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Abstract
Full Text

MATHEMATICS
N. G. ASKEROV, S. G. KREIN, G. I. LAPTEV

ON A CLASS OF NON-SELF-ADJOINT
BOUNDARY-VALUE PROBLEMS
(Presented by Academician I. N. Vekua on December 23, 1963)

A number of problems of mathematical physics lead to homogeneous boundary-
value problems containing one and the same parameter 𝜆 in the differential
equations and in the boundary conditions. Despite the fact that, for each fixed
𝜆, the differential operator and the boundary conditions are self-adjoint, the
problem as a whole is often non-self-adjoint; the spectrum may be non-real. In
the present article a general consideration of one class of such problems is carried
out.

1∘. Let, in a separable Hilbert space 𝐻 with scalar product ( , ), a linear operator
𝐴 with everywhere dense domain of definition 𝐷(𝐴) be given. Suppose, more-
over, that on 𝐷(𝐴) two linear operators 𝑇 and Γ are defined, mapping 𝐷(𝐴) into
some other separable Hilbert space 𝐻1 with scalar product ( , )1. The operators
𝐴, 𝑇 , Γ have the following properties:

1) The set of elements of 𝐷(𝐴) satisfying the conditions Γ𝑣 = 0 and 𝑇 𝑣 = 0
is dense in 𝐻.

2) The restriction 𝐴0 of the operator 𝐴 to the set of all elements of 𝐷(𝐴)
for which 𝑇 𝑢 = 0 is a self-adjoint, positive-definite operator having a
completely continuous inverse.

We introduce into consideration the operator 𝐴1/2
0 . Its domain of definition

𝐷(𝐴1/2
0 ) will be regarded as the Hilbert space 𝐻1/2 with scalar product

[𝑢𝑣] = (𝐴1/2
0 𝑢, 𝐴1/2

0 𝑣) (𝑢, 𝑣 ∈ 𝐷(𝐴1/2
0 )).

As is known, the space 𝐻1/2 can be obtained from 𝐷(𝐴0) by completing it with
respect to the norm

√[𝑢, 𝑢] = √(𝐴0𝑢, 𝑢).
3) The operator Γ maps 𝐷(𝐴0) onto a set dense in 𝐻1, and at the same

time is completely continuous as an operator from the space 𝐻1/2 into the
space 𝐻1. We shall regard the operator Γ as extended by continuity to
the whole space 𝐻1/2; moreover

‖Γ𝑢‖1 ≤ 𝐶‖𝐴1/2
0 𝑢‖ (𝑢 ∈ 𝐷(𝐴1/2

0 ) = 𝐻1/2).
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4) The “Green formula”holds:

(𝐴𝑢, 𝑣) = 𝐴(𝑢, 𝑣) − (𝑇 𝑢, Γ𝑣)1, (1)

where 𝐴(𝑢, 𝑣) is a bilinear functional such that 𝐴(𝑢, 𝑢) ≥ 0. It is not
difficult to see that the functional 𝐴(𝑢, 𝑣) can be extended by continuity
to all elements 𝑢, 𝑣 ∈ 𝐷(𝐴1/2

0 ), and moreover

𝐴(𝑢, 𝑣) = (𝐴1/2
0 𝑢, 𝐴1/2

0 𝑣).

Denote by 𝑁 the set of all elements 𝑤 in 𝐷(𝐴1/2
0 ) for which the inequality

|(𝐴1/2
0 𝑤, 𝐴1/2

0 𝑧)| ≤ 𝐶𝑤‖Γ𝑧‖1

is valid for any 𝑧 ∈ 𝐷(𝐴1/2
0 ).

Lemma 1. For each 𝜑 ∈ 𝐻1 there exists a unique element 𝑤 ∈ 𝑁 satisfying
the identity

(𝐴1/2
0 𝑤, 𝐴1/2

0 𝑧) = (𝜑, Γ𝑧)1 (2)

for any 𝑧 ∈ 𝐷(𝐴1/2
0 ). Conversely, to each 𝑤 ∈ 𝑁 there corresponds a unique

element 𝜑 ∈ 𝐻1 satisfying identity (2).

The lemma is proved by ordinary arguments with the aid of Riesz’s theorem
on the general form of a linear functional in Hilbert space.

