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Abstract
Full Text
Mathematics

G. Kh. Berman

FUNCTORS IN THE CATEGORY OF LO-
CALLY CONVEX SPACES
(Presented by Academician P. S. Novikov on 23 IX 1963)

Spaces of sequences whose terms are elements of some locally convex space have
been studied by many authors from various points of view. In the note (1),
A. C. Schwartz considers such spaces as values of functors in the category of
Banach spaces. In the present note, following the ideas of A. C. Schwartz (1,2),
we shall consider spaces of sequences as values of functors in the category of
locally convex spaces.

1∘. Let 𝜆 be a perfect space of numerical sequences (3,4), and let 𝜆∗ be its dual.
𝜆 and 𝜆∗ are in duality (5) with respect to the bilinear form

⟨ ⃗𝜉𝑛, ⃗𝑎𝑛⟩ =
∞

∑
𝑛=1

𝑎𝑛𝜉𝑛 ( ⃗𝜉𝑛 ∈ 𝜆, ⃗𝑎𝑛 ∈ 𝜆∗).

𝑀 ⊂ 𝜆 is called bounded (3) if for every element ⃗𝑎𝑛 ∈ 𝜆∗ there exists a positive
number 𝜌 such that

∞
∑
𝑛=1

|𝑎𝑛𝜉𝑛| ≤ 𝜌

for all ⃗𝜉𝑛 ∈ 𝑀 . The normal hull of 𝑀 is the totality of all ⃗𝜂𝑛 ∈ 𝜆 such that
|𝜂𝑛| ≤ |𝜉𝑛| for some ⃗𝜉𝑛 ∈ 𝑀 . 𝑀 is called normal (3,4) if it coincides with its
normal hull. A normal hull of a bounded set is bounded. A system 𝔐 of sets
from 𝜆∗ is called a normal topologizing system for 𝜆 (3) if the following
conditions are satisfied: 1) every 𝑀 ∈ 𝔐 is bounded; 2) if 𝑀1, 𝑀2 ∈ 𝔐, then
there exists 𝑀 ∈ 𝔐 such that 𝑀1 ∪ 𝑀2 ⊂ 𝑀 ; 3) if 𝑀 ∈ 𝔐 and 𝜌 > 0, then
𝜌𝑀 ∈ 𝔐; 4) 𝔐 covers 𝜆∗; 5) together with each of its sets 𝔐 also contains
its normal hull. The polars in 𝜆 of the sets of the system 𝔐 form in 𝜆 a
fundamental system of neighborhoods of zero for a separable locally convex 𝔐-
topology (3). We shall denote by 𝜆𝔐 the space 𝜆 endowed with this topology.
Every 𝔐-bounded set is bounded (3), i.e. one may speak of bounded sets in 𝜆
without indicating the 𝔐-topology.
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𝐸 will denote a separable locally convex space; 𝔘 the collection of all neigh-
borhoods of zero 𝑈 in 𝐸; 𝑝𝑈 the seminorm corresponding to the neighborhood
𝑈 ∈ 𝔘; 𝜆(𝐸) the space of all sequences 𝑥𝑛, 𝑥𝑛 ∈ 𝐸, such that ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝑝𝑈(𝑥𝑛) ∈ 𝜆 for
all 𝑈 ∈ 𝔘. The sets

(𝑀, 𝑈) = {𝑥𝑛 ∈ 𝜆(𝐸) ∶
∞

∑
𝑛=1

|𝑎𝑛| 𝑝𝑈(𝑥𝑛) ≤ 1 for ⃗𝑎𝑛 ∈ 𝑀} (𝑀 ∈ 𝔐, 𝑈 ∈ 𝔘)

form a fundamental system of neighborhoods of zero in 𝜆(𝐸) for some separable
locally convex topology. The space 𝜆(𝐸), endowed with this topology, will be
denoted by 𝜆𝔐(𝐸). Everywhere below we shall assume that the normal topolo-
gizing system 𝔐 for 𝜆 consists of absolutely convex sets that are bicompact in
the weak topology 𝜎(𝜆∗, 𝜆).
Theorem 1. If 𝐸 is complete, then 𝜆𝔐(𝐸) is complete.

