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Abstract
Full Text

MATHEMATICS
Yu. N. CHEREMNYKH

ON THE BEHAVIOR OF SOLUTIONS OF
THE FIRST BOUNDARY-VALUE PROBLEM
FOR SOME QUASILINEAR PARABOLIC
EQUATIONS

(Presented by Academician I. G. Petrovskii on 23 I 1964)

In the works of G. I. Barenblatt and other authors, properties of solutions of
the equation of nonstationary filtration were studied, mainly in connection with
problems of mechanics and physics. Degenerate quasilinear parabolic equations
were considered in the work (!!!) in connection with the investigation of a sys-
tem of equations in boundary-layer theory. In the review article (°), a definition
was given of a generalized solution of the first and second boundary-value prob-
lems and of the Cauchy problem for a one-dimensional degenerate quasilinear
parabolic equation of nonstationary filtration type. Existence and uniqueness
theorems for solutions of these problems were formulated and proved, and a
qualitative investigation of these solutions was carried out. In subsequent works
(8719) and others, solutions of one-dimensional and multidimensional degenerate
parabolic equations were considered and their qualitative investigation was car-
ried out. In particular, in (®) the asymptotic behavior as t — oo of the solution
of the first and second boundary-value problems and of the Cauchy problem for
the equation of one-dimensional nonstationary filtration was studied.

Self-similar solutions of the first boundary-value problem with zero boundary
conditions* for the equation of nonstationary filtration were written down in
(23) and other works, and their asymptotic properties were studied there as
well.

In the present work, estimates from above, uniform in €, are derived for the mod-
ulus of the solution u(z,t;¢€) of problem (*) for equation (1) (one-dimensional)
and equation (15) (multidimensional). The solution u(z,t; ) is assumed a priori
to exist. The basic inequalities (6) and (16) are valid for generalized solutions
u(z,t) = u(x,t,0) of degenerate quasilinear parabolic equations, which are ob-
tained as the limit of classical solutions of equations (1) and (15) as e — 0. In
proving inequalities (6) and (16), a technique is used which was applied by E.
M. Landis in the qualitative theory of elliptic and parabolic equations of second
order (see, for example, (>7)).
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1. Consider in the domain
Gr={(2,1) | p1(t) <x <py(t); 0<t<T}

the solution u(x,t; ) of problem (*) for the equation

Lou(x, tye) — %j,&) =0,
where
(v-2)/2
ooty = 24 L (men 2 e ((22) 4 Bu
U 5E) = 5e w\"H G “\ oz oz [’
al ) (2)
a(x,t,u,v
Yy b 2
falz. ), 5, 3)
CL(IZ’,t,U,U) 2 CLO(U)|'U|ﬁ7 (4)
v>=2, f=0; ag(A) >0, XA #0; ay(0) = 0.
Let in G
u(z,t;e) € C? in 2 and t, lu(z, t;e)| < M. (5)

Introduce the notation

m(e) =m(T;e) = max |u(z,T;e)l, M= max |u(z,0;¢)|.
(z,T)eGT (2,0)€GT

* In what follows, for brevity, instead of “the first boundary-value problem with
zero boundary conditions” we shall say “problem (*)” .

Under the assumptions made, the estimate

B+1
(&) (mie))?+1 < P29 o, )

is valid, where

C =27 (py(0) =4 (0)),  mle)/2 <& <mle).

Obviously, if

(12Gr)* /TP 0,

then m(T;e) — 0 as T — oo.
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Estimate (6) is uniform with respect to . It is valid for generalized solutions
u(z,t) of the equation Lyu(x,t) — du(z,t)/0t = 0, which are limits of solutions

u(x,t;€) of equation (1) as € — 0.

Let us prove inequality (6). Without loss of generality, we shall assume that

u(z,t;e) > 0in Gp. Put

Iy ={(z,t) | —co <z <o0; 0<t < T}, Gr = (Gp\ Gp) N1y,

le = {(z,t) | (z,t) € Gp; u(z, t;e) =&},

Gy ={(2,t) | (z,t) € Gp; u(w,t;e) > €},

={¢[&elmle)/2,m(e)] V(x,t) | (2,t) €l Vu F 0}

Let £ € N; then all components of I, joining the lower and upper bases of G

are projected onto the t-axis once. Let

le ={(z,t) | (x,t) €1, Ou/Ox >0},

le = {(z,1) | (w,1) € lg, Ju/dx < O};

then, obviously, lE = l.g U ZE’ and the sets lg and lg have at least one component

each joining the upper and lower bases of the domain G.

The inequalities

dt m(e)
G dtdx > d¢ >
paGr > /G;m/z\G;L(a v= /N[s |Ou/ 0| &2 2 / \8u/8x\

are valid.

Using (7) and the Cauchy—Bunyakovsky inequality, we obtain

m(e)
/ Friite QMQGT .