If 𝑤 ∈ 𝑁 ∩ 𝐷(𝐴), then the conditions 𝐴𝑤 = 0 and 𝑇 𝑤 = 𝜑 are satisfied.
Consequently, the elements 𝑤 ∈ 𝑁 may be regarded as generalized solutions of
these equations. In what follows, for any 𝑤 ∈ 𝑁 we shall denote 𝜑 = 𝑇 𝑤 and
𝑤 = 𝑇 −1𝜑.
Lemma 2. The operator 𝑅 = 𝐴1/2

0 𝑇 −1Γ𝐴−1/2
0 is a self-adjoint nonnegative

completely continuous operator in 𝐻.

2∘. Statement of the problem: it is required to find a solution of the equation

𝐴𝑦 = 𝜆𝑦, (3)

satisfying the condition

𝜆𝑇 𝑦 = 𝜎Γ𝑦, (4)

where the given 𝜎 > 0.
By a generalized solution of problem (3)—(4) we shall mean an element 𝑦 ∈
𝐷(𝐴1/2

0 ), representable in the form 𝑦 = 𝑢 + 𝑤, where 𝑢 ∈ 𝐷(𝐴0), 𝑤 ∈ 𝑁 satisfy
the equations 𝐴0𝑢 = 𝜆𝑦 and 𝜆𝑇 𝑤 = 𝜎Γ𝑦.
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Theorem 1. The problem of finding generalized solutions of (3)—(4) is equiv-
alent to the problem of solving, in the space 𝐻, the equation

𝑥 = 𝜆𝐴−1
0 𝑥 + 𝜎

𝜆𝑅𝑥. (5)

If 𝑥 is a solution of (5), then 𝑦 = 𝐴1/2
0 𝑥 is a generalized solution of (3)—(4),

and conversely.

3∘. Let us investigate in a general form, in the Hilbert space 𝐻, the equation

𝑓 = 𝜆𝑃𝑓 + 1
𝜆𝑄𝑓, (6)

where 𝑃 is a positive and 𝑄 a nonnegative completely continuous operator in
𝐻.

From the results of I. Ts. Gokhberg (1) (see also (2)) it follows that the numbers
𝜆 corresponding to nonzero solutions of equation (6) (eigenvalues) can have only
two points of accumulation: 𝜆 = 0 and 𝜆 = ∞. In this connection it is natural
to try to transform equation (6) to such a form that the eigenvalues of the new
equation have only one point of accumulation, 𝜆 = 0.
It is verified directly that equation (6) is equivalent to the system of equations

𝑃 1/2𝐵𝑃 1/2𝑔 + 𝑃 1/2𝐵𝑄1/2ℎ = 1
1 + 𝜆𝑔,

−𝑄1/2𝐵𝑃 1/2𝑔 + (𝐼 − 𝑄1/2𝐵𝑄1/2)ℎ = 1
1 + 𝜆𝑔, (7)

where 𝑔 = 𝑃 1/2𝑓, ℎ = 1
𝜆𝑄1/2𝑓 , and 𝐵 = (𝐼 + 𝑃 + 𝑄)−1.

System (7) may be regarded as the equation

𝔄𝑋 = 𝜇𝑋 (𝑋 = (𝑔
ℎ), 𝜇 = 1

1 + 𝜆)

in the space 𝐻 × 𝐻 with the operator

𝔄 = ( 𝑃 1/2𝐵𝑃 1/2 𝑃 1/2𝐵𝑄1/2

−𝑄1/2𝐵𝑃 1/2 𝐼 − 𝑄1/2𝐵𝑄1/2) .

