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Abstract
Full Text

V. I. Protasov

On Solutions of Linear Equations of Infinite Or-
der in Generalized Derivatives
(Presented by Academician A. N. Kolmogorov on 26 X 1963)

In the present article we give some theorems on the existence of solutions of a
linear nonhomogeneous equation of infinite order in generalized derivatives with
constant coefficients. Linear equations of infinite order in generalized derivatives
of the form

∞
∑
𝑛=0

𝑎𝑛𝐷𝑛𝑦(𝑧) = 𝑓(𝑧), (1)

are considered, where 𝑎𝑛 are constant coefficients. By 𝐷𝑛𝑦 is meant the gener-
alized derivative of order 𝑛 of the function 𝑦(𝑧), which is defined as follows.

Let

𝑦(𝑧) =
∞

∑
𝑘=0

𝑐𝑘𝑧𝑘

be a function analytic in some disk, and let a point (𝛼0, 𝛼1, 𝛼2, …), 𝛼𝑘 ≠ 0,
𝑘 = 0, 1, 2, …, be given, where 𝛼𝑘 are complex numbers. Then

𝐷𝑛𝑦(𝑧) =
∞

∑
𝑘=𝑛

𝛼𝑘−𝑛
𝛼𝑘

𝑐𝑘𝑧𝑘−𝑛,

provided that the series

∞
∑
𝑘=𝑛

𝛼𝑘−𝑛
𝛼𝑘

𝑐𝑘𝑧𝑘−𝑛

converges in some disk.

Equations of the form (1) were studied in work (1). In the present article we
give results obtained under other restrictions and by other methods.

We shall assume that the right-hand side of equation (1)—the function 𝑓(𝑧)—
is analytic in some disk or entire. The solutions 𝑦(𝑧) will be considered among
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analytic functions, and the series on the left-hand side of the equation will be
regarded as absolutely convergent in some disk. Let

𝑓(𝑧) =
∞

∑
𝑗=0

𝑏𝑗𝑧𝑗, 𝑦(𝑧) =
∞

∑
𝑘=0

𝑐𝑘𝑧𝑘

be analytic functions. Associate with the function 𝑓(𝑧) the point (𝑏0, 𝑏1, 𝑏2, … , 𝑏𝑗, …),
and with the function 𝑦(𝑧) the point (𝑐0, 𝑐1, 𝑐2, … , 𝑐𝑘, …). Then equation (1)
may be considered as a linear transformation of the point (𝑐0, 𝑐1, 𝑐2, …) into the
point (𝑏0, 𝑏1, 𝑏2, …) by an infinite matrix represented by the product of three
matrices, and written in the form

⎡
⎢
⎢
⎢
⎣

𝛼0
𝛼1

𝛼2
𝛼3

⋱

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑎0 𝑎1 𝑎2 𝑎3 …
𝑎0 𝑎1 𝑎2 …

𝑎0 𝑎1 …
𝑎0 …

…

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
𝛼0 1

𝛼1 1
𝛼2 1

𝛼3
⋱

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑐0
𝑐1
𝑐2
𝑐3
⋮

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑏0
𝑏1
𝑏2
𝑏3
⋮

⎤
⎥
⎥
⎥
⎦

.

The same transformation can be written in the form

⎡
⎢
⎢
⎢
⎣

𝑎0 𝑎1 𝑎2 𝑎3 …
𝑎0 𝑎1 𝑎2 …

𝑎0 𝑎1 …
𝑎0 …

…

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐0
𝛼0𝑐1
𝛼1𝑐2
𝛼2𝑐3
𝛼3
⋮

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑏0
𝛼0𝑏1
𝛼1𝑏2
𝛼2𝑏3
𝛼3
⋮

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (2)

The linear transformation (2) of the point (𝑐0, 𝑐1, 𝑐2, … , 𝑐𝑘, …) into the point
(𝑏0, 𝑏1, 𝑏2, … , 𝑏𝑗, …) is studied as a transformation of perfect sequence spaces
considered in (2,3).
The theorems obtained by the author of this paper on transformations of perfect
spaces, as applied to transformation (2), make it possible to obtain the following
theorems on the existence of solutions of equation (1).

By 𝜑(𝑡) we shall denote the characteristic function of the equation, assuming
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𝜑(𝑡) =
∞

∑
𝑛=0

𝑎𝑛𝑡𝑛.

Theorem 1. If

lim𝑛→∞𝑛1/𝜌 𝑛√|𝛼𝑛| = (𝜎𝑒𝜌)1/𝜌 > 0, lim𝑛→∞𝑛1/𝜌 𝑛√|𝛼𝑛| = (𝜎̄𝑒𝜌)1/𝜌,

and the characteristic function 𝜑(𝑡) of equation (1) is of integral order of growth
𝜌 and type 𝜎, then for the right-hand side 𝑓(𝑧), analytic in the disk |𝑧| < 𝑅,
where

𝑅 > (2𝜎
𝜎 )

1/𝜌
,

there exists a solution analytic at least in the disk

|𝑧| < (𝑅𝜌 𝜎
𝜎 − 𝜎

𝜎 )
1/𝜌

.