Consider the integral

/E Ou/0x’
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(v-2)/2
B ou ou\> ou ou
0 /GfTO { o (a(m,t,u,am>+s<(ax) + ) pe )—!—at} dtdx = (&)

Applying Green’ s formula, we obtain

ou
/GgO atdtdx——[g \Ggouda:Z—/ (u—¢&)dx > —M(p5(0) —1(0)) (9)

>—/ (mtuau>audt—/a(mtu@>%dt
- l& 8 8.13 Z&o B ’8.13 6

[¢]

/ ’8“ ﬁ@dt (50)/1 (gZ)ﬁH dt. (10)

By Holder’ s inequality,

B+1 1/(8+1) B/(B+1) B+1 1/(8+1)
/ % dt < / <@> dt / dt = / (@) dt TH/(B+1),
oz oz oz
Le Le Leg leg

whence

B+1
ou\ P 1 ou
[ (%) at > = ([E agjdt) . (11)

€o
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Combining (10), (11), (9), (8), we obtain

B+2 m B+1
0= (&) > aol6o) gz s et — M(22(0) ~ 21(0),

whence inequality (6) follows immediately.

2. Let us consider some particular cases. _Suppose in (2) v = 2
a(z,t,u,0u/dx) = u*, a > 0, and ¢, = (—1)’k(t + h)* (i = 1,2), where

k, h, w are some positive constants; then p, G = ?((T—F h)« L —petl)]
w

0 0
Lou(z,t) = P (uaa—z>7 and (1) for e = 0 becomes the equation of

nonstationary filtration. For a generalized solution w(z,t) of problem (*)
for this equation, estimate (6) has the form

mett <O\ M /T, C, = C(a, k,h). (12)
Put w =1/(a + 2); then from (12) we obtain

m < C2M1/(oz+1)/T1/(a+2)' (13)

In [3] a self-similar solution uy(z,t) of the equation of nonstationary filtration
is written down, for which

C*
max  uy(x,T) = (C*, 0 are positive constants).

(x,T)eGr (T + 0)t/(a+2)

For equation (1) in

Gr={(z,t)| —k(t+h)* <z <k({t+h)*, 0<t<T}

estimate (6) has the form

ag(&)mPHt < CoM JT =B+, (14)

Ifw<1/(1+p), then 1 —w(1+ B) >0, and hence m(T;e) — 0 as T — oo.

3. Consider in the domain

n 1/2
GT={(z,t)|0<r<t/2 1<t<T} 7""“‘(2%2) ,

the solution u(x,t;€) of problem (*) for the equation
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0 ou ou
Z B (aij(x’t’u)&vj> +eAu— Frie 0. (15)

Suppose that in GT

n

Z a;j(z,t,u)nn; = ag(u) ZW?E ag(A) >0, A#0,

ij=1 =1
Put
I(na))< |u(z, 1;¢)| = M, 1(rna)§ lu(z, T; )] =m(T;e) = m(e).
z,1 x, T

Under the assumptions made, the estimate is valid

ag(§)mle) < C,M /T2 Oy =C(n). (16)

If w<1,then 1 —w =0 >0, and hence m(T;e) — 0 as T'— oco. Estimate (16)
is uniform with respect to e. It is valid for generalized solutions.

u(zx,t) of the equation

“~ 0 du du
>, 7. (aij(xatvu)axj) 5 =0

ig=1 O

which are limits of solutions u(z,%;¢) of equation (15) as € — 0. The proof
of estimate (16) is, in idea, no different from the proof of estimate (6), but is
longer. It is close to the proof of Lemma 1 in paper °.

4. Remark 1. Estimate (6) can be obtained for the case when

0 ou
/Cou<x,t> = % (a (t,'LL, %>) s

where

da(t,u,v)

alt,u,0) = b Pagw) (820),

> 0.

Remark 2. For the solution u(x,t,¢) of problem (x) for the equation
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Lou(z,t;e) — O(b(u) 4+ eu) /0t = 0;

BA) >0, Y(A)>0, A£0,  b0)=0b(0)=0,

one can obtain estimate (6”), in which b(M) will appear instead of M.

Remark 3. In paper 19 it is shown that the generalized solution u(z,t) (0 <
u(xz,t) < M) of problem (x) for the equation

0?u/0z? — b(u) du/ot = 0, b(A) >0, b (AN)>0, A>0, b0)=0,

in G={(z,t) |0 <z <, t>0} is finite with respect to ¢ if and only if

/ Mdu<c>o
b u

If

/OOb(u)du:oo,
0

u

then the solution u(z,t) is not finite with respect to ¢, but then, as is easy to
show, it must decrease no more slowly than 2M exp(—Ht), where H > 0 is a
constant depending on [ and b(M). This is also true for the solution u(x,t)
of problem (x) for the equation Lu — b(u) Ou/dt = 0, where Lu is an elliptic
operator (with a nonzero ellipticity constant) for which the maximum principle
holds.

In conclusion, the author expresses deep gratitude to E. M. Landis for useful
discussion.
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