Let 𝜆 ⊗ 𝐸 be the tensor product of the vector spaces 𝜆 and 𝐸.

If 𝐸 is locally convex, 𝜆 ⊗ 𝐸 is embedded one-to-one in 𝜆(𝐸). We denote 𝜆 ⊗ 𝐸
in the topology induced from 𝜆𝔐(𝐸) by 𝜆 ⊗𝔐 𝐸, and its completion by 𝜆⊗̂𝔐𝐸.

Theorem 2. If 𝐸 is complete, then 𝜆𝔐(𝐸) and 𝜆⊗̂𝔐𝐸 are isomorphic.

Let 𝜆𝔐⊗̂𝐸 and 𝜆𝔐⊗̂𝐸 be the known [6] topological tensor products of the
locally convex spaces 𝐸 and 𝜆𝔐.

Theorem 3. The canonical mappings 𝜆𝔐⊗̂𝐸 into 𝜆⊗̂𝔐𝐸 and 𝜆⊗̂𝔐𝐸 into
𝜆𝔐⊗̂𝐸 are continuous.

Theorem 4. If 𝐸 is a complete separated nuclear space, then the sets

[𝑀, 𝑈] = {𝑥𝑛 ∈ 𝜆(𝐸) ∶
∞

∑
𝑛=1

𝛼𝑛𝑥𝑛 ∈ 𝑈 for 𝛼𝑛 ∈ 𝑀}

(𝑀 ∈ 𝔐, 𝑈 ∈ 𝔘) form a fundamental system of neighborhoods of zero in
𝜆𝔐(𝐸).
2°. 𝐿(𝑋, 𝑌 ), where 𝑋 and 𝑌 are locally convex spaces, will denote the space
of all continuous linear mappings of 𝑋 into 𝑌 , endowed with the topology of
bounded convergence; it will be denoted by [𝑋 → 𝑌 ]. We shall consider only
categories of separated locally convex spaces containing the one-dimensional
space 𝐼 and such that Hom(𝑋, 𝑌 ) = 𝐿(𝑋, 𝑌 ) for all spaces 𝑋, 𝑌 of the category.
All functors under consideration 𝐹 ∶ 𝒦 → 𝒦1 will be assumed linear, i.e. such
that the mapping 𝜑 → 𝐹𝜑 from the space 𝐿(𝑋, 𝑌 ) into 𝐿(𝐹𝑋, 𝐹𝑌 ) is linear.
A functor 𝐹 ∶ 𝒦 → 𝒦1 will be called continuous if 𝜑 → 𝐹𝜑 is a continuous
mapping of [𝑋 → 𝑌 ] into [𝐹𝑋 → 𝐹𝑌 ]. The category of all separated locally
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convex spaces will be denoted by ℒ, that of all (𝐹)-spaces by ℱ, and that of all
nuclear (𝐹)-spaces by ℱ𝑁 .

Let 𝐴 be a locally convex space. The functor Ω𝐴 ∶ 𝒦 → ℒ is defined as follows:

Ω𝐴𝑋 = [𝐴 → 𝑋], Ω𝐴𝜑(𝑎) = 𝜑 ⋅ 𝑎
(𝜑 ∈ 𝐿(𝑋, 𝑌 ), 𝑎 ∈ Ω𝐴𝑋). The functor Ω𝐴 is continuous.

The functor Σ𝐴 ∶ 𝒦 → ℒ is defined as follows:

Σ𝐴𝑋 = 𝐴⊗̂𝑋, Σ𝐴𝜑 = 1𝐴⊗̂𝜑
[6] (1𝐴 ∶ 𝐴 → 𝐴 is the identity mapping). If 𝐴 ∈ ℱ, then Σ𝐴 ∶ ℱ𝑁 → ℒ is
continuous; if 𝐴 ∈ ℱ𝑁 , then Σ𝐴 ∶ ℱ → ℒ and Σ𝐴 ∶ ℱ𝑁 → ℒ are continuous.

