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Abstract

Full Text
MATHEMATICS
V.I1. ARNAUTOV

ON THE THEORY OF TOPOLOGICAL RINGS

(Presented by Academician P. S. Aleksandrov on 71 1964)

By a topological ring, as usual, one means an associative ring which is a
Hausdorff space and in which the ring operations are continuous. By an ideal
of a topological ring we shall mean a two-sided, not necessarily closed, ideal.
Recall that an ideal I of a topological ring R is called topologically nilpotent
if for every neighborhood of zero V' of the ring R there exists a natural number
n such that

" CV.

Let R be an arbitrary topological ring. Denote by 91(R) the closure of the sum
of all topologically nilpotent ideals of the ring R. For each ordinal number «
we define a closed ideal 9, (R) as follows:

1) My(R) = 0.

2) Suppose that 9, (R) has been defined for every a@ < . If § is a limit
ordinal, then put

Ny(R) =

> M,(R)

a<f

R

If, however, 3 = a + 1, then for 915(R) we take the inverse image in R of the
ideal M(R) of the ring R = R/N,(R). There exists an ordinal 7 such that

N.(R) =N, 1(R).

We shall call

the topological Baer radical.

From the construction of L(R) it is clear that R/L(R) contains no topologically
nilpotent ideals.
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We shall call a ring R L-radical if L(R) = R. Finally, we shall call a ring R
L-semisimple if L(R) = 0, i.e., if R contains no topologically nilpotent ideals.

We have proved that:

1) In an arbitrary topological ring R, L(R) is the intersection of all such
closed ideals N of the ring R for which the quotient rings R/N contain
no nonzero topologically nilpotent ideals.

2) For any ideal I of a topological ring R one has

L(I) C INL(R).

It is known that, in the discrete case, for any ideal I of a ring R,

L(I) =InL(R).

This equality also holds for a topological ring R possessing a complete system
of group neighborhoods of zero (see (°)). However, as follows from Theorems 2

and 3 of the present work, there exists a topological ring R and an ideal R’ in
R such that

—

L(R)=0CR NLR)=FR.

In (%) it is proved that if R is an everywhere dense subring of a topological ring
ﬁ, then

L(R) C RN L(R).

From Theorems 4 and 5 of the present work it follows that there exist rings E
and R’ + R” such that R’ + R” is an everywhere dense subring of the ring R,
and

—

L(R+R")=0C R +R'NL(R) =R

* If A is some subset of the topological space R, then by [A]r we shall denote the closure of A in R.

It is known that for a discrete ring L(R) is a nil-ideal, and in a commutative
discrete ring L(R) coincides with the set of all nilpotent elements of the ring R.

In [6] it is shown that in a commutative bounded* ring L(R) coincides with the
set of all topologically nilpotent elements. One can show that if a topological
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ring R has a full system of ideal neighborhoods of zero, then all elements of
L(R) are topologically nilpotent.

However, not in every topological ring R are the elements of L(R) topologically
nilpotent, even if R is a commutative ring. Thus, from Theorems 6 and 7 of
the present paper it follows that there exists a commutative L-radical ring with
identity.

Example 1. Let R’ be the freely generated ring with a countable number of

generators &, Ts,.... The elements of the ring R’ are all possible finite sums
of words z; x;, T It is easy to verify that there are countably many such
words. Consequently, all words can be numbered in a sequence y;, Y, .... Every

element a € R can be represented uniquely in the form Zi:l o,y;, where the a;
are integers and only a finite number of a; # 0.

We shall say that the element o’ = Z;ﬁl
>, @Y;, and shall write o’ < a, if o;; = 0 implies ] = 0 and there exists an
ig such that o = 0, but a; # 0. To each element a € R" we associate the
number s(a), equal to the degree of a regarded as a polynomial in the z;, and

to each element 0 # a € R’ we associate the number

m(a) = min{s(a’) | 0 £ o’ < a}.

Clearly, m(a) is the least degree of the words y, for which «; # 0. We shall put
m(0) = 0.

a;y,; is smaller than the element a =

To any sequence of integers ay, @, ..., in which only a finite number of «; # 0,
and to any natural number n, we associate the set Agiy%, of all elements a € R

which can be represented in the form

k [eS)
D_ab+ Do
j=1 i=1

such that the following conditions are satisfied: a) for any a;- < a;

b
]7
i=1,2,.. .k,

max{s(a1b]), s(a5by), .., s(apby)} = pn,

where p is the number of the nonzero a;b}; b)

o (S o X

Let @ be the discrete direct sum of fields of real numbers. Then @ is a regular
ring#*x. Denote by R” the ring of all infinite matrices over @ in which only
finitely many elements are different from zero. Since the ring of all matrices of
order n over a regular ring is a regular ring, and every element of R” may be
regarded as a matrix of order n, it follows that R” is a regular ring. From the
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fact that every ideal of a regular ring is a regular ideal, it easily follows that R”
is L-semisimple in any topology.