Let us give the simplest example, which confirms the sharpness of the theorem.
Let 𝜑(𝑡) = 𝑒𝑡 (𝜌 = 1, 𝜎 = 1), 𝛼𝑛 = 1

𝑛! . The generalized derivative in this case
reduces to the ordinary one. The solution of the differential equation

∞
∑
𝑛=0

1
𝑛!𝑦

(𝑛) = 𝑓(𝑧)

can be written in the form 𝑦(𝑧) = 𝑓(𝑧 − 1). If the function 𝑓(𝑧) is analytic
only in the disk |𝑧| < 𝑅, where 𝑅 > 2, then the solution is analytic in the disk
|𝑧| < 𝑅 − 1, and the radius 𝑅 − 1 cannot be increased.

It follows from Theorem 1 that if the right-hand side of equation (1) is an
entire function, then there exists a solution among entire functions. Under
other assumptions concerning the growth of the moduli of the numbers 𝛼𝑛, one
can obtain the following theorems.

Theorem 2. If

lim𝑛→∞𝑛1/𝜌1 𝑛√|𝛼𝑛| = 𝛿 > 0, lim𝑛→∞𝑛1/𝜌2 𝑛√|𝛼𝑛| = ̄𝛿 > 0,

lim𝑛→∞𝑛1/𝜌 𝑛√|𝑎𝑛| = (𝜎𝑒𝜌)1/𝜌, where 𝜌1 ⩽ 𝜌2 < 𝜌,

sovietrxiv.org/items/ru-196401.64087 Machine Translation

https://sovietrxiv.org/items/ru-196401.64087


then equation (1), with right-hand side 𝑓(𝑧) entire of order of growth 𝜌𝜌1
𝜌 − 𝜌1

and type 𝜎0,

𝜎0 < 𝜌 − 𝜌1
𝑒𝜌𝜌1

[ 𝛿
(2𝜎𝑒𝜌)1/𝜌 ]

𝜌𝜌1/(𝜌−𝜌1)
,

has a solution among entire functions of order of growth not exceeding 𝜌𝜌2
𝜌 − 𝜌2

and of normal type.

Theorem 3. If

lim𝑛→∞𝑛1/𝜌1 𝑛√|𝛼𝑛| = 𝛿 > 0; lim𝑛→∞𝑛1/𝜌 𝑛√|𝛼𝑛| = ̄𝛿 > 0, 𝜌 > 𝜌1;

lim𝑛→∞𝑛1/𝜌 𝑛√|𝛼𝑛| = (𝜎𝑒𝜌)1/𝜌,

then equation (1), with right-hand side 𝑓(𝑧) entire of order of growth 𝜌𝜌1
𝜌 − 𝜌1

and type 𝜎0

𝜎0 < 𝜌 − 𝜌1
𝑒𝜌𝜌1

[ 𝛿
(2𝜎𝑒𝜌)1/𝜌 ]

𝜌𝜌1/(𝜌−𝜌1)
,

has a solution analytic in the disk

|𝑧| < 1
̄𝛿 {[( 𝛿

𝐵 )
𝜌 1

𝑒𝜌 − 𝜎] 𝑒𝜌}
1/𝜌

, where 𝐵 = (𝜎0𝑒 𝜌𝜌1
𝜌 − 𝜌1

)
(𝜌−𝜌1)/𝜌𝜌1

.

Theorem 4. If

lim𝑛→∞𝑛1/𝜌 𝑛√|𝛼𝑛| = (𝜎𝑒𝜌)1/𝜌, lim𝑛→∞𝑛1/𝜌 𝑛√|𝛼𝑛| = (𝜎𝑒𝜌)1/𝜌,

lim𝑛→∞𝑛1/𝜌 𝑛√|𝛼𝑛| = (𝜎̄𝑒𝜌)1/𝜌

and the function 𝑓(𝑧) has growth [𝜌0, 𝜎0], then there exists a solution of equation
(1) among entire functions of growth not exceeding order 𝜌0 and of normal type;
moreover, for 𝜌0 < 𝜌 the solution is unique.

For 𝜌 = 𝜌0 the solution is unique if there exists such an 𝑟, 𝑟 > (𝜎0
𝜎 )

1/𝜌
, that

in the disk |𝑡| < 𝑟 the characteristic function 𝜑(𝑡) has no zeros.
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Note: Figure translations are in progress. See original paper for figures.
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