If 𝜆 = 0 and 𝜆 = ∞ were points of accumulation of the eigenvalues of equation
(6), then the points of accumulation of the spectrum of the operator 𝔄 will be
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𝜇 = 1 and 𝜇 = 0. Construct the operator 𝔅 = 𝔄(𝐼 − 𝔄). By direct calculation
we obtain

𝔅 = (𝑃 1/2𝐵(𝐼 + 2𝑄)𝐵𝑃 1/2 −𝑃 1/2𝐵(𝑃 − 𝑄)𝐵𝑄1/2

𝑄1/2𝐵(𝑃 − 𝑄)𝐵𝑃 1/2 𝑄1/2𝐵(𝐼 + 2𝑃)𝐵𝑄1/2 ) . (8)

The operator 𝔅 turns out to be completely continuous. Between the eigenvalues
𝜆 of equation (6) and the eigenvalues 𝜈 of the operator 𝔅 there is the relation
𝜆/(1 + 𝜆)2 = 𝜈.
Theorem 2. All eigenvalues of equation (6) have nonnegative real part. If the
condition

4‖𝑃‖ ‖𝑄‖ ≤ 1, (9)

is satisfied, then all eigenvalues are real. If condition (9) is not satisfied, then the
nonreal eigenvalues of equation (6) can be located only in the annulus 1/2‖𝑃‖ ≤
|𝜆| ≤ 2‖𝑄‖ and, consequently, they form a finite set.

If we consider the sum of the root subspaces of the operator 𝔅 corresponding
to a given eigenvalue 𝜈, then we obtain an invariant finite-dimensional subspace
of the operator 𝔄. In it one can choose a basis in which the operator 𝔄 has
normal Jordan form. In the subspace corresponding to one Jordan cell, it will
be convenient for us to choose a basis consisting of elements 𝑋0, 𝑋1, … , 𝑋𝑚 such
that

𝔄𝑋𝑘 =
𝑘

∑
𝑙=0

(−1)𝑘−𝑙

(1 + 𝜆)𝑘+1−𝑙 𝑋𝑙 (𝑘 = 0, 1, … , 𝑚).

If 𝑋𝑘 = (𝑔𝑘
ℎ𝑘

), then the elements 𝑓𝑘 = 𝑃 −1/2𝑔𝑘 satisfy the equations

𝑓𝑘 = 𝜆𝑃𝑓𝑘 + 1
𝜆𝑄𝑓𝑘 + 𝑃𝑓𝑘−1 +

𝑘−1
∑
𝑙=0

(−1)𝑘−𝑙

𝜆𝑘+1−𝑙 𝑄𝑓𝑙 (𝑘 = 0, 1, … , 𝑚).

These equations can be obtained formally by differentiating equation (6) with
respect to 𝜆, if one sets 𝑓𝑘 = 1

𝑘!
𝜕𝑘𝑓0
𝜕𝜆𝑘 . The subspace spanned by each chain of

elements {𝑓0, 𝑓1, … , 𝑓𝑚} of maximal length is called the root subspace corre-
sponding to the eigenvalue 𝜆.
The real part of the operator 𝔅 is determined by the diagonal entries of the
matrix (8) and is a nonnegative operator; therefore, for the study of the question
of completeness of the system of root subspaces of equation (6), one can apply
the theory of dissipative operators. If the operators 𝑃 and 𝑄 have finite trace,
then all operators of the matrix (8) also have finite trace. With the aid of results
of V. B. Lidskii (3) and M. G. Krein (4) one can obtain:
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Theorem 3. If the operators 𝑃 and 𝑄 have finite trace, then the system of
root subspaces of equation (6) is doubly complete in the space 𝐻 in the following
sense (see (5)): for every pair of elements 𝑥, 𝑦 ∈ 𝐻 there exists a sequence of
linear combinations ∑ 𝑐(𝑁)

𝑠𝑘 𝑓 (𝑠)
𝑘 (𝑁 = 1, 2, …) of eigen and associated elements

of equation (6) (𝑠 is the number of the root subspace, 𝑘 is the number of the
associated element) such that, as 𝑁 → ∞,

∑
𝑘

𝑐(𝑁)
𝑠𝑘 𝑓 (𝑠)

𝑘 → 𝑥 in the norm (𝑃𝑥, 𝑥),

∑ 𝑐(𝑁)
𝑠𝑘

𝑘
∑
𝑗=0

(−1)𝑘−𝑗

𝜆𝑘+1−𝑗 𝑓 (𝑠)
𝑗 → 𝑦 in the seminorm (𝑄𝑥, 𝑥).

* Condition (9) can be replaced by the less restrictive condition 4(𝑃𝑓, 𝑓)(𝑄𝑓, 𝑓) ≤
(𝑓, 𝑓)2 for all 𝑓 ∈ 𝐻.

