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ASYMPTOTIC PROPERTIES OF THE TRACE
OF THE SPECTRAL FUNCTION OF A SELF-
ADJOINT ELLIPTIC DIFFERENTIAL OPER-
ATOR OF SECOND ORDER

(Presented by Academician S. L. Sobolev, March 11, 1964)

I. In an N-dimensional Euclidean space consider the differential equation
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With respect to the coefficients a,;(z) and V(x) we make the following assump-
tions:

L a;;(x) € CLH); a;;(x) are bounded in the whole space R(NV).
2.

N

2.
E a;;(r)eyo; > e E az;
ij=1 i

¢ > 0 and does not depend on .

3. V(x) > 0, and for any point x there is a neighborhood O(z), a constant
¢ >0, and v > 0, such that for z; € O(z) and z, € O(z) the inequality

V() = V(za)| < clzy — 257

is satisfied.

Let 6(x,y,A) be the spectral function of the operator (1). Its construction is
described in the work of L. Garding (1).

In the case of a purely discrete spectrum,

0,5, ) = Y (@), (1),

PUESN

where ¢, (z) and A, are the eigenfunctions and eigenvalues of the problem
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It is known that

0%(x,y, A) < O0(z, 2, \)0(y, y, A).

In (2,%) the asymptotic behavior of the function 6(z,y, \) as A — oo was studied.
For the case of the Laplace and Schrodinger equations the function 0(x, y, \) was
studied in detail by B. M. Levitan (°,%).

In (3) it is proved that
)\N/2

O(z,x,\) ~ . (2)
(20)N/2D(N /2 + 1), det Jay, ()]

The asymptotic formula (2) is uniform in z for « belonging to any bounded set;
however, it is not uniform in z for = belonging to the whole domain of variation
R(N) of the independent variables. Therefore the problem arises of describing
in some way the behavior of the function 0(x,x, \) as a whole.

II. Let

01N = [ 00w, f() da.
If f(x) € Ly, then, as is not difficult to show,

AN/2  fl@)dx
(2m)N2T(N /2 +1) \ /det la;;(x)

If f(z) ¢ Ly, it may turn out that 6(f, A) = oo for A < co. However, imposing
certain restrictions on the asymptotic behavior of the functions f(z) and V(z),
one can prove the formula

AN/ Vie)\"?
0N~ GoREr N2+ 1) /T)<A ( _/\> de.

For the Schrodinger equation, when f(x) = 1, this formula has long been known
(1). For f(z) = V7(x) it was obtained by B. M. Levitan in connection with the
problem of summing Fourier series by Riesz means ().

O(f,A) ~
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ITI. We formulate the main result of the present paper. Let f(z) > 0. Put, by
definition,

B AN/ V()"
B(f’)\)_( 2m)N2T(N /2 4+ 1) / detHa ()| (1_ A > da.

Theorem 1. 1. Let the function B(f, \) satisfy the condition of Korenblum’ s
Tauberian theorem (7): there exist A\, and 7 such that for all A’ > \” > ), the

inequality
BUN) _ (XY
BN = \W

2. Suppose that as 6 — 0, uniformly with respect to A > A, the equality

/ flaydo— [ f(x)do
max V(z+u)< mir(ls V(z4u)<

holds.

lim —= - =0
6—0 / f(x) da
Vi(z)<A
3. There exists an a € (0,4) such that for sufficiently large |z| > R, the
inequality
V(z) > |z|®

holds.

4. There exist constants A > 0 and € > 0 such that for some ¢

!
1 -
SUS TN

/fq(m)e_Am%i dr < 0.

Then, as A — o0,

0(f;A) ~ B(f,\).
IV. For the case of the Schrédinger equation, i.e. if
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Lu= %Au —V(z)u, (3)

the result obtained can be somewhat sharpened.

Theorem 2. Let 6(z,y,\) be the spectral function of equation (3),

- AN/2 V(z) N7z
B(f.\) = VT (N2 1 1) /V(l_mf(:c) (1A> da.

Suppose:
1. B(f,\) satisfies condition 1 of Theorem 1.
2. Uniformly in A,

lim f(zx) dx// flz)dz =1.

070 Sy e V(w+u) <A V(z)<A

3. For some p > N /2,

p
lim {1 - /f(m —Vitu)e V) da:/ / f(z)e V@ dx] e~ (=epu® gy — (.
t—0

Then

0(f,A) ~ B(f, A).

The proof of this theorem is carried out by Ray’ s method, based on exact
estimates of the Green’s function of the Cauchy problem for the heat-conduction
equation

Ju

— = Lu, u(x,0) = ug(x

- (2,0) = uy(a)

by means of continual integrals. It is rather cumbersome, and we omit it.

V. Let us say a few words concerning conditions 1-4. Condition 1 means, roughly
speaking, that the function B(f, ) must grow no faster than some power and
must not have excessively large jumps.

Let
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Conditions 1 and 2 are fulfilled if the following requirements are fulfilled:

1. There exists a constant C' > 0 such that for all 8 from some interval
0e[l—0,1+06 and A > A,

AP (BN) > Cp(N).

max V(z 4+ u) = V(x)(1 + p(6)),

lu|<d

min V(x 4+ u) = V(z)(1 + p(9)), p(0) = 0, 6 — 0,

|u|<é

and these relations are fulfilled uniformly in x.
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