The functor Λ𝔐 ∶ 𝒦 → ℒ, generated by the space 𝜆𝔐, is defined as follows:

Λ𝔐𝑋 = 𝜆𝔐(𝑋), Λ𝔐𝜑(𝑥𝑛) = 𝜑𝑥𝑛.

Theorem 5. The functor Λ𝔐 ∶ ℱ𝑁 → ℒ is continuous.

3°. By virtue of the linearity of all the objects and morphisms under considera-
tion, vector operations are naturally defined on mappings of functors; therefore
the collection of mappings of a functor 𝐹 into a functor 𝑆, provided that it is
a set, forms a vector space; we shall denote it by 𝐻(𝐹, 𝑆). The correspondence
𝛼 → 𝛼𝑋 establishes a canonical mapping of 𝐻(𝐹, 𝑆) into 𝐿(𝐹𝑋, 𝑆𝑋).
Lemma 1. The canonical mapping 𝛼 → 𝛼𝐼 is an isomorphism of the spaces
𝐻(Σ𝐴, Σ𝐵) and 𝐿(𝐴, 𝐵).
Lemma 2. If 𝐹 ∶ 𝒦 → ℒ is continuous and 𝐴 ∈ 𝒦, then 𝐻(Ω𝐴, 𝐹 ) is
isomorphic to 𝐹𝐴 with respect to the mapping 𝛼 → 𝛼𝐴(1𝐴).
Let the functors 𝐹, 𝑆 ∶ 𝒦 → ℒ be such that the collection of mappings of 𝐹
into 𝑆 is a set. Denote by 𝜏𝑋 (𝑋 ∈ 𝒦) the inverse image of the topology of
the space [𝐹𝑋 → 𝑆𝑋] with respect to the canonical mapping 𝐻(𝐹, 𝑆) into
[𝐹𝑋 → 𝑆𝑋]. The collection of topologies 𝜏𝑋 on 𝐻(𝐹, 𝑆) forms a set; let 𝜏 be
the upper bound of this set of topologies. The space 𝐻(𝐹, 𝑆) in the topology
𝜏 is a separated locally convex space, which we shall denote by {𝐹 → 𝑆}. For
example, if 𝐴, 𝐵 ∈ ℱ𝑁 and Σ𝐴, Σ𝐵 ∶ ℱ𝑁 → ℒ, then {Σ𝐴 → Σ𝐵} is isomorphic
to [𝐴 → 𝐵].
The functor 𝐹 ∶ 𝒦 → ℒ is called regular if the vector isomorphism from Lemma
2 is a topological isomorphism.

Theorem 6. The functor Λ𝔑 ∶ ℱ𝑁 → ℒ is regular.

One can also prove the regularity of the functors Σ𝐴, Ω𝐴 ∶ ℱ𝑁 → ℒ under the
condition 𝐴 ∈ ℱ𝑁 .

We shall call the functor 𝐹 ∶ 𝒦1 → ℒ dual (1) to the functor 𝐹 ∶ 𝒦 → ℒ if,
for every 𝐴 ∈ 𝒦1, 𝐹𝐴 = {𝐹 → Σ𝐴}, and for every 𝜑 ∈ 𝐿(𝐴, 𝐵) (𝐴, 𝐵 ∈ 𝒦1)
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one has 𝐹𝜑(𝑎) = 𝜑̃ ∘ 𝑎, where 𝑎 ∈ 𝐹𝐴, and 𝜑̃ ∶ Σ𝐴 → Σ𝐵 is defined by the
isomorphism from Lemma 1.

Theorem 7. For any functor 𝐹 ∶ ℱ𝑁 → ℒ there exists, and moreover is
continuous, the dual functor 𝐹 ∶ ℱ𝑁 → ℒ.

