* < (K(s,8)f, [)(K(t,t)g,9)  (f,g€H).

Denote by C§°(H, (a,b)) the space of all infinitely differentiable (in the strong
sense) finite vector-functions defined on (a,b) with values in H. Introduce on
C§°(H, (a,b)) the bilinear form

b b
(0, 0) e = / / (K (s, t)u(t), v(s)) ds dt,

sovietrxiv.org/items/ru-196401.66167 Machine Translation


https://sovietrxiv.org/items/ru-196401.66167

which satisfies all the requirements of a scalar product; however, generally speak-
ing, from (u,u), = 0 it does not follow that u = 0. The totality of those u for
which (u,u) - = 0 forms a linear set. Taking the quotient space by this set and
then completing it, we obtain a certain Hilbert space £ (H, (a,b)).

Consider on (a, b) the ordinary differential expression

dFu
L) = Y al9)p (2)

0<k<r

with complex-valued coefficients a,(s), each of which is k 4+ 1 times continu-
ously differentiable inside (a,b). Denote by x;(s;A) the fundamental system of
solutions of the equation Lu = Au, satisfying the initial conditions

dxg(s N /dsh =8 (k=0 1), (3)

where £ is some point of (a,b).

Theorem 1. Let K(s,t) (a < s,t < b) be a p.d. strongly continuous operator
kernel, for which inside (a,b) there exist weak derivatives 9**K (s, t)/0s 0tk
(k=0,...,7—1), and let L be a differential expression of the form (2) with
k 4+ 1 times continuously differentiable coefficients aj(s). In order that the
representation be valid in the weak sense,

Kis) = [ S (5 AR N (M), (4)

oo j7k:0

where [[d7;, (V)] Ly (=00 < A < o0) is some finite nonnegative matrix function
(i.e. the function E:jzl(qj(/\)fi,fj) is nondecreasing for all f, € H), com-
posed of bounded operators Tjk(>\) in the space H, normalized by the condition
|75, (—00)| = 0 and continuous from the left in the strong sense, it is necessary
and sufficient that

(Lru,v) e = (u, L), w,0 € Cg°(H, (a, b)) ()

(L* is the differential expression formally adjoint to L). The matrix
ld;, (M7 is determined uniquely by the kernel K(s,t) if and only if
the closure in £y (H,(a,b)) of the operator u — L*u, u € C§°(H,(a,b)), is
maximal.

In the case when H is finite-dimensional, Theorem 1 can easily be obtained by
using the method of guiding functionals (1) or with the help of an expansion
in generalized eigenfunctions of self-adjoint operators (23). If H is infinite-
dimensional, then the representation (4) is obtained by a limiting transition
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from the finite-dimensional case, and then the uniqueness condition for the
matrix [|d7;;, (A)[7;L, is established independently. We note that, as in the finite-
dimensional case (1), the matrix Hdek()\)H;;CLO and the self-adjoint extensions
of the operator v — L*u, u € C§°(H, (a,b)), are in one-to-one correspondence.

We observe that Theorem 1 is also valid when the kernel K (s,t) is only contin-
uous. Then, in the representation (4), the matrix function |ld7;,(A)[;7L, is not,
in general, finite on the whole axis.

3. Let G = (aq,by) x (ag,by), where —oco < a;,b; < oo (i = 1,2). Suppose
that in G x G an ordinary p.d. kernel K(z,y) (z,y € G) is given, which is a
continuous function of the point (z,y) € G xG. Consider differential expressions

LOu(t) = iaﬁj’(t) dc:;;it) (t € (—00,00); i=1,2) (6)
a=0

of type (2). Suppose that L¥ (i = 1,2) *-commute with the kernel K (z,y) in
the corresponding variables, i.e., in the sense of distributions of L. Schwartz,

LYK (2, 20301, 90) = LYK (21, 205910, 00) (1= 1,2)  (25,9; € (a;,b;)) (7)

(the bar denotes passage to complex-conjugate coefficients).

Let now ¢(x;) be an arbitrary function from C§°(aq,b;). Then the kernel

by by
K¢($2»y2) = / K (1,755 y1,92)0(y1) () doy dy; (T2, Ys € (ag,by))
ay ay

is p.d. and s-commutes with L?). Therefore

oo ra—1

K, (23 15) = / S 300 (g V) At (), (®)

00 4,j=0

a1
where x (x5, \) ’;io is a fundamental system of solutions of the equation L2y =

Au of type (3), and ||d01(-f>()\)||:2],:) is a nonnegative matrix, normalized in the

usual way.

Theorem 2. Let K(z,y) (x = (x1,25), ¥y = (y1,¥2) € G) be a p.d. kernel for
which the derivatives 9** K (z, 55 y;,y5)/0250y% (k = 0,1,...,74—1) exist, and
let L) be differential expressions of the form (6), *-commuting with K (z,y)
in the corresponding variables, i.e., the equalities (7) are satisfied. Suppose
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that for arbitrary ¢ € C§°(ay,b,), K,(z9,y,) admits a unique representation
-1

(8), which means that the matrix Hdagf) ()\)H:szo is uniquely determined by the

kernel K, (75,ys). Then

oo ra—1

K (21,2391, 52) = / S a3 N (s N (s 20, ) dor(), (9)

00 4,5=0

where do(A\) (—oo < A < o0) is a finite measure, and Y\ zq,y;) =
||1/)1-j()\;x1,y1)||:2j;2 is a matrix-function which: a) for every fixed A is p.d.

and *commutes with L(; b) for every fixed (x,,y,) is o-integrable with
respect to A. If the measure do(A) is fixed in the representation (9), then the
matrix-function v;;(A\;z,9,) is determined uniquely by the kernel K(z,y).
Conversely, every representation of the form (9) defines a certain p.d. kernel.