** As M. G. Krein informed us, results obtained by him jointly with G. Langer
make it possible in some cases to extend Theorem 3.

4°. The elements 𝑦1, 𝑦2, … , 𝑦𝑚 will be called associated with the generalized
solution 𝑦0 of problem (3)—(4) if 𝑦𝑘 = 𝑢𝑘 +𝑤𝑘, where 𝑢𝑘 ∈ 𝐷(𝐴0), 𝑤𝑘 ∈ 𝑁 , and
they satisfy the equations

𝐴0𝑢𝑘 = 𝜆𝑦𝑘 + 𝑦𝑘−1, 𝜆𝑇 𝑤𝑘 + 𝑇 𝑤𝑘−1 = 𝜎Γ𝑦𝑘 (𝑘 = 1, 2, … , 𝑚).

The subspace spanned by 𝑦0, 𝑦1, … , 𝑦𝑚 is called the root subspace of problem
(3)—(4).

Denote by {𝑒𝑘} the complete orthonormal system of eigenvectors of the operator
𝐴0, and by {𝜇𝑘} the system of corresponding eigenvalues. Then, in the basis
{𝑒𝑘}, the operator 𝑅 is given by the matrix

𝑅 = ((Γ𝑒𝑖, Γ𝑒𝑗)√𝜇𝑖
√𝜇𝑗

) .

Its trace is equal to ∑ ‖Γ𝑒𝑛‖2
1

𝜇𝑛
. From Theorems 1–3 there follows

Theorem 4. Starting from some index, all eigenvalues of problem (3)—(4) are
real. If the conditions

∑ 1
𝜇𝑛

< ∞, ∑ ‖Γ𝑒𝑛‖2
1

𝜇𝑛
< ∞, (10)

sovietrxiv.org/items/ru-196401.62856 Machine Translation

https://sovietrxiv.org/items/ru-196401.62856


are satisfied, then the system {𝑦(𝑠)
𝑘 } of generalized and associated solutions of

problem (3)—(4) is doubly complete in the following sense: for each pair of
elements 𝑥 ∈ 𝐻 and 𝜑 ∈ 𝐻1 there are linear combinations of solutions 𝑦(𝑠)

𝑘 such
that, as 𝑁 → ∞,

∑ 𝑐(𝑁)
𝑠𝑘 𝑦(𝑠)

𝑘 ⟶ 𝑥 in 𝐻; ∑ 𝑐(𝑁)
𝑠𝑘

𝑘
∑
𝑗=0

(−1)𝑘−𝑗Γ𝑦(𝑠)
𝑗

𝜆𝑘+1−𝑗 ⟶ 𝜑 in 𝐻1. (11)

Remark 1. Theorem 4 remains valid if the multiplier 𝜎 is replaced by a bounded
nonnegative operator in 𝐻1. In the last part of the theorem one can then assert
that the linear combinations (11) converge in the seminorm (𝜎𝜑, 𝜑)1.

Remark 2. If 𝜎 is negative, then problem (3)—(4) is also reduced to the
investigation of equation (5), or to the equation

𝑓 = 𝜆𝑃𝑓 − 1
𝜆𝑄𝑓,

where 𝑃 and 𝑄 are the same as in (6). The last equation, by the substitution
𝑔 = 𝑃 1/2𝑓 and ℎ = 1

𝜆𝑄1/2𝑓 , is reduced to the equation 𝔄𝑋 = 𝜆𝑋, where 𝔄
is a self-adjoint operator in the space 𝐻 × 𝐻. Thus, for 𝜎 < 0 the problem is
sharply simplified. For any pair of elements 𝑥 ∈ 𝐻 and 𝜑 ∈ 𝐻1, one can write
expansions in series in the generalized solutions of problem (3)—(4).

Remark 3. The conditions under which the first part of Theorem 4 has been
proved are verified in various problems for partial differential equations with the
help of embedding theorems and energy inequalities. In this case the operator 𝐴
is defined by a differential expression, while the operators 𝑇 and Γ are boundary
operators. Conditions (10) are considerably more restrictive. To broaden the
range of possible applications, the conditions on the operators 𝑃 and 𝑄 in
Theorem 3 should be weakened.

The authors express their sincere gratitude to M. G. Krein for valuable discus-
sions.
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