One can prove that if 𝐴 ∈ ℱ𝑁 and Ω𝐴, Σ𝐴 ∶ ℱ𝑁 → ℒ, then Σ𝐴 = Ω𝐴 and
Ω𝐴 = Σ𝐴 (cf. (1)).
If 𝜆𝔑 is semireflexive, then every closed bounded set in 𝜆𝔑 is weakly bicompact
(5). Since the weakly closed normal hull of a weakly bicompact set from 𝜆 is
weakly bicompact (4), and the normal hull of an absolutely convex set from 𝜆
is absolutely convex, in the case of semireflexive 𝜆𝔑 there exists a fundamental
system 𝔑 of bounded sets from 𝜆, consisting of normal absolutely convex weakly
bicompact sets and being a normal topologizing system for 𝜆∗. If by Λ∗

𝔑 we
denote the functor corresponding to the space 𝜆∗

𝔑, then the following holds.

Theorem 8. If 𝜆𝔑 is semireflexive, then the functor Λ∗
𝔑 ∶ ℱ𝑁 → ℒ is dual to

the functor Λ𝔑 ∶ ℱ𝑁 → ℒ.

4∘. For every functor 𝐹 ∶ ℱ𝑁 → ℒ one can construct a bilinear mapping

𝜔𝑋,𝑌 ∶ 𝐹𝑋 × 𝐹𝑌 → 𝑋⊗̂𝜋𝑌

(𝑋, 𝑌 ∈ ℱ𝑁), defined by the relation

𝜔𝑋,𝑌 ( ̄𝑥, 𝑦) = ̄𝑥𝑌 (𝑦),

where ̄𝑥 ∈ 𝐹𝑋, 𝑦 ∈ 𝐹𝑌 ( ̄𝑥𝑌 is the image of the element ̄𝑥 under the canonical
mapping 𝐹𝑋 = {𝐹 → Σ𝑋} into [𝐹𝑋 → Σ𝑋𝑌 ]). Let 𝑏̄𝑋 (respectively 𝑏𝑌 )
be the collection of all bounded sets of the space 𝐹𝑋 (respectively 𝐹𝑌 ). If
𝜔𝑋,𝑌 (𝑏̄𝑋 − −𝑏𝑌 ) is hyponecontinuous (5) for every pair 𝑋, 𝑌 ∈ ℱ𝑁 , then the
correspondence

𝑦 → {𝜔𝑋,𝑌 (⋅, 𝑦)}𝑋∈ℱ𝑁

defines, for each 𝑌 ∈ ℱ𝑁 , a mapping 𝜔𝑌 ∈ 𝐿(𝐹𝑌 , 𝐹𝑌 ) in such a way that
𝜔 = {𝜔𝑌 }𝑌 ∈ℱ𝑁 is a mapping of 𝐹 into 𝐹 , which we shall call natural.

The functor 𝐹 ∶ ℱ𝑁 → ℒ is called (1) reflexive if the natural mapping 𝜔 ∶
𝐹 → 𝐹 is an isomorphism.

Theorem 9. The functor dual to any reflexive functor 𝐹 ∶ ℱ𝑁 → ℒ is also
reflexive.

Denote by 𝔑 (respectively 𝔑∗) the system of all normal absolutely convex
bounded sets from 𝜆 (respectively 𝜆∗), closed in the weak topology 𝜎(𝜆, 𝜆∗)
(respectively 𝜎(𝜆∗, 𝜆)).
Theorem 10. If 𝜆𝔑∗ is reflexive, then Λ𝔑∗ ∶ ℱ𝑁 → ℒ is reflexive, and moreover
Λ𝔑∗ = Λ𝔑.
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Hence, in particular, it follows that if by Λ𝑝 we denote the functor generated by
the space 𝑙𝑝 (𝑝 > 1), then

Λ𝑝 = Λ𝑞 (1
𝑝 + 1

𝑞 = 1) ,

and these functors are reflexive.

I take this opportunity to express my deep gratitude to A. S. Schwartz for very
valuable conversations.
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20 IX 1963
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