For an arbitrary natural number n and an arbitrary sequence of integers
a4, Qy, ..., in which only finitely many «; # 0, define the set Bg?,a%__, of all
matrices |2, for which

meﬂ,m = g, Qg .y

>n

and the remaining 2,; = 0.

x A ring R is called bounded if for every neighborhood of zero V there exists
a neighborhood of zero U such that U - R = {ab | a € U, b € R} C V and
R-UCV.

x+x A ring R is called regular if the equation x€x — x = 0 is solvable in R for
arbitrary x.

Consider the ring with zero multiplication R” over the discrete direct sum of
groups of integers. The elements of the ring R” are all possible sequences of
integers A = o, ay, ..., in which only a finite number of o, # 0.

Let R be the ring equal to the direct sum of the rings R’, R”, R”. The
elements of the ring R are all possible triples of elements (a, [2,;,2(), where
a€ R, |2A,;] € R", % € R”, and the operations are performed componentwise.

Denote by V,, the set of all elements (a, HQlij I,20) for which a € Agtl),%’m’ ||Q[”|| c
Bgz)ﬁ%.“? and &51 + ﬁ17a2 + 52, Lo=%

Theorem 1. The collection {V,,} may be taken as a full system of neighbor-
hoods of zero, so as to make R into a topological ring.

Theorem 2. In the topological ring R, L(R) = R’ + R”.

Proof. It can be shown that R’ + R” is a closed ideal in R. Since R/R’ + R”
is algebraically isomorphic to R”, it follows that R/R’ + R” is L-semisimple.

Hence L(R) C R’ + R"”. Conversely, it is obvious that R” C L(R). It can be
shown that for every n one has

(R)" CR" +V, CL(R)+V,.

Since R/ L(R) contains no nonzero topologically nilpotent ideals, R + R” =
L(R).

Theorem 3. The ideal R’, considered as a subring of the topological ring ﬁ,
is an L-semisimple ring.
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Proof. From the construction of V,, it follows easily that
V,NR = A}
n - £70,0,..."

Consequently, the collection {Aé”g} is a full system of neighborhoods of zero
in R’. For each element a € R" and each natural number r we construct an
element e, € (a)},, such that e, ¢ AEJI,()),--.'

Let n be a number such that a can be obtained from the generators x, z,, ..., z,,.
For the number r the number of words of degree not exceeding rs(a) obtained

with the help of the generators x,,z,, ..., z,, is finite. Let these words be

yilayiQa ayil'

It is easy to verify that
l
a" = 21 @Y,
=

The ideal (a)},, contains the element
¢
e, = ina’"xi, where t = (2rs(a) +3)(I + 1).
i=1

It can be shown that e, cannot be represented in the form
P
Z a; biv

i=1

so that condition a) for n = 1 is satisfied. From the arbitrariness of a and r it
follows that R’ contains no topologically nilpotent ideals.

Theorem 4. R’ 4+ R” is an everywhere dense ideal of the topological ring R.
Theorem 5. R’ + R” is an L-semisimple ring.

Proof. According to (2) and Theorem 2,

LIRR+R")C(RR+R")NLIR)=(RF+R")N(R"+R”")=R'".
Now let I be a topologically nilpotent ideal in R’ + R”. Then
ICLIRR+R")=R.

Therefore I will be a topologically nilpotent ideal in R’. But this contradicts
Theorem 3. Consequently, R" + R” is an L-semisimple ring.

Example 2. Let P be the ring of all polynomials in a countable number of
mutually commuting variables x,, z,, ... with integer coeflicients. Then P is a
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commutative ring with identity 1. To each element a € P assign the nonnegative
number
l(a) = max{i | a depends on z,}.

If a does not depend on any x;, then we put I(a) = 0. For each natural number
n define the set
P, ={beP|Ilb) <n}.

It is obvious that the P, are subrings containing the subring of integers of the
ring P.

Put
k

:ZZP (1—2,4)",

=1

where the sum is understood as the sum of the sets P, ; (1 —x,, ;)" in the ring
P. For each number n define the ideal

” o__ na
‘/n - E sz .
%

Denote V,, +V, by V,,.

Theorem 6. The collection {V,,} may be taken as a complete system of neigh-
borhoods of zero in order to make P into a topological Ting.

Theorem 7. The topological ring P is L-radical.

Proof. Since for any neighborhood of zero V,, and any element z; € P we have
(e = Peli C V,,

all x; € L(P). We now show that 1 € L(P). Let V,, be an arbitrary neighbor-
hood of zero. One can verify that 1+ V, 5 z,,. From the closedness of L(P) it
follows that 1 € L(P). Since L(P) is an ideal and contains the identity of the
ring P, we have L(P) = P.
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