Let us indicate the course of the proof. For simplicity we shall assume that
—00 < aq, by < oco. Considering the integral representation of the form (4) of
the p.d. operator kernel

by
(K (29, Y2) 0] (1) = K (1,755 91,92)9(y1) dys

a;

in the space £y(aq,b;), we arrive at the fact that the operator 7(o0) =

E:igl 7;.:(00) has finite trace

dx, < 00,
Ty=ys=¢

SpT(OO) _ /bl = 821[((1’1;1'2;'.%172/2)
a; =0 x50y,

and therefore o(A) = Sp7(\) < Sp7(oo) for every A. Denote ¥,;(\) =

dr;;(A)/do()). Substituting now the value d7;;(A) into equality (4), written in

the case of our kernel in the weak sense for a d-shaped sequence, by a limiting

passage we obtain the required representation.

It follows from Theorem 2 that, for fixed measure do()A) in the representa-
tion (9), every extension of the p.d. kernel K(xy,xs;¥;,Yy,) from the domain
G x G, G = (a1,b)) x (ag,by), —00 < ay,b; < 00, —00 < ay,by < 00, to a
larger domain G’ x G’, G’ = (af,b]) X (ag,by), (a7,b1) D (aq,b;), preserving
p.d. and s-commutativity with L1, gives rise to an extension of the matrix
ij()‘?xl’yl)H;z;:O having properties a), b) on (af,b]) x (af,b}).

-1
Conversely, every extension of the matrix ijk()\;xl,yl)H;zk:O from (aq,by) %

(ay,by) to (aj,b]) x (ay,b]) with properties a), b) on (aj,b]) x (a7,b]), by
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formula (9), defines an extension of the kernel K (z,y) from G x G to G’ x G’
satisfying the conditions of Theorem 2.

4°. Let us give several examples.

A. Let a continuous function of two variables f(zy,25) (=21 < z; < 21 <
00, —00 < T, < 00) be such that the kernel K (z, z5;y1,¥2) = f(@1—y1, Ta—Yys)
(= < z9,y; < l, —00 < Zy,yy < 00) is p.d. The differential expressions
LW = L) = jd/dt x-commute with K (2, 2;¥;,ys). Using Bochner’s theorem
(1), it is not difficult to verify that all the conditions of Theorem 2 are satisfied
for the given kernel. Therefore

flay,x5) = / eMT2450 (A, 2y) do(N),

where do()\) is a certain positive measure, and ©y(\, ;) is a p.d. function
of x; for each fixed A, and is o-summable with respect to A for each fixed
x, € (—21,21).

Choosing o () so that 1y,(A,0) = 1, we obtain a description of all extensions of
a p.d. function of two variables from the strip (—2[, 2l) x (—o0, 00) to the whole
plane, which was given by B. Ya. Levin and I. E. Ovcharenko (°), namely:
the problem of describing all extensions of a p.d. function given in the strip
=2l <1y <2, —00 < Ty < 00, to a wider strip —2" < xq <2, —00 < T4 < 00,
I > 1, reduces to the question of extending the p.d. function (N, 1) of one
variable x; from the interval (—21,2l) to the interval (—2U',2l") for every fized
A, with preservation of positive definiteness; moreover these extensions must be
o-summable with respect to A (even o-measurability is sufficient). A description
of extensions of p.d. functions of one variable was given by M. G. Krein (%).

B. Let the continuous function f(zy,25) = f(—zq,24) (=21 < z; < 2l <
00, —00 < Ty < 00) be such that the kernel

K (21, 29591,Y2) = 5 [f(21 +y1, 79 — y2) + f(21 — Y1, 75 — o)

DN =

is p.d. In this case L) = d?/dt?>, L'? = id/dt. Using Theorem 2 and the
evenness of f(xy,z5) in z;, we obtain that

f(xpafz):/ eP21hgo (N, @) do(N),

where do(\) is a positive measure chosen so that ¥yo(A, 0) = 1; 1yo(A, z1), for
fixed ), is an even p.d. function, i.e. such that the kernel

1
5 (Y00 (A, 1 + Y1) + Yoo (A, 1 — 1))
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is p.d., and for fixed z is o-summable with respect to A.

Therefore, the description of extensions of f(xq,x4) to a wider strip reduces to
finding all even p.d. extensions of the function (A, z1), which was also done
by M. G. Krein.

C. Let the continuous function f(z;,z5) (=2} < z; < 2[; < oo, =2, <
xy < 2ly < 00) be such that the kernel K (zq,2q;y1,92) = f(27 — Y1, T + Ys)
(—l, < x; <1;, i =1,2) is p.d. Here L'Y = id/dt, L'? = d/dt. Using the
theorem of S. N. Bernstein (%), it is not hard to verify that all the conditions of
Theorem 2 are satisfied. Therefore

fary, @) = / Ar2og (A, 1) do(N),

where do(\) and ¥y4(\, ;) are the same as in example A.

Thus, the description of extensions of f(xy,x4) to a wider rectangle reduces to
the description of all extensions of Yo(A; 1), as in example A.

Other analogous examples can also be constructed.

The author expresses gratitude to Yu. M. Berezanskii for supervising the work,
and to M. G. Krein, B. Ya. Levin, and I. E. Ovcharenko for the opportunity to
become acquainted with the results set forth in (°).
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Note: Figure translations are in progress. See original paper for figures.
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